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Preface

In this monograph we present univariate and multivariate probabilistic inequalities
regarding basic probabilistic entities like expectation, variance, moment generat-
ing function and covariance. These are built on recent classical form real analy-
sis inequalities also given here in full details. This treatise relies on author’s last
twenty one years related research work, more precisely see [18]-[90], and it is a
natural outgrowth of it. Chapters are self-contained and several advanced courses
can be taught out of this book. Extensive background and motivations are given
per chapter. A very extensive list of references is given at the end. The topics
covered are very diverse. Initially we present probabilistic Ostrowski type inequal-
ities, other various related ones, and Grothendieck type probabilistic inequalities.
A great bulk of the book is about Information theory inequalities, regarding the
Csiszar’s f-Divergence between probability measures. Another great bulk of the
book is regarding applications in various directions of Geometry Moment Theory,
in particular to estimate the rate of weak convergence of probability measures to the
unit measure, to maximize profits in the stock market, to estimating the difference
of integral means, and applications to political science in electorial systems. Also
we develop Griiss type and Chebyshev-Griiss type inequalities for Stieltjes integrals
and show their applications to probability. Our results are optimal or close to op-
timal. We end with important real analysis methods with potential applications to
stochastic. The exposed theory is destined to find applications to all applied sci-
ences and related subjects, furthermore has its own theoretical merit and interest
from the point of view of Inequalities in Pure Mathematics. As such is suitable for
researchers, graduate students, and seminars of the above subjects, also to be in all
science libraries.

The final preparation of book took place during 2008 in Memphis, Tennessee,
USA.

I would like to thank my family for their dedication and love to me, which was
the strongest support during the writing of this monograph.
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I am also indebted and thankful to Rodica Gal and Razvan Mezei for their heroic
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Chapter 1

Introduction

This monograph is about probabilistic inequalities from the theoretical point of
view, however with lots of implications to applied problems. Many examples are
presented. Many inequalities are proved to be sharp and attained. In general the
presented estimates are very tight.

This monograph is a rare of its kind and all the results presented here appear
for the first time in a book format. It is a natural outgrowth of the author’s related
research work, more precisely see [18]-[90], over the last twenty one years.

Several types of probabilistic inequalities are discussed and the monograph is
very diverse regarding the research on the topic.

In Chapters 2-4 are discussed univariate and multivariate Ostrowski type and
other general probabilistic inequalities, involving the expectation, variance, moment
generating function, and covariance of the engaged random variables. These are
applications of presented general mathematical analysis classical inequalities.

In Chapter 5 we give results related to the probabilistic version of Grothendieck
inequality. These inequalities regard the positive bilinear forms.

Next, in Chapters 6-15 we study and present results regarding the Csiszar’s
f-Divergence in all possible directions. The Csiszar’s discrimination is the most
essential and general measure for the comparison between two probability mea-
sures. Many other divergences are special cases of Csiszar’s f-divergence which is
an essential component of information theory.

The probabilistic results derive as applications of deep mathematical analysis
methods. Many Csiszar’s f-divergence results are applications of developed here
Ostrowski, Griiss and integral means inequalities. Plenty of examples are given.

In Chapter 16 we present the basic moment theory, especially we give the ge-
ometric moment theory method. This basically follows [229]. It has to do with
finding optimal lower and upper bounds to probabilistic integrals subject to pre-
scribed moment conditions.

So in Chapters 17-24 we apply the above described moment methods in vari-
ous studies. In Chapters 17-19 we deal with optimal lower and upper bounds to
the expected convex combinations of the Adams and Jefferson rounding rules of a
nonnegative random variable subject to given moment conditions. This theory has
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applications to political science.

In Chapters 20-22, we estimate and find the Prokhorov radius of a family of
distributions close to Dirac measure at a point, subject to some basic moment con-
straints. The last expresses the rate of weak convergence of a sequence of probability
measures to the unit measure at a point.

In Chapter 23 we apply the geometric moment theory methods to optimal port-
folio management regarding maximizing profits from stocks and bonds and we give
examples. The developed theory provides more general optimization formulae with
applications to stock market.

In Chapter 24 we find, among others, estimates for the differences of general
integral means subject to a simple moment condition.

The moment theory part of the monograph relies on [28], [23], [89], [85], [88],
[90], [86], [44] and [48].

In Chapter 25 we develop Griiss type inequalities related to Stieltjes integral
with applications to expectations.

In Chapter 26 we present Chebyshev-Griiss type and difference of integral means
inequalities for the Stieltjes integral with applications to expectation and variance.

Chapters 27-28 work as an Appendix of this book. In Chapter 27 we discuss
new expansion formula, while in last Chapter 28 we study the integration by parts
on the multivariate domain.

Both final Chapters have potential important applications to probability.

The writing of the monograph was made to help the reader the most. The
chapters are self-contained and several courses can be taught out of this book. All
background needed to understand each chapter is usually found there. Also are
given, per chapter, strong motivations and inspirations to write it.

We finish with a rich list of 349 related references. The exposed results are
expected to find applications in most applied fields like: probability, statistics,
physics, economics, engineering and information theory, etc.



Chapter 2

Basic Stochastic Ostrowski Inequalities

Very general univariate and multivariate stochastic Ostrowski type inequalities are
given, involving || - ||« and || - ||, p > 1 norms of probability density functions.
Some of these inequalities provide pointwise estimates to the error of probability
distribution function from the expectation of some simple function of the involved
random variable. Other inequalities give upper bounds for the expectation and
variance of a random variable. All are presented over finite domains. At the end
of chapter are presented applications, in particular for the Beta random variable.
This treatment relies on [31].

2.1 Introduction

In 1938, A. Ostrowski [277] proved a very important integral inequality that made
the foundation and motivation of a lot of further research in that direction. Os-
trowski inequalities have a lot of applications, among others, to probability and
numerical analysis. This chapter presents a group of new general probabilistic Os-
trowski type inequalities in the univariate and multivariate cases over finite domains.
For related work see S.S. Dragomir et al. ([174]). We mention the main result from
that article.

Theorem 2.1. ([174]) Let X be a random variable with the probability density
function f: ]a,b] C R — Ry and with cumulative distribution function F(x) =
Pr(X <z). If f € Lpla,b], p > 1, then we have the inequality:

‘PT(X <) - (b_TE(f)N
LoV ooy
< (q%l) 1 £llp(b = a)*/s [(g_g) + (b—Z)
_7 _ \1/a 1 l_
< <q—|— 1) 1 fllp(6—a) /2,  for all x € [a,b], where 5 + i 1, (2.1)

E stands for expectation.
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Later Brneti¢ and Pecari¢ improved Theorem 2.1, see [117]. This is another
related work here. We would like to mention

Theorem 2.2 ([117]). Let the assumptions of Theorem 2.1 be fulfilled. Then

oI ¢ (L)

Al (2:2)

Pr(X <z) - (

for all x € [a,b].

2.2 One Dimensional Results

We mention

Lemma 2.3. Let X be a random variable taking values in [a,b] C R, and F its
probability distribution function. Let f be the probability density function of X. Let
also g: [a,b] — R be a function of bounded variation, such that g(a) # g(b). Let
x € [a,b]. We define

g9(t) —g(a
gB) g SIS0
P(g(z),9(t)) = . (2.3)
git)—g
o®) gl "0
Then
1 b b
F(a) = o | FOdglt)+ [ Plofa).gm)s0ae (24)
Proof. Here notice that F’ = f and apply Proposition 1 of [32]. O

Remark 2.4 (on Lemma 2.3). i) We see that the expectation

b b
Ewanzfgwwm:mw—/Fm@w, (2.5)

proved by using integration by parts.
ii) By (2.4) we obtain
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And we have proved that

(9~ EGE) _ [ e
Fo) - (20529 - [Pt g s (26)

Now we are ready to present

Theorem 2.5. Let X be a random variable taking values in [a,b] C R, and F its
probability distribution function. Let f be the probability density function of X. Let
also g: [a,b] — R be a function of bounded variation, such that g(a) # g(b). Let
x € [a,b], and the kernel P defined as in (2.3). Then we get

‘F(m) _ (M)‘

ORI

</|p |ﬁ>wﬂm, 1 € Loo(lasb),

s P60 0.1
1/q

(/ Ple |th> £lpe i £ € Lyllatpa> 1 2+ 3= 1.

Proof. From (2.6) we obtain

o - (ot [ re@sson. e

The rest are obvious. (]
In the following we consider the moment generating function
Mx(z) == E(e™™), x € [a,b];

and we take g(t) := e™, all t € [a, b].

Theorem 2.6. Let X be a random variable taking values in [a,b]: 0 < a < b. Let
F be its probability distribution function and f its probability density function of X.



Let z € [a,b]. Then

(erb _ eza)

if f € Loo([a,b]),

PROBABILISTIC INEQUALITIES

Ml {i@eﬁ — ™ — ™) ™ (a —x) + ™ (b — SC)} ;

max{(e®” — %), (e — v}

(ezb _ era)

IN

if f € Ly € ([a,b]),

and in particular,

(erb _ eza)

3 2zb

- b
(). [ ffn-cora]
-1, (2.9)

Hf||2 2xb 2za 3
e’ (b —x) + e (z a)+2xe

)

1/q

141
pg>1: 54

2za

— —e
2x x T

Proof. Application of Theorem 2.5.

Another important result comes:

2€za+x2 2€zb+12
+

1/2
‘| ) fo € LQ([avb])'

O

Theorem 2.7. Let X be a random variable taking values in [a,b] C R and F its
probability distribution function. Let f be the probability density function of X. Let

x € [a,b] and m € N. Then

bm — g™ m
if | € Loo([a,b]),
max(z™ — a™, 0" — ™
bm _ &m

)

IN

and in particular,

If1l2 22"
<bm—am m—l—l(b

2m>?
(m+1)(2m+1)

+

Proof. Application of Theorem 2.5, when ¢(t) = ¢

An interesting case follows.

. 2 m+1 _ m+1 bm+1
< Hf” ) . {( z a ) _|_am+1_|_bm+1 _&mx_b7nx

+1

T b 1/q
) [fr oo fr o]
if f € Lp(la,0]); pog>1: 545 =1,

_ am) 4 x(an _ me)

1/2
(p*mTt a2m+1)} , if f € La([a,b]).

m

3

(2.10)
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Theorem 2.8. Let f be the probability density function of a random variable X.
Here X takes values in [—a,a], a > 0. We assume that f is 3-times differentiable
on [—a,a], and that f" is bounded on [—a,a]. Then it holds

‘E(X2) i <2(f(a) S COREIOR f’(—a))) L
41a4 ! " "
< D60+ 607 (0) + 21 D) (2.11)
Proof. Application of Theorem 4 from [32]. O

The next result is regarding the variance Var(X).

Theorem 2.9. Let X be a random variable that takes values in [a,b] with proba-
bility density function f. We assume that f is 3-times differentiable on [a,b]. Let
EX = u. Define

(rs)'— s—a, a<s<r
P 8) = s=b, r<s<b, rscla,b.
Then

Var(X) + ((b = )*f(b) — (n — a)* f(a)) - <M B (a—;b))

{0+ (- @) + 50— 0270 - -0 (@)

5a2 + 5b% + Sab)] ‘

[u2+(a+b)2—(a+b)u—< 5

AP
b—a)3 (i 1)l |p(s1, 82)] - [lp(s2, ) lgds1ds2,

a

if fO € Ly([a,b]), pg>1: L+ 1 =1,
TR
(b—a)?

IN

(2.12)
Ip(s s1)| p(s1, s2)| - [[p(s2, ) [l sods1dsa,
i 1S e L1 ([a, b).

Proof. Application of Lemma 1([32]), for (¢t — u)?f(¢) in place of f, and = = u €
[a,b]. O

2.3 Multidimensional Results

Background 2.10. Here we consider random variables X; > 0,i=1,...,n,n € N,
taking values in [0, b;], b; > 0. Let F' be the joint probability distribution function of
(X1,...,X,) assumed to be a continuous function. Let f be the probability density
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function. We suppose that azB"F (= f) exists on x?_,[0,b;] and is integrable.

I .arn
Clearly, the expectation

n by pbo ba
E HXi = X1k f(X1, @2, xn)day - - day,. (2.13)
i o Jo 0

Consider on x?_,]0, b;] the function

Gn(xl,...,xn) =1- ZF(bl,bg,...,bj,l,xj,ijrl,...,bn)
j=1

(3)
=+ ZF(bl,bQ,...,bi_l,xi,...,xj,bj+1,...,bn)g
=1
1<]
()
—l—(—1)3 F(bl,bg,...,CEi,...,:Ej,...,Cvk,karl,...,bn)g*
=1
i<j<k
o (D) F (a1, .., a). (2.14)

Above £ counts the (¢, j)’s, while £* counts the (i, j, k)’s, etc. One can easily estab-
lish that
8”Gn($1, e ,xn)

or - on, D@ am). (2.15)

We give

Theorem 2.11. According to the above assumptions and notations we have

n b1 bn,
E([Ixi)=] [ Gulor,...,wn)dwy - da,. (2.16)
i=1 0 0

Proof. Integrate by parts G,, with respect to z,, taking into account that
Gn(il,xg, ey n—1, bn) = 0

Then again integrate by parts with respect to variable x,_; the outcome of the
first integration. Then repeat, successively, the same procedure by integrating by
parts with respect to variables x,,_2,Z,_3,...,x1. Thus we have recovered formula
(2.13). That is deriving (2.16). O

Let (21,...,7,) € x_1[0,b;] be fixed. We define the kernels p;: [0, b;]*> — R:

Si, S; € [0,£C7;],

2.1
si—bi, s € (24, b4, (2.17)

pi(zi, si) == {

foralli=1,...,n.
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Theorem 2.12. Based on the above assumptions and notations we derive that

él,n = (—1)" : / Hpi(l’z', Si)f(Sl, 82, -+, Sn)d81d82 <dsp

n bs
— HbJ Gn(xl,...,si,...,a:n)dsi
i=1 | j=1 0
i i
+ H by </ Gn(xl,...,si,...,sj,...,xn)dsidsj>
=1 \ k=1 o 70 (o)
L k#i,j

b /><?=1[O;bi] Gn(s1,...,2j,...,8p)ds1---dsj---dsp

+ (-)"-E <ﬁX> =: 0a,n. (2.18)

The above € counts all the (i,5)’s: i < j and i,j =1,...,n. Also d/s\J means that
ds; is missing.

Proof. Application of Theorem 2 ([30]) for f = G, also taking into account (2.15)
and (2.16). O

As a related result we give

Theorem 2.13. Under the notations and assumptions of this Section 2.3, addi-

tionally we assume that || f(s1,...,5n)||cc < +00. Then

0 ||f(813"'38n)||00 < 2 2

|92,n| = on ’ H[xz + (bl - xl) ] ) (219)
for any (z1,...,x,) € x11[0,b;], n € N.
Proof. Based on Theorem 2.12, and Theorem 4 ([30]). O

The L, analogue follows

Theorem 2.14. Under the notations and assumptions of this Section 2.3, addi-
tionally we suppose that f € L,(x7_1[0,b;]), i.e., ||fll, < +oo, where p,q > 1:
% + % =1. Then

PP = e )l
|62,n] < T H — ) (2.20)
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for any (z1,...,2y) € x_1[0,b;].
Proof. Based on Theorem 2.12, and Theorem 6 ([30]). O

2.4 Applications

i) On Theorem 2.6: Let X be a random variable uniformly distributed over [a, b],
0 < a < b. Here the probability density function is

1

t) = . 2.21
1) = — (221)
And the probability distribution function is
F(x):P(Xga:)zi_a, a<az<b. (2.22)
—a
Furthermore the moment generating function is
M(a;)—-fb—mi—e(i a<z<b (2.23)
X (b—a)z’ -7 '

Here || f]loo = 7=, and || f|, = (b—a)» %, p > 1. Finally the left-hand side of (1.9)
is

b—a ebr — eaw

(£:2>_ fi:ﬁ%é%ﬁ , (2.24)

Then one finds interesting comparisons via inequality (2.9).

ii) On Theorem 2.7 (see also [105], [107], [117], [174]): Let X be a Beta random
variable taking values in [0,1] with parameters s > 0, ¢ > 0. It has probability
density function

s—1 1— t—1
A ) (2.25)

f(w;s,t) = By <

where
1
B(s,t) :z/ 71 - 1),
0

the Beta function. We know that E(X) = 35, see [105]. As noted in [174] for

p>1,s>1—%,andt>1—%weﬁndthat

1£Cis:0)lle = 5 . [B(p(s — 1) + 1,p(t — 1) + 1)]/7. (2.26)

(s,1)
Also from [107] for s,t > 1 we have
(s—1)s7 1t —1)1

B(s,t)(s +t—2)s+t=2" (2.27)

Hf('7svt)||00 =
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One can find easily for m € N that

[T(s+m—j)
B(X™) = 1= . (2.28)
1;[1(8 +t+m—j)

Here F(xz) = P(X < x), P stands for probability.
So we present

Theorem 2.15. Let X be a Beta random variable taking values in [0,1] with
parameters s,t. Let x € [0,1], m € N. Then we obtain

{1(s+m—3)
P(X >x)- [ 5=
I[T(s+t+m—j)
j=1
(s —1)s7 1t —1)t1! (2z™m+ — 1)
. 1-— h t>1
(B(s7t)(s—|—t—2)5+t2 mol + T, whens,t>1,
max(z™,1 — ™), when s,t > 0,
1 Y pma+l 1 1/q
- |B —1 1,p(t—1 1)]*/P. 1—¢™)4dt
o B0 =D+ Lpe- 0 | S0 [y
<
- 1 1 1
when p,g>1: —4+—-=1, and s,t >1— —,
1 p q p
- [B(2s — 1,2t — 1)]'/2 2.29
B [Bs - 1.2t -1) (2:29)
21 2m? 12 1
. — h t>—.
<m+1 m+(m+l)(2m—|—l)> ) when s b= g

The case of z = % is especially interesting. We find

Theorem 2.16. Let X be a Beta random variable taking values in [0,1] with
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parameters s,t. Let m € N. Then

[I(s+m—j)
1 j=1
plasd)- [
[T(s+t+m—j)
j=1
(-1t 0t | (-1 1
B(s,t)(s +t —2)stt—2 m+1 2 (7
when s,t > 1,
1
1—2—m, when s,t > 0, (2.30)
1
1 . 1 ! a
-[B -D+1Lpt-1)+1)]? | ——m———— 1—¢"™)4dt
<{ By B0 D =40 [ [y
1 1 1
when p,q >1: —+ - =1, and s,t > 1 — —,
poq p )
1 1 1 1 2m? 2
-[B2s—-1,2t-1)]2 - | ———— — =
B(s,t) BlEs =1 )]1 ((m+1)-2m 2+(m—|—1)(2m—|—1)) ’
whens,t>§.

2.5 Addendum

We present here a detailed proof of Theorem 2.11, when n = 3.

Theorem 2.17. Let the random vector (X, Y, Z) taking values on Hf 110, b;], where
bi > 0,1 =1,2,3. Let F be the cumulative distribution function of (X, YZ) as-
sumed to be continuous on ]_[Z 110, b;]. Assume that there exists f = #‘yaz >0

a.e, and is integrable on Hi:l[ovbi]' Then f is a joint probability density function
of (X,Y,Z). Furthermore we have the representation

b1 b2 pbs
E(XYZ)= / / Gs(z,y, z)dzdydz, (2.31)
0
where

Gg(ﬂ?,g/,Z) =1- F(va25b3) - F(blay7b3) + F(l’a%b?))

_F(blaanz) +F(I7b2;z) +F(b17yaz) - F(.I‘,y,Z) (232)

Proof. For the definition of the multidimensional cumulative distribution see
[235], p. 97.
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We observe that

/obs </0b2 ( obl f(x’y72)dfﬂ> dy) dz
/Ob3 </0b2 </0b1 %@;Z?dx) dy) dz

b3 b2 92

= /0 . Oy0z (F(b1,y,2) — F(o,y,2))dy | dz (2.33)
b g

= 5, LF(b1,02,2) = F(0,b2,2) = F(b1,0,2) + F(0,0,2)] dz
0

= F(b1,b2,b3) — F(0,b2,b3) — F(b1,0,b3) + F(0,0,b3) — F(by1,b2,0)

+ F(0,b,0) + F(b1,0,0) — F(0,0,0) = F(b, ba, bs) = 1, (2.34)

proving that f is a probability density function.
We know that

by bo bs
E(XYZ)= / / / xyzf(xz,y, z)dzdydz.
o Jo Jo

We notice that Gs(x,y,b3) =0

So me have
bs b3
GB(xawa)dZ = ZGB(x7y7Z) 83 _/ ZdeB(xaywz)
0 0
bs bs
= —/ z2d.Gs(x,y, z) 2/ zaq (x,y, 2)dz, (2.35)
0 0
where
OF (by,bo, 2z OF (x,b2, 2z OF (b1,y, 2z OF (x,y,z
a1 (z,y, 2) = ( 92 ) — (&Z ) — (az ) + (&Z ) (2.36)
Next take

b2
| sty
0
_/ [6F(b1,b2, z)  OF(x,bs,z) BF(bl,y,z)+ 5F(x7y,z)]dy

0z 0z 0z 0z
[aF bi,ba,2)  OF(x,b3,2)  OF(b1,y,2) N 8F(3:,y,z)}

b2

b 82 (blvya ) 82F(3§‘,y,2’) ba
/0 Y [ oy0z | oyo: } dy = /O yas(z,y,z)dy,  (2.37)

82F(b1,y72’) _ 82F(3§‘,y72’)
Oyoz oydz

where

az(x,y,2) = (2.38)
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Finally we see that

by

| axlop.2)do

0
_ /bl PF(by,2)  OFla.y2)\
—Jo 0y0z 0y0z

2 2 by 3
. 0°F(b1,y,z) O0°F(x,y,z) -81—/ . _0°F(z,y,2) de
0 0xdy 0z

0yoz B Oyoz

b1 3 by
P F(x,y,2)
- T oroudz = . 2.

Putting things together we get

/Obl </0b2 < Ob‘°’ Gg(x,y,z)dz> dy> dx
/0b1 </0b2 (/:3 Zal(m,y,z)d2> dy) dx
:/ObSZ</Ob1 </0 oy (x,y, 2 dy)dx>dz
0b3 ’ </0b1 </ob2 yoaa(,y, 2 dy) dx

bs b
[ ([0 ([ o)
/b3z </b2y </Ob1xf (z,y, 2 dm> dy)

by pba pba
/ / / xyz f(x,y, z)dzedydz = E(XY Z), (2.40)

proving the claim. O

Remark 2.18. Notice that
0G3(z,y, 2) _ _BF(bl,bg,z) n OF (x,be, 2)
0z 0z 0z
+8F(b1,y,z) ~ O0F(z,y,2)
0z 0z ’
0%Gs(z,y, 2) B 0?F(by,y,2) 0?°F(x,y,z2)
Oyoz n Oyoz  Oydz

and
33G3($7ya3) aBF(QZ,y7Z)

0x0ydz - 0x0ydz =~ f@yz)

That is giving us
83(;3(‘%7 Y, Z) _

oo = ~f(a.2). (241)



Chapter 3

Multidimensional Montgomery Identities
and Ostrowski type Inequalities

Multidimensional Montgomery type identities are presented involving, among oth-
ers, integrals of mixed partial derivatives. These lead to interesting multidimen-
sional Ostrowski type inequalities. The inequalities in their right-hand sides involve
L,-norms (1 < p < 00) of the engaged mixed partials. An application is given also
to Probability. This treatment is based on [33].

3.1 Introduction

In 1938, A. Ostrowski [277] proved the following inequality:

Theorem 3.1. Let f: [a,b] — R be continuous on [a,b] and differentiable on (a,b)
whose derivative f': (a,b) — R is bounded on (a,b), i.e., |||l = sup |f'(t)] <
t€(a,b)
+00. Then
e NG wi /
_— - Sl B (. . 1
e UG T e YU N CEY

for any x € [a,b]. The constant § is the best possible.

Since then there has been a lot of activity about these inequalities with inter-
esting applications to Probability and Numerical Analysis.

This chapter has been greatly motivated by the following result of S. Dragomir
et al. (2000), see [176] and [99], p. 263, Theorem 5.18. It gives a multidimensional
Montgomery type identity.

Theorem 3.2. Let f: [a,b] X [¢,d] — R be such that the partial derivatives 5 (t.s)

ot 7’
2
%, aaft—gf’) exist and are continuous on [a,b] X [c,d]. Then for all (z,y) €

[a,b] x [¢,d], we have the representation

flz,y) = b= —c{//f dsdt+// )ddt
// q(y, s 8ft$ddt+// (,t)q(y, s 825(6 )ddt} (3.2)

15
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where p: [a,b]*> = R, q: [¢,d]> — R and are given by

_ft—a, iftea,x]
p("”7t)‘_{t—b, ift e (z,b)

and
_[s—c¢, ifseleyl
aly,s) = {s—d7 if s € (y,d].

In this chapter we give more general multidimensional Montgomery type identi-
ties and derive related new multidimensional Ostrowski type inequalities involving
Il (1 <p < oo) norms of the engaged mixed partial derivatives. At the end
we give an application to Probability. That is finding bounds for the difference of
the expectation of a product of three random variables from an appropriate linear
combination of values of the related joint probability distribution function.

3.2 Results

We present a multidimensional Montgomery type identity which is a generalization
of Theorem 5.18, p. 263 in [99], see also [176]. We give the representation.

Theorem 3.3. Let f: x3_; [a;,b;)] — R such that the partials M, j =

1,2,3; %, j<k, jke{l,23}; %1;358173;%;3) exist and are continuous on
x3_1[ai,b;]. Let (x1,22,73) € X3_;[ai, b;]. Define the kernels p;: [a;, b;]* — R:

i(x,8;) = si = @i, 8; € [ai, 2]
pi(wi, 8i) = s; —bi,  si € (wi, byl
fori=1,2,3. Then

f(mla 3:2,333)

b1 pb2 pbs
7{/ / f(s1, 82, 83)dssdsadsy

(bi —

b1 pb2  pbs
</ / / pj(@;,s5) f(sg 82783)d33d82d51>
(=1

b1 pbo  pbs P
(/ / / p;(w;, s pk(mk,sk)'%d%d@dsl) )
J
J<k

bi by by [ 3 3
Y A 9°f(s1,52,53)
/ / / ( i (24, sl)> 953053051 dssdsadsy } (3.3)

Above € counts (j, k): j <k; 5,k € {1,2,3}.

e

=1

Mw

Mw
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Proof. Here we use repeatedly the following identity due to Montgomery (see [265],
p. 565), which can be easily proved by using integration by parts

B
o) = 5= [ otz

where k: [o, ] — R is defined by

/aﬁ k(u,z)g'(2)dz,

z—a, ifz€ o]

k(u, z) == {Z -8, ifze(up,

and ¢ is absolutely continuous on [«, J].
First we see that

f(x1,z2,23) = Ao + Bo,

where
1 b
Ao = r— f(s1, 22, w3)ds1,
and
1 b1 (9f($1 i) 333)
By = R Al
0 by —a /a1 p1(331,81) D51 S1
Furthermore we have
f(s1,22,23) = A1 + By,
where
1 b
Ay = by — ay f(s1,52,23)ds2,
and
1 b (9f($1 S92 xg)
B; = T 2 sy,
1 by _a2/ p2(332,82) D55 52
Also we find that
1 bs
f(s1,82,23) = — f(s1,82,53)ds3
1 bs O0f(s1, s2,83)
—— = “’ds3.
bs — as /a3 p3(3, 53) D53 53

Next we put things together, and we derive

1 b2 3
dssd
(bg_@)(bg_gg /a2 . f(s1,52,53)ds3dsz

b2 b (81 S92 83)
, 2 2 dsadsy.
(bz —az)( b3 —a3) / / Pa(@s, 5a) 0s3 sate

A =
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And

by ba bs
Ao = 37/ / f(s1, $2, 53)dssdsadsy
H (b - 0,1
b1 by pbs
/ / / ps(xs, s3) (5(19, S2783)d83d$2dsl
S3

i=1
b1 b
' ’ Of (s1,52,23)
p2(x2, 82) ————2—"—">dsads.
(b1 —a1)(bz — az) 052

:oa

Also we obtain

Of(s1,80,23) 1 bs 3f(81,82783)d8
sz by — a3 Ja, 0s2 ’
1 s 32f(51, 52,53)
bz —as /a3 P (@3, 53) 053054 dss3

Therefore we get

b1 pb2 b3
Ao = 3 / / f(s1, $2, 53)dssdsadsy
H (b - az
1=
b1 pba pbs
81,89,8
/ / / p3(x3,53) O (51,52 3)d83d52d51
0Os3
by pbs  pbs
81,89,8
/ / / p2 (22, 52) OF(s1, 52 3)d83d52d51
Os
by pbs  pbs
/ / / pz T2, 82 p3 333,53)
b —a;)

. 32f(51,82753)
583682

3
Hb_az

:w

.
|

sz

ngdSQdSl.
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Similarly we obtain that
b1 b2 b3
S1,592,83
By= 55— / / / p1(71,51) 2l 5’ : )dsgdszdsl
S1
H (b; —a;)
i=1

by by b
R A 0%f(s1, 52,8
+ 37/ / / D1 331781 p3(333,83) féslaj 3)d83d52d81
H b _al 3¢s1
by pby b
A A 0%f(s1,82,s
+ —/ / / p1(x1, 51)p2(z2, 52) fé D22 3)d83d52d81
82681

3
Hb—al

bi pbs pbs
+ = / / / pi1(z1, s1)p2(x2, s2)p3(xs, s3)

3
Hb—al

. 33f(81, 52, 83)

dszdsadsy .
853882881 53052451

We have proved (3.3).
A generalization of Theorem 3.3 to any n € N follows:

Theorem 3.4. Let f: xP_; [a;,b;] — R such that the partials

of . B
a—sj(sl,sQ,...,sn), ji=1,...,n; D5x3;’ j <k,
) Pf ,
],k€{17...,n}, m,]<k<r,
8”*1f 5nf
Jikr €tk e s (S W g e

19

all exist and are continuous on X, [a;, b;], n € N. Above 85, means Osg is missing.

Let (x1,...,2,) € x™_1[a;, bi]. Define the kernels p;: [a;, b;]? — R:

Di(2s, 83) =

{Si — Q5 € [ai,l‘i],

si—bi, s € (x, b,

fori=1,2,...,n. (3.4)



20 PROBABILISTIC INEQUALITIES

Then

1
f(x17x27'~'7xn) =

(ﬁ (bi — as))

i=1

. / f(s1,892,...,8n)dspdsp—1 - dsy
XD [ai b]

8f(81752a"-75n)
. ds, - -d
(/n - pj(x;,85) Bs; S 81

i

0%f(s1,82,...,5n
/ Pj(fjasj)pk(xk,sk) A 18 28 : )dsn---dsl
xP_ [ai,bs] 8k0S; )

+

M:

—

Jj=

(

w3
~

+

(]

o~
—

1=
<

(5)
+ Z (/X P (i, 55)pK (T, $8)Pr (1, S1)

<.
x>

c.aﬁ

lo=1 o lai,bs
J<k<r
83f(51 )
S Sn) g ds
asraskﬁsj . 1>(€2)
-+ Z </ o pi(z1,81) - pe(@e, s¢) -+ Pr(@n, 5n)
><L 10”L i
o~ 1f(81,.. Sn) ~
. 8 ase a dsn. 'dSE"'dSl)

- . . X anf(sh'"asn)
+ ‘/><?1[ai7bi] <Epl(x1a 51)) aSn . 881 dSn dsl} . (35)

Above £y counts (j,k): j < k; j,k € {1,2,...,n}, also €2 counts (j,k,r): j <
k<r;jkore{l,2,...,n}, etc. Also pe(x¢,s¢) and C?S\g means that py(z¢,s¢) and
dsy are missing, respectively.

Proof. Similar to Theorem 3.3. O

Next we present some Ostrowski type [277] inequalities. In particular the result
that follows generalizes Theorem 5.21, p. 266 from [99], also the corresponding result
from [176].

Theorem 3.5. Let f: xle [ai,b;]] — R as in Theorem 3.53. Then

by ba b3
/ / f 31782783)d83d82d81

f(951,5€2,$3) 37
I (b;i —ai)

=1

3
< (M173 + M2)3 + M3)3)/ (H(bl — al)> . (36)

=1
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Here we have

3
af
J=1 o0
3 (z; U«j)2+(b1*$1)
T = | - ( ! E
i#j
Zf gs-i € LOO (X?_l[a“bl]) y J = 17233a
3
?,) ‘ of . bl —a; 1/q;
M 3= 21 i llp; ”iHl( )
(mi—a)) 9 4 (b —m) W 1/4;
. [ +1 } !
zfaf €L, ( o 1[az,b1]), p; > 1,
p—j-i-q—j =1, forj=1,2,3;
3
9 bj—a; a;j+b;
i=1 1
Z'faa—sfj e Ly (Xf 1@, 1]) for j=1,2,3.

Also we have
3

IT i —a)

<k T\
: )2+ (b — 2)*) (@r — ar)® + (bx —g;k)2))
1

(O]
82
f € Lo (X?zl[aivbi]),k,je{1,273};

v " an,
3
H (bZ — a}lv)l/ij

Pkj =1
i#j.k

) [(xj - aj)%ﬁl + (b — mj)Zij-i-l
3= qrj + 1
{(’Ik —ag) 5+ 4 (b, — xk)qmﬂ]l/qkj)
. + 1 )
qkj o

=t H 0s1,0s;

i<k

]1/ij

% f 1 )
i €Ly, (%3 ]anbi]) oy > 1, — + — =1,
/ 051,08, pey (Xizalais bil) s iy v 2w

if 3,k € {1,2,3};
(bj;“j e _M>

(== S
by — +b
'<k2ak+x’“_ak2k>) ’
©

L
¥ gsnts; € 11 (xizalaisbil), for g,k € {1,2,3}

Soes
Mw
T

j<
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And finally,

Ff(s1,80,83) ||
883852881 00
83f(51 S92 83)
583582681 < (lel[a ])
D f(s1, 52, 53) H
883852881 P123 j—1
1/q123
(xj _ aj)Q123+1 + (bj _ $j)q123+1
M35 := 3 tos -1 ) (3.9)
, 0°f(s1,52,53) 3
———F—F— €L —1lai, bil) L
8835f2681 16 Pras (Xl_l[a ]) Przs =

I — =1
P123 Q1233
83f(81,82783) H bJ—G,J i x]—aj+bj ’
583682581 1 =1 2 2
83f(81, 82,83) 3
f ——————= €L >_1lai, bil) .
‘ 883882851 ! (lel[a ])

Inequality (3.6) is valid for any (z1,x2,23) € x3_;[a;,b;], where || - ||, (1 <p < 00)

are the usual Ly-norms on x3_;[a;, b;].
Proof. We have by (3.3) that

by ba b3
/ / f 317 S92, S3)d83d82d81

f(951,$2,$3) 3

H(b —a;)

3 b1 bo bs
N Z(/ / / Ipj(j,5)]
I1(b; —a;) \3=1
=1
8f(817$27 83)
5Sj

3 b1 pba  pbs
(] sl sl

Zzl al a as

i<k

. ‘52f(81,82,83)

ng dSQ dSl)

d83 d82d81>

0s1,0s; ©®

33f(81782, 83)

b1 pb2  pbs 3
+ /a1 L2 /a3 <H |Pz‘(5€z‘78i)|> -‘7853832851

d83d82d81> .
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We notice the following (j = 1,2, 3)

/b1 /b2 /b3 |p s }M
! 7 j 8Sj
b1 b2 bs

’83J ‘ / / / pj (@5, 55)|dssdsadsy,

if—eL ( T 1[a1,b1]);

d83 ng dSl

0s;
5f b b2 rbs 1/q;
S 8SJ / / / |pJ x]7sj d83d82d81 ,
ifa_s‘]ELPJ( i= l[azabz]) p_7>]. J+E:1’
of .. Of
) sup |p;i(z;,s;)], if =— €L 3 laibi)).
955, sje[aj7bj]| 5(5:55)] ds; 1 (o )

Furthermore we observe that

b1 b2 pbs
/ / / |pj(z;,s;)|dszdsadsi
ai az as

— (b — an) (B —y)(bs — as) ((”Cf‘

—a;)? ;L (b; — ’Ij)Q)

bj/—-\aj means (b; — a;) is missing, for j =1,2,3. Also we find

by pba  pbs 1/q;
</ / / pj(j, 55)| d83d82d81>
ai az Jas

= (b1 — 1)V (b; — a;) /% (bs — a3)/¥

[(% —a;) 4t 4 (b — xj)qjﬂ} "
¢ +1 7

(b/—\aj)l/qf means (b; — a;)/% is missing, for j = 1,2,3. Also

bj—aj

sup |pj(x;, 85)| = max{z; — aj,b; — 2} = =
sj€la;,b;]

for 7 =1,2,3.
Putting things together we get

bi b b
D R A 0f(s1,52,53)
Z</a1 /a2 /aS |pj($j7$j)|"7asj

Jj=1

ng dSQ d81>

A

23
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of 3 ‘ (xj aJ)2 + (bj _ $j)2
8SJ oo Zl:[l(bl az) < 2 ,
of i)
9J 30, _

f 0s; € Lo (Xlzl[a“bz]) J=1,2,3;

(25— ay) ™+ + (b — )91
q; +1 ’

Of 1 1
if —— ¢ L, (x3_[a;,bi]),p; >1,— + — =1,for j =1,2,3;
) asj p_]( 1[ ]) J p] q]

Z‘ﬁ _(bj—aj+xj_aj+bj)’

8Sj 1 2 2

if a5 € Ly (x3_[a;, b)) ,for j =1,2,3.
0s;

Similarly working, next we find that

K‘H

2

IN

b1 b bs a f(81782783)
|pj 33],5] |pk(mk75k)| askas
J

ng d82d51>

0

3 3
0% f H
Z (bi — a;)
=t ' 05105 || o, pale
j<k i#5,k
(2 = az)* + (b — 25)*) (wx — ar)® + (b — :vk)2)
52 4 ©
if 758]@5.]08* (S Loo (xle[ai,bi]) ,k‘,j (S {1,2,3};
J
3 3
0% f
(bi — a;)/ W
ZX:; } askasj Pkj 11_[1 (311@)
i<k i#j4,k
[w — ;)™ 4 (b — xmw’“} Y
qr; +1
[(xk —ag) T+ (b, — xk)qkj+1]1/qkj>
. _|_ 1 )
O*f " "
if 05,05 € kaj (X?:I[aivbi]) s Dkj > 1,
J

1 1
— + — =1,for j,k € {1,2,3};
DPkj qkj

=1
#i (3.10)
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br b2 rbs 0%f(s1, 52,8
/ / / Ipji (x5, 85)] - P (2K, sk - f( 1 52, 83) dszdsadsy
05,08
j<k ! ©
3 2
Z(H (9 (bj—aj_kx‘_aj—kbj)
— 0sk0s; ||, 2 J 2
i<k
< . (bk —ag ‘ _ag + by )> (3.11d)
2 2 ©
if —— 0’ € Ly (x3_4[a;, b)), for j,k € {1,2,3}.
0s1,0s;
Finally we obtain that
b b b3 8 f S1, 82 83)
7 1y 91 ’ ’ d d d
/ / / <H Ipi(zi, 5i) |> 053052081 S3ds2a51
2 2
b —x
5 (51, 59, 55) H a;)* + (bj — ;)?)
583682581 00 ’
83f(31 S92 83)
.f % LOO 3 (3 b’L ;
! 683582681 < (X l[a ])
0°f(s1,52,53) ﬁ <(9Cj —aj) "B 4 (b — @)ttt ) Vi
< 053052081 ||,,,,, i qi23 +1 (3.12)
P f(s1, 52, 53) 1 1
if = L7228 o 3 ai bi)  pras > 1, — + — = 1;
! 053052051 pias (Xica [0 b)) pros D123 * q123
3
& f(s1, 52, 53) I bj—aj xj—aj+bj 7
883852881 1 =1 2 2
83f(31 S92 83)
if A9 %8) b))
! 853882851 ! ( i= 1[@ ])

Taking into account (3.10),
(3.6).

(3.11a), (3.11b), (3.12) we have completed the proof of
U

A generalization of Theorem 3.5 follows:

Theorem 3.6. Let f:
(xlv---axn) € X?:l[ai;bi]-
xM_[ai, b;]. Then

xn) -

(

flxy,xa,. ..,

n

<

[1(b; —ai)

i=

Z Mim

=1

x 1 [ai,b)] — R as in Theorem 3.4, n € N, and

Here || - |l, (1 < p < o0) is the usual Ly-norm on

1

n

/ f(Sl,SQ,...,Sn)dsn...dsl

).

1
n

)/ (e

(3.13)
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Here we have

Also we have

Z ‘ g H(bl - az)
j=1 J oo i—1
\i#s /
(z; —a;)* + (b — x))
2 )
12 e L (xiifasb)) =12,
8Sj 0 i=11%1yY])» 5 4y , N,
ol KA N
j; ‘asj » Z];E(bl az)
= 7 ) (3.14)
{(333 aj)q+1 + (b, —xj)qﬂ] /a
qg+1 )
0
f_sf» € Ly (xifai bi]) ,p > 1,
J
l—|—%: 1,forj=1,2,...,n;
n bj —a; aj+bj )>
— + T — 7
g (‘ ds; ||, < 9 J 5
of
if =— € L1 (x}q[as, b)), forj=1,2,....n
0s; ! 1
) )
0% f
(bi —a;)
<k i#j.k
. ((963 - aj)2 + (bj — xj)2) (e — ak)2 + (b, — ;vk)z))
0%f ! (€1)
i gy € Lo (7 [ai, b)), 4, k € {1,2,...,n};
J
> 0 f . 1/
by —a;) !
212:1 ‘ Dsr0s; ||, gk( ) 5.150)
<k i#],
. [(% - aj)q+1 + (b — xj)q—H 1/q
qg+1
[(9% —ag)?t + (b — xk)qul} 1/q>
1 5
oy q+ "
¥ 05105, € Ly (xiLiai bi]) ,p > 1,
J

1
_—|——:1f0r],k6{1,2,..., n};
p q
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M2 n «—

s

And,

(%)

82]” <bj — aj aj _|_bj )
{1=1 (‘ askasj 1 2 2
<k
by — b
(5o,
2 2 (£1)
if =2 O*f € Ly (x7q[as, b)), for 4,k € {1,2 n}
&SJGSJ 1 1=11"2 " .]a y 2y, Mg
) )
33f
2 ‘m H (b — ai)
f2=1 o =1
J<k<r it keyr
(Zm — @m)? + (b — Tm)?)
H 23 )
me{j,k,r} “
Zfagif € Loo (X2 q[as, bi]), 3, k,r € {1 n};
88r88k(9$j o0 i=11%1 " yJs Ky gy ;
(2 )
33f
Z A A . H (bi_ai)l/q
lo=1 ‘ asraSkasj » P}
J<k<r it keyr
H |:($m - am)q+1 + (bm _ iCm)qul 1/q
+1 ’
mevkn ! (£2)
83f
f 35— € Le (Xiilai, b)), 1,
if s, 051,05, € Ly (xiqlai, b)) ,p >
1 1 )
—+==1,forj k,r€{1,2,...,n};
P q
ol (MECE Y
P 05,051,055 ||, me k)
j<k<r
b — am, b
: (7a + |Tm — LD) ’
2 2 (£2)
83f

i 05,0505

ELl( = l[ah z]) fOT’j,k 7’6{1 2,...,’]7,}.

27

(3.15b)

(3.16)
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anflf

Mnan =

. Dsy---Osy
((mm - am)2 + (bm - xm)2)

(be — ar)

oo

(3.17a)

an

2n71

ds,---Dsp--- sy

ELOO(X;’Lzl[CLZ‘,bi]),é 1,...

8n_1f

Osp,

n

(T — )T+ (b

- (b — az)l/q
P

. 03,08,

|

- Qfm)q+1 :| i

qg+1

Mnfl)n =

™ € Ly (xi_q[a;, bi]),p>1,

(3.17b)

anflf

(

n

11
e,

(

asn...

bm -

anflf

08 -+ 0s1

1

Qm Gm + b

2

)]

’ m

2

if

Finally we have

o f

08y -+ 08p--- 081

ELl(X?:l[ai,bi]),é 1,...

asn---
if

881
of
0

o f

08y, -+ 081

. of
if 3
o f

8Sn"'

asn...

27’L

€ Loo (X1 1[ai, bi]);
>

Dy <(9Cj -

1 1
clL X?: af’iabi 7p>17_+_
e Ly (<faisbl) o > 17+

S1
- a;) T + (b — ;)"

qg+1

)Uq ’ (3.18)

1;

S
aj—i-bj

6sn s 881
on
f f

Proof. Similar to Theorem 3.5.

! 8Sn'--681

)

Tj — B

'H(J—&“r
1 2
Jj=1

€ L1 (xjZq[ai, bi) .
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3.3 Application to Probability Theory

Here we consider the random variables X; > 0, i = 1,2, 3, taking values in [0, b;],
b; > 0. Let F' be the joint probability distribution function of (X7, X2, X3) assumed
to be in C3(x3_,[0,b;]). Let f be the corresponding probability density function,

that is f = ﬁgf;@zg. Clearly the expectation
b1 pba pbs
E(XlXQXg) = / / / xll‘gng(xl,xg,Z‘g)dﬂ?ldl‘gdl‘g. (319)
o Jo Jo

Consider on x?_,[0,b;] the function
Gs(z1,22,23) := 1 — F(21,b2,b3) — F(b1,22,b3) — F(b1, b2, 23) + F(x1,72,b3)

+ F(Hfl, bQ, 33‘3) + F(bl,xg,xg) — F(Jfl, To, 333). (320)
We see that
D3Gs(w1, 2, 3)
— = Y = . 3.21
8:}016:526:53 f(Il,l’Q,ﬂ?g) ( )
In [31], Theorem 6, we established that
by b b3
E(X1X2X3) = / / Gg(l‘l, o, ﬂig)dxldl‘zdﬂig. (322)
0 0

Obviously here we have F'(z1,b2,b3) = Fx,(x1), F(b1,22,b3) = Fx,(z2), F(b1,
ba, x3) = Fx,(x3), where Fx,, Fx,, Fx, are the probability distribution func-
tions of Xy, Xg, X3. Furthermore, F'(z1,22,b3) = Fx, x,(x1,22), F(x1,b,23) =
FX17X3(x17x3)7 F(bl,ﬁg,x;;) = FX27X3(;102,;U3), where FXl,Xga FXl’X?’, FX27X3 are
the joint probability distribution functions of (X1, X2), (X1, X3), (X2, X3), respec-
tively. That is

Gs(z1,22,23) = 1 — Fx, (1) — Fx,(22) — Fx,(23) + Fx, x,(21,2)
+ FX1,X3 (xl,xg) + FX2,X3 (332, 333) — F(Il,xg,xg). (3.23)

_ _ v _ _ 9°Fx, x _ 9Fx, .x
We set by f1 = Fy , fa = Fy,, fs = Fx,, fi2 = ;3357 f13 = 5595, and

2
foz = a;:j#?, the corresponding existing probability density functions.
Then we have

8G3($1,3§‘2,Z‘3) 8FX1,X2 (331,332)

prs = —fi(z1) + D11
n ({9}7')(17_)(3 ((El,x;;) . 8F(:v1,x2,x3)
0y oy ’
8G3($1,$2,3}3) o 8FX1,X2(3:1)$2)
T o, —fa(x2) + T o,
OFx, x,(72,73) _ OF (z1, 22, x3)
Oz Oxs ’
0G3(w1, 12, 73) OFx, x,(w1,73)
8333 - f3(‘/'r3) + 8333
+ OFx, x;(72,73) . 3F($1,$2,$3). (3.24)

Oxs Oz
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Furthermore we find that

8G3($1,$2,$3) _ flg(xl xQ) _ 82F(3}1,$2,3}3)

3

5$165E2 6x18x2
0G3(x1, 2, 73) O*F (1,2, 3)
W = f23($27$3) - W (3-25)

and
82F(CE1, ZIo, x3)

O] ol ) - b

83318333
Then one can apply (3.6) for a1 = a2 = a3 =0 and f = Gs.
The left-hand side of (3.6) will be

1 b1 pb2 pbs
G3($1,x2,x3) - m/o /0 ) G3(81782,83)d81d82d83

= ‘(1 —F(z1,b2,b3) - F(b1)$27b3)

— F(b1,b2, x3) + F(x1,22,b3) + F (21, b2, x3)
E(X1X2X3)

(3.26)

)

1
+ F(b1’x27x3) — F($17x27x3)) - M

by using (3.20) and (3.21). Here (x1,22,73) € x3_,[0,b;]. Next one can apply
(3.21), (3.24), (3.25) in the right side of (3.6).



Chapter 4

General Probabilistic Inequalities

In this chapter we use an important integral inequality from [79] to obtain bounds
for the covariance of two random variables (1) in a general setup and (2) for a
class of special joint distributions. The same inequality is also used to estimate the
difference of the expectations of two random variables. Also we present about the
attainability of a related inequality. This chapter is based on [80].

4.1 Introduction

In [79] was proved the following result:

Theorem 4.1. Let f € C"(B), n € N, where B = [a1,b1] X - - - X [an,by], a;,
b; € R, with a;j < b;, j = 1,...,n. Denote by 0B the boundary of the box B.
Assume that f(x) =0, for all x = (21, ...,x,) € OB (in other words we assume that
fl--a5,--)=f(-bj,--)=0, forall j=1,...,n). Then
m(B)/ 0" f(x1, ..., Tn)
vy )| dxy - - - dzy <
[ 15zl day e, < 2 [ |

where m(B) = H;-Zzl(bj — aj) is the n-th dimensional volume (i.e. the Lebesgue
measure) of B.

dzy - - - dzy,  (4.1)

In the chapter we give probabilistic applications of the above inequality and
related remarks.

4.2 Make Applications

Let X > 0 be a random variable. Given a sequence of positive numbers b,, — oo,
we introduce the events

B, ={X >b,}.
Then (as in the proof of Chebychev’s inequality)
E[X1p,] = XdP >b,P(By)=0b,P(X >by,), (4.2)
By,

31
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where, as usual, P is the corresponding probability measure and F its associated
expectation. If £/ [X] < oo, then monotone convergence implies (since X1p: / X)

lim £ [X1p, ] = E[X].
Thus
E[X1p,|=FE[X]-E [X1p:] — 0.
Hence by (4.2)
boP (X >b,) — 0, (4.3)

for any sequence b, — co.
The following proposition is well-known, but we include it here for the sake of
completeness:

Proposition 4.2. Let X > 0 be a random variable with (cumulative) distribution
function F(z). Then

E[X] = /0 Tl - F(a)de (4.4)

(notice that, if the integral in the right hand side diverges, it should diverge to +oo,
and the equality still makes sense).

Proof. Integration by parts gives

/OOO[I—F(x)]dac:

lim x[l—F(m)]—&—/OooxdF(x): lim 2P (X > z) + E [X].

r—00 Tr— 00

If E[X] < oo, then (4.4) follows by (4.3). If E[X] = oo, then the above equation
gives that

|- F@lde =,

since xP (X > x) > 0, whenever z > 0. O

Remark 4.3. If X > a is a random variable with distribution function F(x), we
can apply Proposition 4.2 to Y = X — a and obtain

oo

E[X] :a+/ [1— F(x)]dx. (4.5)

a

We now present some applications of Theorem 4.1.

Proposition 4.4. Consider two random variables X and Y taking values in the
interval [a,b]. Let Fx(x) and Fy(x) respectively be their distribution functions,
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which are assumed absolutely continuous. Their corresponding densities are fx(x)
and fy(x) respectively. Then

BX] - EY) <252 [ 1fx(o) - fr(o)lde (4:6)

Proof. We have that Fx(b) = Fy (b) = 1, thus formula (4.5) gives us

b b
EX|=a —|—/ [1—-Fx(x)de and E[Y]=a +/ [1 — Fy(z)]dz.
It follows that
b
EX] -] < [ Fx() - Fy (o)) do.

Since Fx(z) and Fy (x) are absolutely continuous with densities fx(z) and fy(x)
respectively, and since Fx (a) — Fy (a) = Fx(b) — Fy (b) = 0, Theorem 4.1, together
with the above inequality, imply (4.6). O

Theorem 4.5. Let X and Y be two random variables with joint distribution func-
tion F(x,y). We assume that a < X < b and ¢ <Y < d. We also assume that
F(z,y) possesses a (joint) probability density function f(x,y). Then

—a —c d pb
oo,y < C=EED [ ) - e wldody, @40

where
cov(X,Y)=FE[XY]-E[X|E[Y]

is the covariance of X and Y, while fx(x) and fy(y) are the marginal densities of
X and Y respectively.

Proof. Integration by parts implies
d b
E[XY] = aE [Y]+¢E [X]—ac+ / / L= F(a,d) — F(b,y) + Fla, y) dedy (4.8)

(in fact, this formula generalizes to n random variables). Notice that F'(z,d) is the
(marginal) distribution function of X alone, and similarly F'(b,y) is the (marginal)
distribution function of Y alone. Thus, by (4.5)

E[X]:a+/

a

b d
1— F(z,d)]dz and ElY]=c+ / [1— F(b,y)] dy,

which derives
d b
(B[X]—a)(E[Y] - c) = / / 1 — F(z,d)|[1 - F(b.y)] dedy.

or

E[X]|E[Y]=aE[Y] + cE[X] — ac+
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/ / 1—F(z,b) — F(a,y) + F(z,d)F(b,y)] dzedy. (4.9)

Subtracting (4.9) from (4.8) we get

cov(X,Y)=E[XY]-E[X]|E[Y] = / / [F(z,y) — F(x,d)F(a,y)] dedy.

Hence

|cov (X, Y)] </ / |F(z,y) — F(x,d)F(b,y)| dxdy.

Now F(a,y) = F(x,c¢) =0 and F(b,d) = 1. It follows that F(x,y) — F(x,d)F(b,y)
vanishes on the boundary of B = (a,b) x (¢,d). Thus Theorem 4.1, together with
the above inequality, imply (4.7). O

In Feller’s classical book [194], par. 5, page 165, we find the following fact: Let
F(z) and G(y) be distribution functions on R, and put

Ulz,y)=F@)Gy){l—afl - Fx)][1 -Gy}, (4.10)
where —1 < a < 1. Then U(z,y) is a distribution function on R2, with marginal
distributions F(x) and G(y). Furthermore U(x,y) possesses a density if and only
if F(z) and G(y) do.

Theorem 4.6. Let X and Y be two random variables with joint distribution func-
tion U(x,y), as given by (4.10). For the marginal distributions F(z) and G(y), of
X and Y respectively, we assume that they posses densities f(x) and g(y) (respec-
tively). Furthermore, we assume that a < X <b and ¢ <Y <d. Then

o (X, Y)| < Jo] =0

T (4.11)
Proof. The (joint) density u(x,y) of U(z,y) is
2 x
o) = S5 — fa)gly) (1 - a L~ 26(@)] 1 - 26()]).
Thus
u(z,y) — f(z)g(y) = —a[l = 2F(2)] [1 — 2G(y)] f(2)g(y)
and Theorem 4.5 implies
[cov (X, V)] <
o =0 d=0) V L 2F()| o H/ 126yl gy >dy]
or
lcov (X, Y)] < |af b-ald=c) [1-2F(X)]E[1-2G(Y)]. (4.12)

4
Now, F(x) and G(y) have density functions, hence F' (X) and G (Y') are uniformly

distributed on (0,1). Thus
1
Bl -2F (X)]| = B[l -2G (V)] = 5
and the proof is done by using the above equalities in (4.12).
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4.3 Remarks on an Inequality

The basic ingredient in the proof of Theorem 4.1 is the following inequality (also
shown in [79]):

Let B = (a1,b1) X + -+ X (an,by) C R, with a; < b;, j = 1,...,n. Denote by B
and OB respectively the (topological) closure and the boundary of the open box
B. Consider the functions f € Co(B) N C"(B), namely the functions that are
continuous on B, have n continuous derivatives in B, and vanish on dB. Then for
such functions we have

O f(x1, ..., Tp)

1
e )| < —

true for all (x1,...,2,) € B. In other words

dxy - - - dxy,

1 " f(x1, ..., Tn)
< T N dy - - - A, 4.13
Il < g [ [T (4.13)
where || - || is the supnorm of Cy(B).
Remark 4.7. Suppose we have that a; = —oo for some (or all) j and/or b; =
o for some (or all) j. Let B = B U {oc} be the one-point compactification of
B and assume that f € Co(B) N C™(B). This means that, if a; = —oo, then

limg, oo f(21,.r, 855y Tn) = 0, for all zp € (ag,br), k # j, and also that, if
bj = oo, then limg, oo f(21,..., 55, ..., ) = 0, for all zy € (ar,bx), k # j.
Then the proof of (4.13), as given in [79], remains valid.

Remark 4.8. In the case of an unbounded domain, as described in the previous
remark, although || f|| ., < oo, it is possible that

/ " f(x1,..., Tn)
g| Or1--- 0z,

For example, take B = (0, 00) and
flz) = / (eiEQ —~ ge”ﬂle—f) de.
0

Before discussing sharpness and attainability for (4.13) we need some notation. For
¢=(c1,...,cn) € B, we introduce the intervals

dxry - - - dx, = oo.

Ij’Q(C) = (aj,cj) and IjJ(C) = (Cj,bj), j = ].7 ceey N
Theorem 4.9. For f € Co(B) N C™(B), inequality (4.13) is sharp. Equality is

attained if and only if there is a ¢ = (c1,...,¢n) € B such that the n-th mized
derivative O™ f (1, ..., Tpn)/0x1 - - - Oy does not change sign in each of the 2™ “sub-
boxes” I o, (c) X -+ - X I ¢, (c).

Proof. (<) For an arbitrary ¢ = (c1, ..., ¢,) € B we have

fler, . en) = (_1)61+---+an/ . / Mdm oo dry, (4.14)
In,sn(c)

11,51(0) 8331 s 833n
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where each €; can be either 0 or 1. If c is as in the statement of the theorem, then

" f(x1, s T
lf(cl,...,cn)|:/ / 9" f (@1, )
Iieq(0) I e, (C)

6x1 tee 6xn
Adding up (4.15) for all 2™ choices of (e1, ...,e,) we find

dxryi - - dzy,. (4.15)

" O"f(x1, ey Tn)
2" (et s O }j /1 /Iw@ st gy, 416)
or
_1 6"f(;v1,..., )
[fer, . yen)| = 2"/13 95, . oa. dxy - - - dy,.

This forces (4.13) to become an equality. In fact we also must have

[f(ers s en)l = [ flloo
ie. |f(z)| attains its maximum at = = c.
(=) Conversely, let ¢ € B be a point at which |f(c)| = || f]|,, (such a c exists

since f is continuous and vanishes on 0B and at infinity). If for this ¢, the sign
of the mixed derivative 0" f (21, ..., 2,,) /021 - - - Oz, changes inside some “sub-box”
I (¢) X -+ x Ing,(c), then (4.14) implies

9o = feren < [ o f
11,51 (C) In ey, (C)

Thus forces f, (4.13) become a strict inequality. O

G”f(xl,..., n)

d - dx,,.
Oxy -+ - Oxy, e gc

4.4 Lg,q > 1, Related Theory

We give

Theorem 4.10. Let f € AC([a,b]) (absolutely continuous): f(a) = f(b) =0, and
p,q>1:%+%:1. Then

/a

a)l*s
/|f )da < +11/p (/ 'y |qdy> . (4.17)

Proof. Call ¢= %’ Then

=/ Py, a<z<e,

and

b
—/‘f@M% c<z<b.
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For a < x < ¢ we observe,

ol | 17 W)ldy,

and
[ @it < [ [ 15wl
(by Fubini’s theorem)
- Vdo ) dy = [ (c—p)lf )l
/(/ |a:) v=[ e wlrwla
c 1/p
< ( / <c—y>pdy) T2
That is,
( o)ty 4.18
[ e < S e, (4.19)

Similarly we obtain

2)| < / P W)y
/ @) < / b / "\ @) dde

(by Fubini’s theorem)

b Y b
:/ / |f’(y)|dzdy=/ (v = olf'(y)ldy
b 1/p
< </ (y—C)”dy> 1" zae,p)-

/|f R — )t D ey (4.19)
TE(p+ 1)W/p ‘

and

That is, we get

Next we see that

< /: |f(:v)|dx>q B l / e /cb |f(x)|dxr
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1 q
(b—a)H'E 1 / q
S q(a,c + d(c
(21+;(p+1)1/p ' zacasey + 1 Nzacer)

q
(b a)H -1
< - J q
- <21+;(p+ ]_)l/p 2 (Hf HLq(a c) =+ ||f ||L‘1 cb))

1 q
_ m 94=1| f||4
2"t 1)ue L(a,b)’

That is we proved

+1
/ e < 2 - o) T s (4.20)
which gives
/ |f |d1’ ))1/p||f HL‘?(a b)» (42]‘)
proving (4.17). O

Remark 4.11. We notice that lim In(p+ 1)/? = 0, that is lim (p + 1)¥/? = 1.
p—00 p—00
Let f € C'([a,b]), f(a) = f(b) = 0. Then by Theorem 4.1 we obtain

b b—a b
[ s <250 17w (422
which is (4.17) when p = oo and ¢ = 1. When p = ¢ = 2, by Theorem 4.10, we get
/ Flde < E= ( / b(f’<y>>2dy> " (4.23)

r \

The Ly, ¢ > 1, analog of Proposition 4.4 follows

Proposition 4.12. Consider two random variables X and Y taking values in the
interval [a,b]. Let Fx(x) and Fy(x) respectively be their distribution functions
which are assumed absolutely continuous. Call their corresponding densities fx(x),
fy (z), respectively. Let p,q > 1: % + % =1. Then

1/q
B0 - B < (/ xly >|qdy> SNCEn

Proof. Notice that

b
) - BW)| < [ IFx(a) - Fr(@)da, (4.25)

Then use Theorem 4.10 for f = Fx — Fy, which fulfills the assumptions there.
O
Observe that (4.6) is the case of (4.24) when p = 0o and ¢ = 1.



Chapter 5

About Grothendieck Inequalities

We give here the analog of Grothendieck inequality for positive linear forms. We
find upper and lower bounds of L, 0 < p < oo, type, which all lead to sharp
inequalities.This treatments is based on [68].

5.1 Introduction

We mention the famous Grothendieck inequality [204].

Theorem 5.1. (Grothendieck 1956) Let K1 and Ko be compact spaces. Let u :
C (K1) x C(K2) — R be a bounded bilinear form. Then there exist probability
measures (11 and poy on K1 and Ko, respectively, such that

1/2 1/2
|u<f,g>|<K§;||u||( f?dul) (/ gzd/m) , (5.1)
K K>

for all f € C (K1) and g € C(K3), where K& is a universal constant.
We have that
™

v
157... =< KR< —— © —1782.... 5.2
27 9T 2m(1+42) (5:2)

See [204], [240], for the left hand side and right hand side bounds, respectively.

Still K& precise value is unknown.

The complex case is studied separately, see [209]. Here we present analogs of
Theorem 5.1 for the case of a positive linear form, which is of course a bounded
linear one.

We use

Theorem 5.2. (W. Adamski (1991), [3]) Let X be a pseudocompact space and 'Y
be an arbitrary topological space, then, for any positive bilinear form ® : C (X) x
C(Y) — R, there exists a uniquely determined measure p on the product of the
Baire o— algebras of X and Y such that

B (f,g) = /X o (5.3)

39
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holds for all f € C(X) and all g € C (Y).

Note. Above the tensor product (f ® g) (x,y) = f(x) - g(y), X pseudocompact
means all continuous functions f : X — R are bounded. Positivity of ® means that
for f >0, g >0 we have ® (f,g) > 0.

From (5.3) we see that 0 < pu (X xY) =@ (1,1) < 0.

If ®(1,1) =0, then ® =0, the trivial case.

Also |®(f,9)] < @ (1,1)[|fllo ll9]lo » with [|®| = ®(1,1), in the case that X,
Y are both pseudocompact, so that ® is a bounded bilinear form.

5.2 Main Results

We give

Theorem 5.3. Let X, Y be pseudocompact spaces, ® : C(X)x C(Y) - R be a
positive bilinear form and p, ¢ > 1: %—l—% = 1. Then there exist uniquely determined
probability measures 1, poon the Baire o—algebras of X and Y, respectively, such

that
e (ol <o (| If(ar)l”dm)l/p (f |g<y>|qczu2)1/q, (5.4)

forall f € C(X)and all g€ C (Y).
Inequality (5.4) is sharp, namely it is attained, and the constant 1 is the best
possible.

Proof. By Theorem 5.2 we have

B (f.9) = /X T @) du(ey). (5.5)

and p is a unique measure on the product of the Baire o— algebras of X and Y.
Without loss of generality we may suppose that ® Z 0. Denote by m := u (X xY),
so it is 0 < m < oo, and consider the measures p* (A) := p (A xY), for any A
in the Baire o—algebra of X, and pu** (B) := p(X x B), for any B in the Baire
o—algebra of Y. Here p*, u™* are uniquely defined. Notice that

i (X) = (X x V) = u** (V) = m. (5.6)
Denote the probability measures pq = ‘fn—*, o 1= “;:
Also it holds
| t@rdu= [ 1f@pd 6.)
XxY X

and
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/ lg ()|" dp = / lg ()| dp™. (5.8)
XxY Y
So from (5.5) we get
1D (f,9)l S/ |f (@)[]g (y)| dp (2, y) (5.9)
XXY

(by Holder’s inequality)

([ irwra <a:,y>)w ([ 1o an <x,y>)w (5.10)
- ([ ir@ra (a:>)1/p ([ 191 <y>)1/q (5.11)
([ 17 @l a (x))l/p ([ torau <y>)1/q,

proving (5.4).

Next we derive the sharpness of (5.4).

Let us assume f (z) = c¢1 > 0, g(y) = c2 > 0. Then the left hand side of (5.4)
equals c1cam, equal to the right hand side of (5.4). That is proving attainability of
(5.4) and that 1 is the best constant. O

We give

Corollary 5.4. All as in Theorem 5.8 with p = q = 2. Then
1/2 1/2
2 2
el <ol ([ G@ran) ([ ewra) . (512)

forall feC(X) and allge C(Y).

Inequality (5.12) is sharp and the best constant is 1.

So when ® is positive we improve Theorem 5.1.
Corollary 5.5. All as in Theorem 5.3. Then

1/p 1/q
egaol<iel, w([ireran) ([lwra) . e
{pa>1:2+1=1} \Jx Y

forall f € C(X) and all g € C(Y). Inequality (5.13) is sharp and the best constant

18 1.

Corollary 5.6. All as in Theorem 5.3, but p =1, ¢ = 0o. Then
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1 (f,9) < 129l </X If(x)ldm) , (5.14)

forall f € C(X)and all g€ C(Y).
Inequality (5.14)is attained when f () >0 and g (y) = ¢ > 0, so it is sharp.

Proof. We observe that

2l <lale ([ 1F@lduan)

ol ([ 1f @l d" @) (5.15)
=l ([ 17 @l () (5.16)
— 1] gl ( /. If(x)ldm) |
Sharpness of (5.14) is obvious. O

Corollary 5.7. Let X, Y be pseudocompact spaces, ® : C(X) x C(Y) = R be a
positive bilinear form. Then there exist uniquely determined probability measures
11, te on the Baire o— algebras of X and Y, respectively, such that

()l < elmin (ol ([ 1@l ) 11 (o)), 617

forall feC(X)and allge C(Y).
Proof. Clear from Corollary 5.6. U

Next we give some converse results.
We need

Definition 5.8. Let X, Y be pseudocompact spaces. We define
Ct(X):={f:X — R,U{0} continuous and bounded}, (5.18)
and
CTt(Y):={g:Y — R, continuous and bounded},

where Ry :={z € R: z > 0}.
Clearly C*(X)Cc C(X),and CTT(Y) Cc C(Y).
So C** (Y) is the positive cone of C (V).

Theorem 5.9. Let X, Y be pseudocompact spaces, ® : CT (X) x CTT(Y) - R

be a positive bilinear form and 0 < p < 1, q < 0 : % + % = 1. Then there exist
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uniquely determined probability measures p1, 2 on the Baire o— algebras of X and
Y, respectively, such that

592 1ol ( ], (f(x))”dm)l/p (f <g<y))qduz)w, (5.19)

forall f € CT(X) and all g € CTT (V).
Inequality (5.19) is sharp, namely it is attained, and the constant 1 is the best
possible.

Proof. We use the same notations as in Theorem 5.3. By Theorem 5.2 and reverse
Holder’s inequality we obtain

<1><f,9>=/x S @) dn ey >

(/Xxy (f ()" dp (, Z/)) v (»/XXY (9 () dp(z, y)) v (5.20)

([ w@raw) " Ry v

1/p 1/q
—n([w@ran@) ([ewraw) . e
X Y
proving (5.19).
For the sharpness of (5.19), take f (z) = ¢1 > 0, g(y) = c2 > 0. Then L.H.S
(5.19) = R.H.S (5.19) = mcics. O

We need
Definition 5.10. Let X, Y be pseudocompact spaces. We define
C™(X):={f:X —R_U{0} continuous and bounded}, (5.22)
and
C~ 7 (Y):={g:Y — R_ continuous and bounded},

where R_:={z €R: z <0}.

Clearly C~ (X)c C(X),and C—— (Y)Cc C (Y).

So C~~ (Y) is the negative cone of C (Y).
Theorem 5.11. Let X, Y be pseudocompact spaces, ® : C~(X)x C~~(Y) = R
be a positive bilinear form and 0 < p < 1, g < 0 : % + % = 1. Then there exist

uniquely determined probability measures p1, 2 on the Baire o— algebras of X and
Y, respectively, such that

502 1l (], If(x)lpdm)l/p ([ |g<y>|qdu2)l/q, (523)
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forall feC™ (X)and allge C~— (Y).
Inequality (5.23) is sharp, namely it is attained, and the constant 1 is the best
possible.

Proof. Acting as in Theorem 5.9, we have that ® (f,g) > 0 and

B (f.9) = /X T @) d(a9) = / @llgldutey) (24

X x

- (/. Xylf(ar)lpdu(m,y))l/p (/. Xy|g<y>|qdu<x,y>)l/q (5.25)
- ([ ir@ra (a:>)1/p ([ 191 <y>)1/q

([ 1@ (x))l/p ([ s au <y>)w, (5.26)

establishing (5.23).

For the sharpness of (5.23), take f(z) = ¢; <0, g(y) = c2 < 0. Then L.H.S
(5.23) = mecica = R.H.S (5.23).

Hence optimality in (5.23) is established. O

We finish this chapter with
Corollary 5.12. (to Theorem 5.9) We have

®(f.9) =2 sup
{p7q: O<p<l7q<0,%+%:1}

(foran)” ([oors)]. o

for all f € CT(X) and all g € CTT (V).

Inequality (5.27)is sharp, namely it is attained, and the constant 1 is the best
possible.

And analogously we find

Corollary 5.13. (to Theorem 5.11) We have

®(f.9) =2 sup
{p7q: O<p<l7q<0,%+%:1}

K/x f @I dm>l/p (/y |g(y)|qd“2)1/q1 : (5.28)

forall feC™ (X)and allge C~~ (Y).
Inequality (5.28) is sharp, namely it is attained, and the constant 1 is the best
possible.



Chapter 6

Basic Optimal Estimation of Csiszar’s
f-Divergence

In this chapter are established basic sharp probabilistic inequalities that give best
approximation for the Csiszar’s f-divergence, which is the most essential and general
measure for the discrimination between two probability measures.This treatment
relies on [37].

6.1 Background

Throughout this chapter we use the following. Let f be a convex function from
(0, +00) into R which is strictly convex at 1 with f(1) = 0.

Let (X, A, A\) be a measure space, where A is a finite or a o-finite measure on
(X,A). And let p1, uo be two probability measures on (X, A) such that up < A,
o <€ A (absolutely continuous), e.g. A = p1 + po.

Denote by p = %, q= dé‘f the (densities) Radon—Nikodym derivatives of p1,
e with respect to A\. Here we suppose that

0<a<?<b ae onXanda<1<b.
q

The quantity

Cplpnsnn) = [ ato)s (%) IA@), (6.1)

was introduced by I. Csiszar in 1967, see [140], and is called f-divergence of the
probability measures p1 and po.

By Lemma 1.1 of [140], the integral (6.1) is well-defined and I'f(p1,p2) > 0
with equality only when p1 = pe, see also our Theorem 6.8, etc, at the end of
the chapter. Furthermore I'f(p1, 12) does not depend on the choice of A\. The
concept of f-divergence was introduced first in [139] as a generalization of Kullback’s
“information for discrimination” or I-divergence (generalized entropy) [244], [243]
and of Rényi’s “information gain” (I-divergence) of order a [306]. In fact the
I-divergence of order 1 equals

Fu log, u(,ula ,UQ)

45
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The choice f(u) = (u— 1)? produces again a known measure of difference of distri-
butions that is called y2-divergence. Of course the total variation distance

1 — o] = /X 1p(x) — g(z)] dA(z)

is equal to I'j,—1|(1, u2). Here by supposing f(1) = 0 we can consider I'f(u1, p2)
the f-divergence as a measure of the difference between the probability measures
M1, p2-

The f-divergence is in general asymmetric in p; and po. But since f is convex
and strictly convex at 1 so is

wi N 1
rrw =uf (3) (62)
and as in [140] we obtain

L(pz, pa) =g (pa, p2). (6.3)

In Information Theory and Statistics many other divergences are used which
are special cases of the above general Csiszar f-divergence, for example Hellinger
distance Dy, a-divergence D,, Bhattacharyya distance Dp, Harmonic distance
Dy, Jeffrey’s distance Dy, triangular discrimination DA, for all these see e.g.
[102], [152].

The problem of finding and estimating the proper distance (or difference or
discrimination) of two probability distributions is one of the major ones in Prob-
ability Theory. The above f-divergence measures in their various forms have been
also applied to Anthropology, Genetics, Finance, Economics, Political science, Bi-
ology, Approximation of Probability distributions, Signal Processing and Pattern
Recognition.

A great motivation for this chapter has been the very important monograph on
the matter by S. Dragomir [152].

6.2 Main Results

We give the following.
Theorem 6.1. Let f € C'([a,b]). Then

Tp(pns 12) < 1 Nl ot /X Ip(x) — q(2)] dA(x). (6.4)

Inequality (6.4) is sharp. The optimal function is f*(y) = |y — 1|%, a > 1 under
the condition, either

i) max(b—1,1—a) <1 and C :=esssup(q) < 400, (6.5)
or

i) [p-ql<g<1, ae onX. (6.6)
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Proof. We see that

Ff(ul,,uz):/ q(z)f

X

p()
<IN ab/q@:) X1
=1 oo [ Ipla) = ata)lan

proving (6.4). Clearly here f* is convex, f*(1) = 0 and strictly convex at 1.

Also we have

fY(y) = aly — 11 'sign(y — 1)

and
17 ooy ) = @ (max(b — 1,1 —a))* .
We have
LHS.(64) = [ (ga)*Ip(o) - a(a)]" A
X
and
R.H.S.(6.4) = a(max(b— 1,1 — )" / Ip(@) — g(2)] d\.
X
Hence

lim RELS.(6.4) = / Ip(@) — g(2)] d\.
a— X
Based on Lemma 6.3 (6.22) following we find

lim1 L.H.S.(6.4) = lim1 R.H.S.(6.4),
establishing that inequality (6.4) is sharp.

Next we give the more general

Theorem 6.2. Let f € C"1([a,b]), n € N, such that f*)(1) =0, k =0,2,..

Then

1 oo st

Tr <

/ (g(@)) " |p() — q()|" dA(z).
X

47
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Inequality (6.11) is sharp. The optimal function is f(y) = |y — 1", a > 1 under
the condition (i) or (i) of Theorem 6.1.

Proof. Let any y € [a, b], then

k)
1) -1 =Y 10y e raa), (6.12)
k=1 )
where
Yy n—1
Ra(ty) = [ (10 = 10 W) S e, (613)
herey >1ory < 1.
As in [27], p. 500 we get
Hf(nJrl)HOO, a, n
IRn(Ly)| < Tl)![b]ly -1, (6.14)
for all y € [a,b]. By theorem’s assumption we have
fy)=f)(y—1)+Ru(l,y), allye€a,b]. (6.15)
Consequently we obtain
/ o(2)f (@) dA(z) = / o(2)R,, <1 @> N(z). (6.16)
X q(x) X "q(x)
Therefore
p(x)
) < [ ato) R (155 ) | aro
by ©10)[|f "Dl 0 pl@) "
S e R B

_ Hf(nJrl)HOO,[a,b]

G /X(q@))‘ﬂp(x) — (@) dA (@),

proving (6.11). Clearly here f is convex, f(1) = 0 and strictly convex at 1, also
feC"(a,b).
Furthermore
fMay=o0, k=1,2,...,n,
and
Fr () = (n+a)(n+a—1)--(a+ Daly — 1" (sign(y - 1))"".

Thus

=0

|FO D ()| = (H(n +a- j)) ly =17,
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and
1F D ooty = (H(n +a— j)) (max(b—1,1— a))"“l. (6.17)
j=0
Applying f into (6.11) we derive
B N M B n+a
L.H.S.(6.11) = /X q(z) @) 1 dX
= /X(q(ar))l‘”‘alp(x) —q(2)["** d\(z), (6.18)
and
ﬁo(n +a—j)(max(b—1,1—a))> !
R.H.S.(6.11) = = e
: /X (q(x)) " [p(x) — g(@)|"+! dA(x). (6.19)
Then
lim RLS.(6.11) = / (g(2) " |p(@) — ()" dA(). (6.20)
X

By applying Lemma 6.3 here, see next, we find

lim LHS.(11) = lim [ (g(2)' " [p(z) — g(a)|"** dA(2)

a—1 X

= [ @) lpl@) =~ o))" dr (o),
proving the sharpness of (6.11). O

Lemma 6.3. Here o > 1, n € Zy and condition i) or ii) of Theorem 6.1 is valid.
Then

lim [ (q(x))' ™" "*[p(z) - q(2)[""* dA(z)

a—1 X
= /X(Q(I))_”Ip(%‘)—q(JU)I"Jrl dA(z). (6.21)
When n = 0 we have
timy [ (@)= lpte) @) N@) = [ o) —al@)lad@). (622
X

Proof. i) Let the condition (i) of Theorem 6.1 hold. We have

a—lgzﬂ—lgb—L a.e. on X.
q(z)
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Then
‘p(m) _ 1‘ <max(b—1,1—a) <1, ae. onX.
q()
Hence
n+ao n+1
‘p(x) _q <‘p($) _1 <‘p_(;v) _1‘<1, a.e. on X,
(@) () q(x)
and
n4+o n+1
p() _ — M _ , a.e. on X.
a—1 q((E) q((E)

By Dominated convergence theorem we obtain

q(z)
Then notice that

n+1
d\(x).

plz) " |p) "
0< [ qlx)||=F=—1 — == -1 d\
X q(x) q(x)
n+1 n+ao
gC’/ }]ﬂ—l —‘M—l d\ — 0, asa — 1.
x \la(@) q(x)

Consequently,

lim [ ¢(z) p@) _ 1 e d\ = / q(x) p(z) _ 1 " d\

o=l /x q(x) X q(x) ’
implying (6.21), etc.

ii) By ¢ <1 a.e. on X we get ¢"T* < ¢"" "1 ae. on X.

Ip—q"™™ < ¢""*"! ae. on X.
Here by assumptions obviously ¢ > 0, ¢' ™"~ > 0 a.e. on X. Set
0y = {z € X: Ip(z) — q()|""* > (q(x))" "7},
then A(o;) =0,
0, = {w € X: qa) = 0},
then A(o,) =0,
03 = {w € X1 (q(x))' 7" Ip(2) — q(x)["T > 1}
Let zo € 05, then
(a(z0))! " *[p(wo) — glo)|"** > L.
If g(wo) > 0, ie. (g(w0))" @ 1 > 0 and (g(70))* "% < 400 then
[p(wo) — alwo)|"** > (g(xo))" 7.

Hence zg € 0;.
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If g(xg) = 0, then z¢ € 0y. Clearly 05 C 0y U0, and since Aoy Uoy) = 0 we
get that A(03) = 0. In the case of ¢(zg) = 0 we get from above oo(p(zg))" T > 1,
which is only possible if p(xg) > 0. That is, we established that

(q(@)' " *|p(z) — q(2)|"T* <1, ae. on X.
Furthermore

lim (g(2))' ="~ Ip(x) — q(@)"** = (a(x))""[p(x) — q(x)|"*", a.e. on X.

Therefore by Dominated convergence theorem we derive

/X((J(ﬂf))l_”_alp(x) —q(x)[""" dx — /X((J(ﬂf))_"lp(ﬂ«“) —q()|" " d,
as . — 1, proving (6.21), etc. O
Note 6.4. See that |p — ¢| < g a.e. on X is equivalent to p < 2¢ a.e. on X.
Corollary 6.5. (to Theorem 6.2) Let f € C?([a,b]), such that f(1) =0. Then

(2)
Cynopn) < o [ () o) g M. (629
X

Inequality (6.23) is sharp. The optimal function is f(y) := |y — 1|'T®, a > 1 under
the condition (i) or (i) of Theorem 6.1.

Note 6.6. Inequalities (6.4) and (6.11) have some similarity to corresponding ones
from those of N.S. Barnett et al. in Theorem 1, p. 3 of [102], though there the
setting is slightly different and the important matter of sharpness is not discussed
at all.

Next we connect Csiszar’s f-divergence to the usual first modulus of continuity
wi.

Theorem 6.7. Suppose that
0<h:= / [p(z) — q(z)] d\(z) < min(l — a,b—1). (6.24)
Then )
Ly(pr, p2) < wi(f,h). (6.25)
Inequality (6.25) is sharp, namely it is attained by f*(z) = |z —1|.
Proof. By Lemma 8.1.1, p. 243 of [20] we obtain
fa) < 220

for any 0 < 6 < min(1 — a,b — 1). Therefore

alhd) [ q(x)‘f% 1|ax)

f’ /| ()] dA(x).

|z —1], (6.26)

\ /\

Ff(/h, 12)
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By choosing § = h we establish (6.25). Notice wi(|z — 1[,d) = ¢, for any § > 0.
Consequently

e, z) = [ a0 %—1@@) = [ 1) - ato)] ix)
) (|x 11, [ 1p(o) — g(o) dA(m)) ,
proving attainability of (6.25). O

Finally we reproduce the essence of Lemma 1.1. of [140] in a much simpler way.
Theorem 6.8. Let f: (04 c0) — R convex which is strictly convex at 1, 0 < a <
1<, agggb,a.e on X. Then

Ly(pr, p2) = f(1). (6.27)

Proof Set b:= M € R, because by f convexity both f} exist. Since f is
convex we get in general that

Fu) = F(1)+bu—1), Va e (0,+0).
We prove this last fact: Let 1< wu; <wug, then

fluy) — f(1) < flug) — f(1)

3

up — 1 - us — 1
hence
- f(1
i) < Jw)= /) for u>1.
u—1
That is

Jw) = F(1) > fL(Du—1) for u> 1.
Let now u1 < us < 1, then

flur) = f(1) < fluz) — f(1)

U1—1 UQ—l

< L),

hence
flu)—f(1) > fL(1)(u—1) for u < 1.
Also by convexity f’ (1) < f/(1), and

pry < WA gy

That is, we have

L) <b < £i(1).



Basic Optimal Estimation of Csiszar’s f-Divergence

Let w > 1 then f(u) > f(1)+ fi(1)(u —1) > f(1) + b(u — 1), that is
flw)> f()+bu—1) for u>1.
Let u < 1 then f(u) > f(1)+ f2(1)(w—1) > f(1) + b(u — 1), that is

fw) > f(1)+bu—1) for u< 1.
Consequently it holds
fw)> f(1)+bn—1), Yue(0,+00),
proving this important feature of f. Therefore lim 1 >

u—+oco U
We do have

f(g) >f(1)+b(§—l>, a.e.on X,

and

qf (g) > f(L)g+blp—q), aeonX.

/X of (g) ax > f(1),

Ly(p1, p2) > f(1).

The last gives

which is

Note 6.9 (to Theorem 6.8). Since f is strictly convex at 1 we get
fu) > f(1) +b(u—1), Vu € (0,00) — {1},
with equality at u = 1.

Consequently
f<2—9> >f(1)+b<]—)—1>, P#4q
q q

with equality if p = g;a.e. on X.

Thus
af (S) > f(1)a+b(p —q), whenever p# g;a.c.onX,
and
Ly(pr, p2) > f(1), if p1 # po.
Clearly

Ly(pr, p2) = f(1), if p1 # po.
Note 6.10 (to Theorem 6.8). If f(1) =0,
Cyp(pr, p2) =0, if py = po.
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then I'f(p1, o) > 0, for gy # po, and
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Chapter 7

Approximations via Representations of
Csiszar’s f-Divergence

The Csiszar’s discrimination is the most essential and general measure for the com-
parison between two probability measures. Here we provide probabilistic representa-
tion formulae for it on various very general settings. Then we present tight estimates
for their remainders involving a variety of norms of the engaged functions. Also are
given some direct general approximations for the Csiszar’s f-divergence leading to
very close probabilistic inequalities. We give also many important applications.
This treatment relies a lot on [43].

7.1 Background

Throughout this chapter we use the following.

Let f be a convex function from (0,+o00) into R which is strictly convex at 1
with f(1) = 0. Let (X,.A, \) be a measure space, where X is a finite or a o-finite
measure on (X, A). And let u1, p2 be two probability measures on (X, .A) such that
1 <€ A, po < X (absolutely continuous), e.g. A = pg + po.

Denote by p = %, q= % the (densities) Radon-Nikodym derivatives of 1,
o with respect to A\. Here we suppose that

0<0L§]2§b7 aec.on X and a<1<hb.
q

The quantity
p(z)

) = [ s (55 ) v (7.1)
was introduced by I. Csiszar in 1967, see [140], and is called f-divergence of the prob-
ability measures p1 and po. By Lemma 1.1 of [140], the integral (7.1) is well-defined
and I'f(p1, p2) > 0 with equality only when g1 = po. Furthermore I'f(u1, p2)
does not depend on the choice of A\. The concept of f-divergence was introduced
first in [139] as a generalization of Kullback’s “information for discrimination” or
I-divergence (generalized entropy) [244], [243] and of Rényi’s “information gain”
(I-divergence of order «) [306]. In fact the I-divergence of order 1 equals

Fu log, u(,ula ,UQ)
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The choice f(u) = (u — 1)? produces again a known measure of difference of
distributions that is called y2-divergence. Of course the total variation distance
i1 — 1zl = [ [p(2) — ()| dA(x) is equal to T,y (s, pr2).

Here by supposing f(1) = 0 we can consider I'f(u1, u2), the f-divergence as a
measure of the difference between the probability measures 11, o. The f-divergence
is in general asymmetric in g1 and po. But since f is convex and strictly convex at
1sois

o 1
rrw=uf (3) (72
and as in [140] we obtain

L(pz, pa) =g (pa, p2). (7.3)

In Information Theory and Statistics many other divergences are used which are
special cases of the above general Csiszar f-divergence, e.g. Hellinger distance Dy,
a-divergence D,, Bhattacharyya distance Dp, Harmonic distance Dy, Jeffrey’s
distance Dy, triangular discrimination D, for all these see, e.g. [102], [152]. The
problem of finding and estimating the proper distance (or difference or discrim-
ination) of two probability distributions is one of the major ones in Probability
Theory.

The above f-divergence measures in their various forms have been also applied
to Anthropology, Genetics, Finance, Economics, Political Science, Biology, Approx-
imation of Probability distributions, Signal Processing and Pattern Recognition. A
great motivation for this chapter has been the very important monograph on the
topic by S. Dragomir [152].

7.2 All Results

We present the following
Theorem 7.1. Let f,g € C'([a,b]) where f as in this chapter, g’ # 0 over [a,b].

Then
5. fa.b] /X ) ‘g (%) - g(l)‘ A (7:4)

Proof. From [112], p. 197, Theorem 27.8, Cauchy’s Mean Value Theorem, we have
that

!/

gl

Ly(pas p2) < ‘

f(e)(g(b) = g(a)) = g'(c) (£ (b) — f(a)), (7.5)

9(0) — g(a)l, (7.6)
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and
|f(z) = fly)| <

for any y, z € [a,b]. Clearly it holds
p(ﬂﬂ)) ‘

T — ) - f(1) <

@ |1 (B2 - o) <

a.e. on X. The last gives (7.4).

Examples 7.2 (to Theorem 7.1).
1) Let g(x) = 2. Then

T (i1 1) < 22| oo fo /X

2) Let g(z) = e*. Then

T (pi1, 12) < 6 oo fas /X )

3) Let g(x) = e~*. Then

E)

p(x)

p(z) — q(x)| dA(x).

i — e‘ dA(z).

_ p(=z) _
s tz) < [ ooy [ ala)|e 5 — 1] axa).
X

4) Let g(z) = lnz. Then

T (i1, p2) < 2f ooy /X )

5) Let g(z) = zInz, with a > e~1. Then

!/

r <
£, p2) < H1+lnx

6) Let g(x) = /x. Then

i

/ p(z)
00,[a,b] v X

p(x)

q(x)

q(z)

oo

1n@

dA(zx).

T'p (s 2) < 2IVEF oo fos /X Va@)IVo@) - Va(@)| dA(@).

7) Let g(z) = 2%, a > 1. Then
f/

xafl

Ly(pr, p2) <

1
«

Next we give

Theorem 7.3. Let f € C'([a,b]). Then

b
Cyanz) ~ 5o [ Ty

.l o, [a,b] [(aQ + b2

= To-a

2

/ 0(@) =0 (p(x))* — (q(2))*| dA(z).
oo,[a,b] /X

>—(a+b)+/Xq_1p2d>\(x)]
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(7.15)

(7.16)
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Proof. Let z € [a, b], then by Theorem 22.1, p. 498, [27] we have

(z—a)?+ (b— 2)?
(S

b
[ g ) 1 oo ey = AC2),

which is the basic Ostrowski inequality [277]. That is

b
o [ Ty < ),

P p q [ p
—qA (5) <qf (5) - b_a/a fy)dy < qA (5) ,
a.e. on X.

Integrating (7.19) against A we find

_/XqA (g) d/\<Ff(u1,u2)—ﬁ/:f(y)dy</xqz4 (g) dx.

That is,
< (2)o
X q
If’loo[ab]/ <p )2 < p)2
=" -——a)] +(b—= d\
20—a) Jx"\\q q

= 7'5(1)0?:’)“ /X a ' ((p— aq)® + (bg — p)?)dA,

—A(z) < f(z) -

and

b
Ff(m,m)—ﬁ/ f(y)dy

proving (7.16).
Note 7.4. In general we have, if |A(z)| < B(z),then

/X A(z)dA‘ < /X B(2)d.

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

Remark 7.5. Let f as in this chapter and f € C'([a,b]). Then we have Montoge-

mery’s identity, see p. 69 of [169],

b b
1) == [ f0de+ 57— [ Prnra
for all z € [a, b], and

« _ft—a, te]a,z]
P(Z’t)'_{t—a te (0]

b b
af <§> = bﬁa/ f(t)dt + bga/ P* (g,t) f(t)dt,

Hence

a.e. on X.

(7.23)

(7.24)
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We get the following representation formula

b
Lg(pr, p2) = ﬁ </ f(t)dt + R1> ; (7.25)

Ry = /X o(2) ( / " pe (%,t) f’(t)dt) N(z). (7.26)

Remark 7.6. Let f be as in this chapter and f € C®[a,b]. Then according to
(2.2), p. 71 of [169], or (4.104), p. 192 of [126] we have

[ s (=) (- (45))

+ (b— Q)Q/a /a P*(z,t)P*(t,s) " (s)dsdL, (7.27)
for all z € [a, b], where P* is defined by (7.24). So that

af (g) e /abf(t)dH (W) ¢ <§ ~ <GT+6))

where

bob
q « [P * ”
—_— P (= P 2
st [P (L) P sas (7.28)
a.e. on X. By integration against A\ we obtain the representation formula
_ f(b) - f (a) a+b Rs

where

Ry = /Xq </: /ab P <§,t) P*(t,s)f”(s)dsdt) dX. (7.30)

Again from Theorem 2.1, p. 70 of [169], or Theorem 4.17, p. 191 of [126] we see
that
I f(b) = f(a) a+b
’f(z)—m/ f(t)dt — <W 2

{l(a) >) 3

12

+ —} (b= @)1 f" loo,fa.b1; (7.31)

for all z € [a, b].
Therefore

2
q
] + ==t 0= lsosar), (7-32)
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a.e. on X. Using (7.22) we have established that

b b) — )
Dy (pr, p2) — ﬁ/ﬂ f(t)dt — (W) (1 _ %)
2
b—a)? " (%‘ a_er))Q 1 1
< %Hf ll s, [a,5] /xq [W + 1 dX\ + o[ (7.33)
From p. 183 of [32] we have

Lemma 7.7. Let f: [a,b] — R be 3-times differentiable on [a,b]. Assume that "
is integrable on [a,b]. Let z € [a,b]. Define

, a<s<r
b—a
P(r,s) := ) (7.34)
5 , r<s<b; rsclab
b—a

Then

f(z) = ﬁ /abf(81)d81 + (W) /ab P(z,s1)ds1
+ (W) /ab /ab P(z,51)P(s1, s2)ds1ds2

b b b
+/a/a/aP(z,sl)P(sl,82)P(52,53)f"'(53)d31d82d83, (7.35)

Remark 7.8. Let f as in this chapter and f € C®)([a,b]). Then from (7.35) we
obtain

ot (2) = 7 /f ds+(f(bi_§<)>quP(§’SI>dsl
(), (o)
+q/// <— 81) (s1,52)P(s2,53)f" (s3)ds1dsadss, (7.36)

a.e. on X. We have derived the representation formula

Ly(pr, p2) = ﬁ /b f(s1)ds1 + (W) /Xq </abP (g,sl> dsl> d\
+ <f’(bl)):a )/ (/ / < ) 81,52)d81d32> d\ + R, (7.37)

where

b b b
Rg = A q <[1 L /a P (g,é‘l) P(Sl,SQ)P(SQ,Sg)fm(83)d81d82d53> d.

(7.38)
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We use also

Theorem 7.9. ([32]). Let f: [a,b] — R be 3-times differentiable on [a,b]. Assume
that " is measurable and bounded on [a,b]. Let z € [a,b]. Then

10 g [ 1o~ (FOH0) (o (1)

_<f()—f’(a))[ (et ba <a2+b2+4ab>H

2(b—a) 6
1" Noosjab] 4
< Spogil A, (7.39)

where

1 1 1 1
A*(z) := [abz4 — §a2b32 + §a3b22 —ab®z® — ga?’bgz + gabgz2 +a?b?2?

1 1 1 3 3 1
—a%hz® — Zaz® — b+ =20+ SaPt Zb2z4 + §b2a4

2 2 6 4

2 2 ) 5 1
— §a323 — §b3 3b3a3 + 12a422 + —b422 + §b4a2

2 2 . 1. - b6
— Zba® — = - = 4

15ba 15ab riak b + 0 + o= %0 (7.40)

Inequality (7.39) is attained by
fz)=(—a)’ +(b—2)% (7.41)

in that case both sides of inequality equal zero.

Remark 7.10. Let f be as in this chapter and f € C®([a,b]). Then from (7.39)

we find
8)-ts - (442 (23

‘<f(<b_—J:>(a))(]§ (@+bp+ (a2+b26+4ab)q)‘

< W oofaty yu (P (7.42)
S E q ) :

a.e. on X, A* is as in (7.40).
We have proved that (via (7.22)) that

e e (32 (5
() (e v )

- Hf///||oo,[a7b] / qA* (I_D) d\ (7.43)
- (b — a)3 X q 7
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where A* is as in (7.40).
We need a generalization of Montgomery identity.
Proposition 7.11. ([32]). Let f: [a,b] — R be differentiable on [a,b], f': [a,b] = R

is integrable on [a,b]. Let g: [a,b] — R be of bounded variation and such that
gla) # g(b). Let z € [a,b]. We define

g(t) —g(a
o) —ga) “STE7
P(g(2),9(t)) = . (7.44)
g\t)—g
o) —glay PSP

Then it holds
b
f(z) = /f )ydg(t) + [ P(g £ (t)dt. (7.45)

a

Remark 7.12. Let f € Cl([a, b)), g € C([a,b]) and of bounded variation, g(a) #
g(b). The rest are as in this chapter. Then by (7.44) and (7.45) we find

i (2) =t | " fodgt) + g / "p (s (%) o00) rir. o)

a.e. on X.
Finally we obtain the representation formula
1 b
Ur(pr, p zi/ftdgt—t—’lhl, 7.47
o) = = | 10 () (7.47)
where

Ry = /X q </:P <g (g) ,g(t)> f’(t)dt) dA. (7.48)

Based on the last we have

Theorem 7.13. In this chapter’s setting, f € C'([a,b]) and g € C([a,b]) of bounded
variation, g(a) # g(b). Then

b
Ty o2) = —mes [ 0000

< ||f’||oo,[a7b]{/xq< P(a(2).a0)|a ) } (7.49)

Examples 7.14. (to Theorem 7.13). Here f € C'([a,b]) and as in this chapter.
We take g1(z) = €%, g2(z) = Inxz, g3(z) = /z, g4(x) = 2%, a > 1; . > 0. We
elaborate on

SQ k]

a<lt<uw,
P(gi(x), gi(t)) := i=1,2,3,4. (7.50)
x<t<hb,
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Clearly dgi(z) = e®dz, dgo(z) = Ldz, dgs(z) = ﬁdm, dgs(z) = az®tdx.
We have

1)
et_ea
; St<a,
eb —ea
P(e*,e!) = (7.51)
et —eb
7 , T<t<b,
e e
2)
Int —Ina <t<
Inb—Ina’ =T
P(lnz,Int) = (7.52)
Int —Inb <t <
nb—Ina -7
3)
\/Z—\/E’ a<lt<uw,
Vb —a
P(\/z,Vt) = (7.53)
\/E_\/B, xr<t<b,
Vb —a
4)
t* —a“®
, a<lt<luwx,
b* — a«
P(z*,t*) = (7.54)
toz_boz
, Tz<t<b
ba — a>
Furthermore we derive
1)
et —e® w<t<p/
F o aSt<p/g,
|P(eP/?, e")| = (7.55)
bt
eb 67 p<t§b7
e et
2)
lnt—lna7 a<t<]—9,
D Inb—1Ina - T q
‘P (ln —,lnt>' = (7.56)
q Inb—1Int P

Inb—Ina’ ¢
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3)
M a<t<£
p \/E_\/a) - —q)
‘P( E’ﬁ)’: (7.57)
k' P
Vb—a o«
4)
t"‘—ao‘7 a<t<]—9,
P b* — av - T q
q b* —t@ P
———  Z<t<y
ba_aa
Next we get
1)

’ 1 p P
/ |P (P9, et)|dt = - {2ep/q —e® <— —a+ 1) +éb <b— - — 1) } , (7.59)
a e’ —e q q

2)

q

/

P (lng,lntﬂdt - (m (g))_l {% <1n§ - 1) —a(lna—1)

— (Ina) (g —a) + (Inb) <b— g) — b(lnb— 1)}, (7.60)
3)
N €
4)

r

pa 1 2 pa+1
P|—,t%)|dt =
Er)a-telats (G

Oé(CLOH_l + ba+1) }

e (7.62)

p
— (@* +b%)= +
( )q

Clearly we find

)
b 1
[P el = 5= {2aen/t — et —ag +q) + g —p-a) )}, (763
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(o= () o)

—a(lna—1)¢g— (Ina)(p — aq) + (Inbd)(bg — p) — b(Inb — 1)q}7 (7.64)

2)

b
1)

3)
T e
1)

b
1)

P(@)
qO(

p— {( 2 )(q*‘lp““)

b —a® | (a+1

— (a® +b")p+ <ai 1) (Tt + bo‘“)q}. (7.66)

Finally we obtain

1)

/X (q/ab IP(ep/q,et)|dt> A= — i ea{z/qup/qd)\ — e (2—a)+ (b — 2)},
(7.67)
/X <q/ab P(lng,mt)’dt> d\
- <ln (g))l {2 (/Xplngd/\) — In(ab) +a+b—2}, (7.68)
P(f5)|

a3/2 1 p3/2
\/—_\/6{4/)((1_1/2793/%/\_(\/5—’_\/5)4_%}7 (7.69)

2)

//

1)

foof.

Applying (7.49) we derive

pa @ 1 2 —a, at+1 «@ [e%
P = -
(qa,t )‘dt ba—aa{(a—i—l)/xq p* TN — (a® 4+ b%)

+(72) @), (7.70)
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Ly(pr, p2) Je'dt

- (o(2)) " 100
< ||f||oo,[a7b] (1n<2>) 1{ /Xplngd/\—ln(ab)%-(a+b—2)}, (7.72)

2)

3)

b
I‘f(ﬂla/@)_ﬁ/ &\/?dt
< 11" Moo, fa,b1 {4/ ql/ng/szJrM_(\/aJr\/E)}, (7.73)

(Vb — a) 3
4) (a>1)
Ly(p1, p2) — / f—tat
L. o,[a.b] 2 ot l
: <ba—aa>{<a+1> (foror )
+ (ail) (@™ 4 5 — (a® +b°‘)}. (7.74)

‘We need to mention

Proposition 7.15. ([32]). Let f: [a,b] — R be twice differentiable on [a,b]. The
second deriwative f": [a,b] — R is integrable on [a,b]. Let also g: [a,b] — R be of
bounded variation, such that g(a) # g(b). Let z € [a,b]. The kernel P is defined as
in Proposition 7.11 (7.44). Then we get

1 b
1) = =gy J, 1000
1 b b /
T —g@) </a P(g(Z)yg(t))dt> (/a f (tl)dg(t1)>

b b
+ / / P(g(2), 9(£) P(g(t). g(t2)) " (b2t . (7.75)
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Remark 7.16. Let f € C®([a,b]), g € C([a,b]) and of bounded variation, g(a) #
g(b). The rest are as in this chapter. We have the representation formula

1 b 1 b
Ty i) = s [ 000 + s ( | <t1>dg<t1>>

- </X <q/abp (g (g),g(t)> dt) dA) +Rs, (7.76)
where
Roi- | <q / b / "p (g(g),ga)) P(g(t),g(tl))f”(tl)dhdt) ()

Clearly
IRsl < 1" loo.fa.b)

(LGLL

Therefore we get

P<g<§),g(t)> ‘ |P(g(t),g(t1))|dt1dt> d/\> . (7.78)

b
Typ(p1, p2) — m/ f(t)dg(t)

- ([ ) (1, o #((2) 0)o) )

< "Moo, fas]

~ ( /. <q / b / b P(g(g),g@))} |P<g<t>,g<t1>>|dt1dt> dA) - (7.79)

We further need to use
Theorem 7.17. ([32]). Let f: [a,b] — R be n-times differentiable on [a,b], n € N.
The nth derivative ) [a,b] — R is integrable on [a,b]. Let z € [a,b]. Define the
kernel

s—a

b , a<s<r,

—a

P(r,s):= (7.80)
S_b, r<s<b,
b—a

where r,s € [a,b]. Then

10 = (fPb) - fP(a)
f(z) = m/ﬂ f(s1)ds1 + k:ZO (T)

b b k
. / / P(Z781)HP(Si,5i+l)d31d52---dSkJrl
a a =1

(k+1)th—integral

+ /ab.../:p(zﬂsl)

n—1

H P(s;, Si+1)f(n)(8n)d81d82 cedsy.  (7.81)
i=1
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—1 0
Here and later we agree that [[ e =0, [ e =
k=0 i=1

Remark 7.18. Let f € C™([a,b]), n € N and as in this chapter. Then by Theorem
1 ([32]) we obtain the representation formula

(1, p2) = / Fls1)ds +Z (bl))—z:(’”@)

</ </ / (‘ Sl)HPS“SHl)dsl d8k+1>d/\>

+ Re, (7.82)

where

n—1

Re ::/ </ / <— 51> HP (85, 8i401) f™ (sp)dsy - - - ds n) dx. (7.83)

Clearly we have that

b
Re| < ||f(n)Hoo7[a,b]/ q <
X a

We also need

n—1
H |P(81‘, S¢+1)|d81 s 'd5n> dA.

b —
P<£,81)
q =1

(7.84)

Theorem 7.19. ([32]). Let f: [a,b] — R be n-times differentiable on [a,b], n € N.
The nth derivative f™: [a,b] — R is integrable on [a,b]. Let g: [a,b] — R be of
bounded variation and g(a) # g(b). Let z € [a,b]. The kernel P is defined as in
Proposition 1 ([32]). Then

77.

Z)= 7/~ S1 S1 I k+1) 81 s1
6= Gm—s@ J, 7 o=@ (/ FOED 1) dg( >>

b b k
</ / P(Q(Z)vg(sl))HP(Q(Si%g(SiH))dSldSz"'d5k+1>

b b
+/a /a P(g(2), g(s1)) ]| Pg(s:): 9(si:1))f ™ (sn)dss - - dsn. (7.:85)

Remark 7.20. Let f € C™([a,b]), n € N and g € C([a,b]) and of bounded
variation, g(a) # g(b). The rest are as in this chapter. Then by Theorem 2 ([32])
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we obtain the representation formula

1 b
Ly(pas po) = m/a f(s1)dg(s1)

SR — Z /bf“““)(s )dg(s1)
(9(0) — g(a) =\ J, g

(o L o) o)

k
: HP(Q(Si)ag(Si+l))dsld52"'dSkJrl)d/\) + Rz, (7.86)

w=, (/ / (() *)

H P(g(55), g(5i31)) ™ (sn)dsy - - -dsn> d. (7.87)

where

Clearly we get

Rl <15 loesos [ q< ab |p (g(g),g@l))\
: "1_[1 |P(g(si); 9(si+1))|ds1 "'d5n> dA. (7.88)

Next we give some L, results, a > 1.

Remark 7.21. We repeat from Remark 7.5 the remainder(7.26),

Ry = /Xq(;v) </ab p* (%,t) f’(t)dt) d\(x),

where f is as in this chapter and f € C'([a,b]), P* is given by (7.24). Let o, 8 > 1:
% + % = 1. Then

Ral < 1 oo [ o) (555) HE e (7.89)
nd
a Ry < /X ()‘P*< i )H R (7.90)

Similarly we obtain for Ry (see (7.30)) of Remark 7.6, here f € C®([a,b]) and
as in this chapter that

b
a,la,b] / q /
X a

Ra| < |11

p* <§7t>‘ ||P*(t7 ')||57[a,b]dt> d)\, (791)
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o[

Similarly we get for R (see (7.38)) of Remark 7.8, here f € C®)([a,b]) and as
in this chapter, P as in (7.34), that

Rl < 1" ot | (

and

b
Rl < 15”1 [ 4 (
X a

Next let things be as in Remark 7.12 and R4 as in (7.48). Then

Ral < 1 agos [ a@) ‘P(g( ) )H » (7.95)

X
o (2) )], 0

o [ a@

Let things be as in Remark 7.16 and Rs as in (7.77). Then

Rel < 1 agost | q< / b P(o(2).000) \ |P<g(t>,g<->>|ﬁ7[a,b]dt> X (7.97)
and
/. q< / b P<g<§),g<t>)\ ||P<g<t>,g<->>||oo7[a,b]dt> ax (7.98)

Let things be as in Remark 7.18 and Rg as in (7.83). Then

Re| < 11F™ ooy / ( <_ )‘

n—2
: <H |P(5i7$i+1)|> [P (sn—1,)lg,[a,bds1 - "dSn—1>d/\7 (7.99)
=1

b b
n p
Rel < /™1 oy / q< P (—)
X a q

n—2
: <H |P(si,si+1)|> 1P (01, )|l oo.a,p)d51 - - -dsn1>d)\. (7.100)
i=1

and

|Ra| <

p* <§,t) ‘ P (t, -)||Oo7[a,b}dt> dA. (7.92)

< 81>‘ |P 81782)| ||P(82, )Hﬂ[a b]d81d82> d\
(7.93)

b
P<§,sl> ‘ |P(s1,52)| | P(s2, ')||oo,[a,b]dsld82> dA.
(7.94)

and

R4l <

—~

7.96)

IRs| <

and
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Finally let things be as in Remark 7.20 and R7 as in (7.87). Then

Rl < 15 oo [ ( <(7)) <sl>)}
: Cl:[j |P(9(8i)79(8i+1))|>

I1P(g(sn-1) 9())l g, jap)ds1 - - dSn—l) d\(z), (7.101)

s ([ L6 ) )
<H|P Sz+1))|>

Hp(g(sn—l)v g('))||oo7[a,b]d51 o dsn—l) d)\(x) (7102)

and

IRz <

At the end we simplify and expand results of Remark 7.21 in the following

Remark 7.22. Here 0 <a <b with 1 € [a,b], and £ € [a,b] a.e. on X.
i) We simplify (7.90). We notice that

‘P* <§7t>‘ = o (z_o’b] , (7.103)
q
here P* is as in (7.24). Then
Hence it holds
Ral < 1l fo /X o(z) max (% b %) iA(x). (7.105)

Here f is as in this chapter and f € C'([a, b]).

ii) Next we simplify (7.96). Take here g strictly increasing and continuous over
[a,b], e.g. g(x) = €*, Inx, \/z, x* with a > 1. Also f € C*([a,b]) and as in this
chapter. Then clearly we derive

(|(f)||71((i))/ q(x) max <9 <%) —9(a),9(b) — g <%)) dA().

(7.106)

R4l <

In particular we obtain
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1)
R4l < % /X q(z) max (esg; —e,eb — ef;'((;f))) dA(z), (7.107)
2)
1£'111,1a.0] p(z) p(z)
|R4| < b —lna /X q(x) max (111 (m) —Ina,Inb—1n <m> d\(zx),
(7.108)
3)

R4l < %”_71[\/2 Xq(;v) max <, /% —Va,Vb— 1/7%> d\(z),  (7.109)

and finally for @ > 1 we get
4)

Ra| < M/ ¢(z) max <pa(x) . pa($)> d\z).  (7.110)
X

T b —a” q*(x) q*(x)

iii) Finally we simplify (7.89).
Let , 3 > 1 such that L + % = 1. Also f € C'([a,b]) and as in this chapter.
We obtain that

—a)P, a,?
‘P* (B,t)r: o tE[ (J , (7.111)
b-1)P, te <§,b}

and
)ﬁ+1

3 E_g) L (por
P (g,t>‘ P k) (-3 (7.112)

B+1

/b
Thus

HP* (ILCU; > Hﬁ,[a,b] _ ;\a/(p(ff) —ag()P 4 o) —p)PT

q(x (B84 D)g(x)*

Here notice ¢ = 0 a.e. on X. So we need only work with ¢(z) > 0. So all in (iii)
make sense. Therefore

o) HP (22.) Hmm _ i/(p(x) —ag(e) P+ (balx) —pe) P

(6 +1)q(x) ’

a.e. on X. So we have established that

Ral < 1 g | (\/ ST wm)ﬁ“) A, (1119




Chapter 8

Sharp High Degree Estimation of
Csiszar’s f-Divergence

In this chapter are presented various sharp and nearly optimal probabilistic inequal-
ities giving the high order approximation of Csiszar’s f-divergence between two
probability measures, which is the most essential and general tool for their com-
parison. The above are done through Taylor’s formula, generalized Taylor-Widder’s
formula, an alternative recent expansion formula. Based on these we give many rep-
resentation formulae of Csiszar’s distance, then we estimate in all directions their
remainders by using either the norms approach or the modulus of continuity way.
Most of the last probabilistic estimates are sharp or nearly sharp, attained by basic
simple functions. This treatment relies on [41].

8.1 Background

Throughout this chapter we use the following. Let f be a convex function from
(0, +00) into R which is strictly convex at 1 with f(1) = 0.

Let (X, A, \) be a measure space, where X is a finite or a o-finite measure on
(X, A). And let p1, uo be two probability measures on (X, .A) such that p; < A,
1o < A (absolutely continuous), e.g. A = puq + uo.

Denote by p = %, q= dd“f the (densities) Radon-Nikodym derivatives of 1,
e with respect to A\. Here we suppose that

0<0L§]2§b7 aec.on X and a<1<hb.
q

The quantity

Cplpnsin) = [ ato)s (%) IA@), (8.1)

was introduced by I. Csiszar in 1967, see [140], and is called f-divergence of the
probability measures p1 and po.

By Lemma 1.1 of [140], the integral (8.1) is well-defined and I" ¢ (1, p2) > 0 with
equality only when p; = po. Furthermore I'f (11, o) does not depend on the choice
of A.The concept of f-divergence was introduced first in [139] as a generalization of
Kullback’s information for discrimination or I-divergence “(generalized entropy )”

73
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[244], [243] and of Rényi’s information gain (I-divergence of order «) [306]. In fact
the I-divergence of order 1 equals

Fu log, u(,ula ,UQ)

The choice f(u) = (u— 1)? produces again a known measure of difference of distri-
butions that is called x2-divergence. Of course the total variation distance

1 — o] = /X p(x) — a(2)| dA(z)

is equal to I'j,—1|(u1, u2). Here by assuming f(1) = 0 we can consider I'y(p1, p12),
the f-divergence as a measure of the difference between the probability measures
By H2.

The f-divergence is in general asymmetric in p1 and po. But since f is convex
and strictly convex at 1 so is

S
rrw =t (3) (8.2
and as in [140] we find

L(pz, pa) =g (p1, p2). (83)

In Information Theory and Statistics many other divergences are used which are
special cases of the above general Csiszar f-divergence, e.g. Hellinger distance Dy,
a-divergence D,, Bhattacharyya distance Dp, Harmonic distance Dy, Jeffrey’s
distance D, triangular discrimination Da, for all these see, e.g. [102], [152].

The problem of finding and estimating the proper distance (or difference or
discrimination ) of two probability distributions is one of the major ones in Prob-
ability Theory. The above f-divergence measures in their various forms have been
also applied to Anthropology, Genetics, Finance, Economics, Political Science, Bi-
ology, Approximation of Probability distributions, Signal Processing and Pattern
Recognition.

A great motivation for this chapter has been the very important monograph on
the topic by S. Dragomir [152].

8.2 Results Based on Taylor’s Formula

We give the following

Theorem 8.1. Let 0 < a <1 < b, f as in this chapter and f € C"([a,b]), n > 1
with | ) (t) — ™ (1)| be a convex function in t. Let 0 < h < min(l —a,b—1) be
fixed. Then

Ly(prs p2) < ]; Lfki,(l)l }/x ¢ (p - Q)kd/\} + 760(171(‘):_ 1)7!h) /X g "lp—q|" .
(8.4)
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Here wy is the usual first modulus of continuity, wy(f",h) = sup{|f™(z) —
)z, y € [a,b], |z —y| <h}. If fF(1) =0, k=2,...,n, then

wi (£, h) / - 1
r ) < ——7—= "lp — q|"TtdA. 8.5
A P T ql (8.5)
Inequalities (8.4) and (8.5) when n is even are attained by
f(t)._w a<t<b (8.6)
(1) - =7 '

Example 8.2. The function
g(z) =z - 1" neN, a>1 (8.7)
is convex and strictly convex at 1, also ¢*)(1) =0, k =0,1,2,...,n. Furthermore
(g2)™ = (n+a)n+a—1)--(a+ 1)z — 1| (sign(z — 1))"
with
9(@)™ | = (n+a)(n+a—1)-- (a4 1)z — 1|
being convex. That is g fulfills all the assumptions of Theorem 8.1.

Proof. Here we have (f(1) = 0)

where

I = [ </1t . </1tn1(f(”)(tn) — O (1))dt - -dt1)>. (8.9)

By Lemma 8.1.1 of [20], p. 243 we have that

F™, h)

7090 - sy < ATy ) (3.10)

and
wi (™, h) [t — 1"

I < .
Il = h (n+1)!

(8.11)

We observe by (8.8) that

/ - f(k)(l) 1—
o <§) AR kZ:2 o4 "0 — )" + alyq (8.12)

true a.e. on X.

Here ¢ # 0 a.e. on X. Integrating (8.12) against A and using (8.11) we derive
(8.4). Notice that for n even f(")(t) = |t — 1| and f*)(1) =0 for all k =0,1,...,n,
with || f(**1D || = 1. Furthermore,

wi(f™ h) = h.
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In both cases in (8.4) and (8.5) their two sides equal
1
—-n _ n+1d>\
TH)!/X(J lp—ql ,
proving attainability and sharpness of (8.4) and (8.5).

We continue with the general

(8.13)

Theorem 8.3. Let 0 < a <1 <b, f as in this chapter and f € C™([a,b]), n > 1.
Suppose that wi(f™,06) < w, where 0 < § <b—a, w > 0. Let x € R and denote by

where [-] is the ceiling of the number. Then

Fﬂmwﬁégg /M W/ dﬂ+w/qm(%;>w.

Inequality (8.15) is sharp, namely it is attained by the function
fﬂ(t) = w¢n(t_1)7 aStSb,
when n is even.

Proof. One has that
(k)

(z — 1D + R(x),

->1
k=1

for all © € [a,b], where
R@)= [0 - 0 a)

From p. 3, see (8) of [29] we obtain
[R(@)| < wi (£, 8)dn(x — 1) < won(x - 1).

By (8.17) we get
o () = T (5 ) o (2).

a.e. on X. Furthermore we ﬁnd

Ly, p2) = Z f<’:!(1) /X ¢ (p— @)t dr + /X qR (g) d.

k=2

({E _ t)n—l

o

Using now (8.19) and taking absolute value over (8.21) we derive (8.15).

(8.14)

(8.15)

(8.16)

(8.17)

(8.18)

(8.19)

(8.20)

(8.21)

Next we prove the sharpness of (8.15). According to Remark 7.1.3 of [20],

pp- 210-211 we have that

= / ¢n—1(t)dt, xr € RJ'_, n Z 1’
0

(8.22)
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where
w= Y] e 529
Clearly
P () = (sign(z))*¢p_r(z), k=1,2,....,n, z €R. (8.24)
That is
f® () = (sign(x — 1)) fuir(z), zeR, k=1,...,n. (8.25)
Furthermore

fB1y=0, k=0,1,...,n.

n

Since the function ¢, is even and convex over R, then we have that fn is convex over
R, n > 1. Also since ¢, is strictly increasing over R4, then fn is strictly increasing
over [1,00) and strictly decreasing over (—oo, 1]. Thus, fn is strictly convex at 1,
n > 1. Here since n is even

e
and by Lemma 7.1.1, see p. 208 of [20] we find that
w1 (fM,8) < w.
So f,, fulfills basically all the assumptions of Theorem 8.3. Clearly then both sides

of (8.15) equal to
w [ao (P20)ar
X q

establishing that (8.15) is attained.

Next we see that w {%] can be arbitrarily close approximated by a sequence
of continuous functions that fulfill the assumptions of Theorem 8.3. More precisely
Pt;—ll—‘ is a step function over R which takes the values j = 1,2,..., respectively,
over the intervals [1 — (j4+1)d, 1 —j§) and (1+ (j — 1), 1+ 58] with upward jumps
of size 1, therefore

Fime) =w {%W

has finitely many discontinuities over [a, b] and is approximated by continuous func-
tions as follows.
Here for N € N we define the continuous functions over R,
Nuwlt| N ) 2
R - — < < —
% -l-kw(l 2), 1fk5|t|(k+N>5,
fON(t) = (826)

2
(k +1)w, if (k + N) § < |t < (k +1)s,
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where k € Z,. Clearly fon([t]) > 0 with fon(0) =0 and fon is increasing over Ry
and decreasing over R_. Also we define

Fan(t) = w/()lt (/Ot (/Ot"_l fON(tn)dtn) ) dt, (8.27)

for t € R. Clearly f,ny € C™(R), is even and convex over R and is strictly increasing
on R, .
According to [20], pp. 218-219 we obtain

. B [t — 1]
NEIEOO fon(t=1]) =w { 5 , fortela,b], N €N, (8.28)
with
wi(fon (|- =11),0) = wi(fon (|- [);0) < w. (8.29)
Furthermore it invalid that
G fa (e - 1) = fu(t), fort>0. (8.30)

Let g(z) := fun(z — 1), z € R, then g®(z) = (sign(x — ) fen—pyn(z — 1),
reR k=1,2,...,n, g(k)(l) =0 for k=0,1,...,n, and for all x € R it holds
g™ (z) = fon(x — 1) since n is even. Furthermore g € C™(R), g convex on R,
g strictly increasing on [1,+00) and g strictly decreasing on (—oo, 1], therefore
g is strictly convex at 1. That is g with all the above properties and (8.29), is
consistent with the assumptions of Theorem 8.3. That is, f,(t) is arbitrarily close
approximated consistently with the assumptions of Theorem 8.3.

O
Next we have
Corollary 8.4. (to Theorem 8.3). It holds (0 < § < b—a)
7(p1, p2) Dl '/ d/\'
k=2
T an(f™,0)] — / R I e SR
by [y (8.31)
and
"R (]
P,y < Y L ‘ /X ql—’“(p—qﬁdA‘ (8.32)

1 —n n
+ M(f(n),fs){m/x rp - Q|nd>\+m/ lp—q| Hd}\}
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In particular we have

1 1 0
(i, p2) < 1 (f 5){25/ o= 0P+ [ - adnt g}, (3.3
b
and
1
) <0 { [ p-dane g [te-afa}. e
X X
Proof. From [20], p. 210, inequality (7.1.18) we have

e K e
< (2 A .
9nl2) < <(n—|—1)!5 o TSy CER (8:35)

with equality only at = 0. We obtain that (see (8.18) and (8.19))

e L I LR P
< (n) |z < (- .
R <) (T + El B ) <t 30
with equality at = = 1.
Also from [20], p. 217, inequality (7.2.9) we get
— 1" [z —1]
< (n) |$ 1
<w(--), (8.37)
with equality at = 1. Hence by (8.17), (8.18) and (8.36) we find
- 1)| / () / g "lp—q""!
T " -
f(,Uh,UQ)_kZQ YA + wi (™, 6) . o+ 1)
1-n n 2—n n—1
¢ "lp—q" ¢ "lp—q|
e sy )P (8.38)
etc. Also by (8.17), (8 18) and (8.37) we derive
k)
Ly(pr, p2) < |f ol ‘/ dA‘
(n) lp—a" (1 "lp—dl
+wr(f™, 6) (/X el GRS ) K2V BRCED)
ete. U
We give

Corollary 8.5. (to Theorem 8.3). Suppose here that f) is of Lipschitz type of
order a, 0 < a <1, i.e.

wi(f™,6) <K&*, K >0, (8.40)
forcmy0<5<b—a Then
_ K
71, p2) Z |f / ! k(p—q)kd/\' _—
Il

(a+1i) 7%
i=1

/ q" 7" p—q["TdN.

(8.41)
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:]:

When n is even (8.41) is attained by f*(x) = clx — 1|+, where ¢ := K/(
i)) > 0.

(o +

@
I
A

Proof. We have again that
M

(x — 1)k + R(x),

// / (P () = FOW))da - dor. (3.42)

From [29], p. 6 see (29)*, we get

where

_ 1 n+ao
R(z)| < K - u. (8.43)
H (a+ 1)
=1
(E.g. if f € C"*1([a,b]), then K = ||f"*+D|| and o = 1). Then
Kq|£ . 1‘n+a K
q‘RCB)‘ <—= == ¢ " — g™, (8.44)
q 1 (a+1i) I1(a+14)
a.e. on X, and
K
; 'R<B> ' i< [ Tl (8.45)
q [I(a+i) 7

i=1

Thus we have established (8.41).

Clearly (8.41) is attained by f* which is acceptable to Theorem 8.3 requirements.
Notice that f*®@(1) = 0, i = 0,1,...,n and f*"(z) = K|z — 1|* fulfills (8.40)
in here by (105) of [29], p. 28. See also from [29], p. 28 at the bottom that
f*(x) = |R(x)], etc. O

Corollary 8.6. (to Theorem 8.3). Suppose that

b—a> / ¢ pPdr—1>0. (8.46)
X
Then

L p(pn, p2) < <f’, (/X g 'pPdr - 1)) {/X p — gldx + %} : (8.47)

Proof. From (8.34) by choosing

5::/ qil(p—q)zd/\:/ g pPdr—1. O
X X
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Corollary 8.7. (to Theorem 8.3). Suppose (1.46), that is

b—az/ ¢ pPd\—1>0,
X

lp—q| <1 ae. onX, (8.48)
and
A(X) < oo. (8.49)
Then
Ty (a1, 12) < (A(X) T %) o (f’, ( /X g 1pPdr — 1)) L (850)
Proof. From (8.47) and (8.48). O
Note. In our setting observe that always
/ g 'pPdr > 1, (8.51)
b's
and of course
a< /X g p?d\ <b. (8.52)

We present
Corollary 8.8. (to Theorem 8.3). Suppose that

/ Ip — gld) > 0. (8.53)
X

Ly(p, p2) <w1< /|p—(J|d/\) {/ p }
gg —a)w ( /|p—q|d)\> (8.54)

Then

Proof. Notice that

- p
¢ 'p—a)’=q p—Q|2=|p—q|‘a—1‘S(b—a)|p—q|, a.e. on X.

Hence
[ ate-arar<o-o [ p-dax (8.55)
b's b's
We use (8.34), (8.53), (8.55) and we choose
§:= / |p—g|ld\ < b—a, (8.56)
b's
etc. g

Notice that (8.54) is good only for small b — a > 0.
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Next we derive

Corollary 8.9. (to Theorem 8.3). Assume that r > 0 and (8.46)- (8.49), respec-

tively,
b—a>r</ q1p2d)\—1> > 0,
X
lp—¢| <1 ae onX,
and
AX) < o0.
Then

) < (0 + 5 e (7o ([ apar=1)). s

Proof. Here we choose in (8.34) that

0= 7"/ q (p—q)?dX, (8.58)
X
etc. O

Remark 8.10. (on Theorem 8.1). From (8.5) for n = 1 we obtain

Ty(p, p2) < W/Xq‘l(p—q)zd/\, (8.59)

2
which is attained by % Assuming that

0<h:= / ¢ (p—q)*d\ < min(1 —a,b— 1), (8.60)
X
we derive the inequality

Dy, m2) < 3o (f’, < [ ran- 1)) . (3.61)

The counterpart of the above is

Proposition 8.11. Let f and the rest as in this chapter, also assume f € C([a,b]).
i) Suppose (8.53),

/ |p — gldA > 0.
X
Then
Lp(p, p2) < 2w (f/ lp— q|d>\) : (8.62)
X
ii) Let r > 0 and

b—aZr/ lp — ¢ld\ > 0. (8.63)
X
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Then
Dy (n i2) < <1+;) ” (f,r /. |p—q|cu). (8.64)

Proof. We observe that

Lp(p, p2) = /qu (S) dA = /qu <§) dx — f(1)
L) )ers Lo (z) ol
< (by Lemma 7.1.1 of [20], p. 208) /qul(f, h) {@w d\

wi(f,h) (/Xq<1+%> dA) — w1 (f,h) (1+%/X|p—q|dx).

That is, we obtain

i) <an(rim) (143 [ o= alar). (5.65)

IN

Setting

h::/ Ip — qldx (8.66)
X
we find

Ly(pa, p2) < 2wi(f, h),
proving (8.62).

By setting
h:= 7“/ lp—gldx, >0 (8.67)
we derive )
EyGm ) < n(h0) (1+7). (5.68)
g

Also we give

Proposition 8.12. Let f as in this setting and f is a Lipschitz function of order
a, 0 < a <1, e there exists K > 0 such that

|f(x) = f(y)| < K|z —y|* all 2,y € [a,b]. (8.69)
Then

Ly(p, pe) < K/qufo‘lp—QI“d/\- (8.70)

Proof. As in the proof of Proposition 8.11 we have

Pf(ul,m)s/ q’f (73> — (1) dAs/ qK‘]—’—l dA:K/ g p — gq|*dA.
X q X q X
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8.3 Results Based on Generalized Taylor—-Widder Formula
(see also [339], [29])

Let f, ug,u1,...,u, € C"1([a,b]), n € Z,, and let the Wronskians
Wi(z) :== Wlug(x),ui (), ..., u(z)] :

up(z)  ua(w) u;(z)
up(z)  ui(w) u;(z)

= : ’ L= 07 ]-u y Ty (871)
u @) uw@) - ul (@)

and suppose that W;(x) are positive over [a,b]. Clearly the functions

_ — _ Wi(=)

po(z) == Wo(z) == uo(x), ¢1(x):= Wo@)2 "

éi(x) = Wi@)Wia(@) o3 (8.72)

(Wiza(2))?
are positive everywhere on [a, b]. Consider the linear differential operator of order
1>0
W[UO(Q:)’ ul(x)7 s vui—l(m)v f(ﬂ?)]

L;f(z):= 8.73
S@) e (8.73
fori=1,...,n+ 1,where Lof(z) := f(z) all x € [a, b].

Here Wlug(x),u1(z),...,ui—1(x), f(z)] denotes the Wronskian of ug, uy, ..., u—1,

f. Notice that for i =1,...,n+ 1, we obtain

Lif(2) = 6o(a)on(2)- - 1 0) - @ - @»;(x) S

d d f(z)
dx ¢1(x) dx ¢o(z)

(8.74)
Consider also the functions
uo(t w1 (t) u;(t)
up(t) (o) (1)
1
gi(z,t) := AT (i_;l) . . (8.75)
W@ W@ w0
uo () up(z) oo u(o)
for i =1,2,...,n, where go(z,t) := Z‘;((f) all z,t € [a,b]. Notice that g;(z,t), as a
function of z, is a linear combination of ug(z), ui(z),...,u;(x) and, furthermore,
it holds
i(T,t) = ————t— T
g( ) ¢O(t)¢1(t) \ ¢1( 1) ;
Ti—2 Ti—1
/ ¢i71($i71)/ ¢i(xi)dridr; 1 -~ dry
t t
1 /w
= s) - i (8)gi—1(x, s)ds 8.76
o) onD) ), do(s) - di(s)gi-1(x,s) (8.76)
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alli=1,2,...,n. Put

Ny (z,t) := /tw gn(z, s)ds.

Example 8.13. Let u;(z) = 2¢,i=0,1,..

f(i)(t)7 t=1,...,n+ 1 and g;(z,t) =

From [339, Theorem II, p. 138], we obtaln

ZLf Voot [ o) Lo fo)ds

all z,t € [a,b], n € Z4. This is the Taylor-Widder formula. Thus we have

ZLf )gi(7,t) + Lny1 f(t) - N,

=0

where

n(z,t) + Ry (x,t),

Ry(e) = [ gules)Luir 1) = Lot FO)s, n € Zs.

Here we use a lot the above concepts.

the following

85

(8.77)

,m, be defined on [a,b]. Then L;f(t) =
(w t) for all z,t € [a,b] and ¢ =0,1,...,n

7

(8.78)

(8.79)

(8.80)

From the above definitions, we observe

gn(z,t) >0, x>t,n>1,
AN @81
gn(t,t) =0, n>1, go(z,t) >0
for all z,t € [a, b].
Since f(1) = 0 we have
ZL F(W)gi(z, 1) + L1 f(D) Ny (2, 1) + RE (2, 1), (8.82)
i=1
where
Ro(,1) := /1w gn (@, 8)(Ln1 f(s) = Lnga f(1))ds, n € Zy, (8.83)
and
Np(x,1) = /j gn(x,s)ds, € la,b]. (8.84)
Let
wi(Lpy1f,h) <w, 0<h<b—a, w>0. (8.85)
Then by Theorem 23, p. 18 of [29] we get that
Ri(z,1)] <w Px;ﬂ | N (2, 1)] < w (1 Ll |) |No(z,1)]- (8.86)
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Working in (8.82) we observe that

af <§> ZL f(1)qgi (_ 1) + Lnt1f(1)gNn <a; ) +4qR;, <§a 1) ;a.e. on X.
i=1

(8.87)
That is we have established the representation formula

(1, p2) ZLf /qgi <§1) dA+Ln+1f<1>/Xan (§1> dA + T,

(8.88)

T ::/ qR: <73,1> dA. (8.89)
X q
From (8.86) we get

s o ) [ )
o f (B ()

Based on the above we have now established

where

Theorem 8.14. It holds

D i) <Z|Lf M| [ g (21) ar|+ wsasl] [ aw (2 o

+w/X(q+|p q|>‘N (— 1)‘& (8.91)

w1 (Ln+1f, 5) S Ada, (892)

Next let

0<d<b—a, A>0,0<a<1. Then from Theorem 25, p. 19 of [29] we obtain

IRy (z,t)] < Alz — t|*|Nn(z, )], (8.93)

N, (1—’, 1)
q

(g, 1) ‘ dX. (8.95)

for all z,t € [a,b] and n > 0. Hence

n ( 71>
q
a.e. on )(7 and

ITy| < ‘R (— 1>‘d/\<A/ 1=a)p — g™ | N,

Thus we have proved

q < Ag¢'%p—q|* , (8.94)
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Theorem 8.15.. It holds
Dy (i, ) < Z|L fa |‘/ ag: <— )dA‘ 1L (D) ‘/ 4N, (§1> dx‘
X
T A/ 7""%|p — q|* |N,, <£,1)‘d)\. (8.96)
X q
From Theorem 26, p. 19 of [29] we have: let 1 € (a,b) and choose 0 < h <

min(l — a,b — 1), assuming that |L,41f(z) — Ly+1f(1)| is convex in = € [a, b] and
calling w := wi(Lp41f, h) we get

. w

for all z € [a,b] and n > 0. Therefore

q‘RZ <B,1)‘ <Zip—q ‘Nn (1—9,1)
q h q

71| < E/ lp—q ‘Nn (1—9, 1) ‘ d. (8.99)
h Jx q
‘We have established

, a.e. on X. (8.98)

So that

Theorem 8.16. It holds
i)

(i) <Z|Lf |]/ 20 <§1) d/\‘+|Ln+1f(1)l‘/ an(§,1>dA\
X

+ —/ lp—ql ‘Nn <]3, 1) ‘ d\, n=0. (8.100)
h Jx q
ii) Choosing and supposing
0<h:i= / p—dq| ‘Nn <73, 1) ‘ d\ < min(1 — a,b — 1), (8.101)
X q
we derive
Ly(pa, p2) < ZIL f I‘/ 99 <— 1) d/\‘ + [Lntr f(1 I‘/ an< ; )dk‘

+ w (Ln+1f,/x p— q| [N, <§ 1) } d/\) . (8.102)

Next by Lemmas 11.1.5, 11.1.6 of [20], p. 345 we have:
Let a <1 < b, up(z) :== ¢ > 0, uy(z) concave for x < 1, and uy(z) convex for
x> 1. Let

Gn(z,1) = |Gp(x,1)], (8.103)
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where
¢ s — 1
Gn(z,1) = gn(z,8) | —— | ds,
1 h
all z € [a,b], 0 <h <b—a,n>0. Then

- Gn(b,1) Gn(a,1)
n 51 S 5 — 1| =: -1 y
Gn(z,1) max{ — o |z — 1] =: 0|z — 1]

all € [a,b], n > 1.
But from Theorem 21, p. 16 of [29] we get

|RZ($7 | < wén(a:, 1),

all z € [a,b], n € Z4, with w1 (Lpt1f,h) <w, 0 <h <b—a, w>0.
Consequently we obtain

Ry (2, 1)] < wlz — 1,

all z € [a,b], n > 1.
Furthermore it holds

il < [ afri (B1)|av<wo [ oo oz
X q X

We have established
Theorem 8.17. It holds

CyGus ) < 1O [ g (B1) oo
=1

1L 10| [ v (B)an| ot [ o glin w1,
X q X

where

. Gn(b,1) Gn(a,1)
0.—max{ b1 1-a ,

with 1 € (a,b).
It follows
Corollary 8.18. (to Theorem 8.17). It holds

D (s ) < Lo f () \ [ a0 (§,1>d/\‘ LS ()] \ /. qzvl(g,l)cu‘

o <L2f, /. |p—q|dA) - < /. |p—q|dA>
_<max{é1(b,1) él(m)})
b—1 ' 1-a ’

(8.104)

(8.105)

(8.106)

(8.107)

(8.108)

(8.109)

(8.110)

(8.111)
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under the assumption that

/ |p — qldX\ > 0.
X

From (8.78) we have

@) = 3] Lif (Dgi(, 1) + Ru(a),

=1

where
Ruw(x) ::/1 gn(x,8)Lny1f(s)ds,

all z € [a,b], n € Z4. Set also

N (z, 1) := / |gn(z, s)|ds.
1
Then we observe that

(R (@) < 1Lt lloo, a0 N (25 1]
;)
q
/ ¢|Ru (Wcﬂ < IILn+1f||°°>[a’b]/ q‘N; (2’1)‘%'
X 9 ) q

We have proved

Hence

p
q ‘Rw <E>' < ||Ln+lf||oo,[a,b]q

and

Theorem 8.19. It holds

VVSES SIS T CRI
=1

« [P
+ ||Ln+1f||oo7[axb]/ 4 ‘Nn <_7 1) ‘ o
x q

Next from (8.113) we obtain

Rua)] < \ / (Lo f)(5)]ds

sup |gn(z, ).
s€la,b]

Furthermore it is true that

IR ()| < | Lot 1 1 ja,s) 190 (2, ) 00, a,8)-

gn | —»- ’
q 00,[a,b]

Thus

p
q‘Rw <5)‘ < L1l ang

89

(8.112)

(8.113)

(8.114)

(8.115)

(8.116)

(8.117)

(8.118)

(8.119)

(8.120)
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p
/ q[Ru (—)‘d/\ < IILn+1fII1,[a,bJ/ 1
X q *

‘We have established
Theorem 8.20. It holds

£(pas p2) Z|Lf |‘/ qu(—,1>d/\‘

(g )H » dA. (8.122)

Next we observe that for «, 3 > 1 such that é + % = 1 we have
R (@)| < | Ln1 fllafaplllgn (@, ) 5.fab)- (8.123)

and

I <1—9, ) H dA. (8.121)
q 00,[a,b]

+ I L1 Il oy ‘

We derive
Theorem 8.21. It holds

Ty (p, pi2) <Z|Lf I‘/qm(,) ‘

+ ||Ln+1f||a7[a,b] </ q ||9n (£7 ) H d)\) . (8124)
X q B,la,b]

In the following we use Lemmas 12.1.4 and 12.1.5, p. 368 of [20].
Here ug(z) = ¢ > 0, ui(x) concave for x < 1 and convex for z > 1. We put

No(2,1) := [N (,1)], (8.125)
where
Np(z,1) :z/ gn(z, 8)ds, (8.126)
1
all € [a,b], n > 0. Let 1 € (a,b) then
No(z,1) < aplz — 1], (8.127)
all z € [a,b], n > 1 where
— No(b,1) No(a,1)
w.—max{ 1 1—a (- (8.128)

Here we take n even then g,(x,s) > 0, all z,s € [a,b]. Clearly then we have

Rao(@)] < | L flloe s /1 g2 85| = | Lss oy N (2, 1)
< 1/)||Ln+1f||oo7[a,b]|x - 1|7 all z € [0,, b] (8129)

We have proved
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Theorem 8.22. Here 1 € (a,b), n even. It holds

b),
f(pa, p2) SZ 1)|‘/qui (§,1> d/\}
Bl o ( /. |p—q|cu). (8.130)

Remark 8.23. Here again we use (8.78). Let x > ¢ then by (8.81) g,(x,t) > 0,
n€Zy. Let Lyy1f >0 (<0) then

/tr 9n(z,8)Lnt1f(s)ds =0 (<0) (8.131)
and
f(@) = (<) ZLz‘f(t)gi(%t)a x>t nely. (8.132)
i=0

Let n be even then g,(x,s) > 0 for any z,s € [a,b]. If Lp,41f >0 (< 0) and =z < ¢,
then

/tz gn(ma 3)L71+1f(3)d3 <0 (2 O), (8133)

and
<(>) ZLif(t)gi(x,t). (8.134)

If n is odd, then for x < t by (8.81) we get gn(x,t) < 0. If Lp1f > 0 (< 0) and
2 < t, then (8.131) and (8.132) are again true.

Conclusion. If n is odd and L,4+1f > 0 (< 0), then
i=0

for any x,t € [a,b], n € Z.

In particular, by f(1) =0, a<1<b,a< % < b, a.e. on X we obtain:

If nis odd and L,11f > 0 (< 0), then

> (<)Y Lif(V)gi(x,1), any € [a,b]. (8.136)
Hence we have
1(2) @5 msm (21). seox
q Pt q

Conclusion. We have established that

when n is odd and Ly41f >0 (< O).



92 PROBABILISTIC INEQUALITIES

8.4 Results Based on an Alternative Expansion Formula

We need the following basic general result (see also (3.53), p. 89 of [125] and [36]).
We give our own proof.

Theorem 8.24. Let f € C"([a,b]), [a,b] CR, n €N, z,z € [a,b]. Then

T n—1 ko (k) (33 _Z)k+1 (_1)77, x (n)
t)dt = -1 t—2)" ™ (t)dt. 1
[ = St i« S [ sis
Proof. From [327], p. 98 we use the generalized integration by parts formula
/UU(n)dt — ’Lt’l}(n_l) _ u/,U(n—Q) + u//,U(n—3) — (_1)71/u(n)vdt7 (8139)
where here
(t—=z)"
ut) = f{t), o(t) = . (8.140)

Notice u®)(t) = (t(:f_)]:)_!k, kE=1,2...,n—1and v (t) = 1, and v¥(z) = 0,

k=1,2,...,n—1. Using (8.139) we have

/ (t_z)2 "
[ e = sre -2 - 1 WT 70

(t—2)°
3!

_ f(3)(t) (t ; Z /f n) _ ndt (8.141)

Thus
(z —2)? (z —2)° (x —2)*

J L e e e O
+ (_nl!)n / (- o) ) (e

n—1

_ )k —1)n (@
= S (—1)F ) (a) -’”(k j)l;l 44 nl') / (t —2)"fM(t)dt, (8.142)
k=0 ’ Uz

proving (8.138). O

Here again 0 <a <1<b, f(1)=0,a< % <b,ae on X and all the rest as in
this chapter and f € C"1([a,b]), n € N. We plug into (8.138) instead of f, f’ and
z = 1, we obtain

n-1 T — k+1 _1\n T
fla) = Z(—l)’“f(’““)(a:)( G +1)1)T 4 nl|) /1 (t— 1" f D ()dt,  (8.143)
Z . .

all z € [a, b], see also (2.13), p. 5 of [101]. We call the remainder of (8.143)

P1(z) = (—1')n /w(t— D" 0D () dt. (8.144)
n! 1
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Consequently we have
) k+1

p :n_l_ kp(kt+1) [ P (1(%—1 (—1)n (/e I,
qf(q) 1;:;)( U <Q> (k+1)! T q/l t-=1)"f E;)oll;)

a.e. on X.
We have proved our way the following representation formula (see also (2.10),
p. 4, of [101]).

Theorem 8.25. All elements involved here as in this chapter and f € C"([a,b]),
neN,O<a§1§b. Then

,U“lv,u’Z

f’““)() Fp— )" A + oo, (8.146)

where

Yo 1= (=1 /q (/1p/q(t— 1)"f<”+1>(t)dt> dA. (8.147)

Next we estimate 5.
We see that

17 )l e 0.t

D) |z —1**, all z € [a,b]. (8.148)

()] <

Also

)
jnta)) < Wi,

11", allx € [a,b)]. (8.149)
Furthermore for a, 8 > 1: é + % =1 we derive

[EAa

,la,b n4+1
o (2)] < Wu —1"E, all 2 € [a,b]. (8.150)
Then
Hf(n+1 ||oo,[ll b]q_n| q|n+1
(n+1)! ’
P : (D 1
q |t (a)' < min of I/ n'”L[ :b] @ "p — q|™,
(A S L1 1 1
g T R p — g[S i =4 = =1
P ESIEL p=al™", a,f>1: T4 5

(8.151)
All the above are true a.e. on X.
We have proved (see also the similar Corollary 1, p. 10, of [101]).
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Theorem 8.26. All elements are as in this chapter and f € C"**([a,b]), n € N.
Here 1y is as in (8.147). Then

Hf(n+1)|‘oo la,b] / _
By = 0 "|p —q|"tdA,
1 1) n Ip — q|
: DN 11
|¢2|§m1n of 32 = M/ q1*n|p_q|nd)\’ for 0[75>].Z __'__:17
n. X 6] ﬂ
Hf<n+1)|a[a b] 1—-m—21 41
= "THp —q"TEdA.
ST B+ 1)1/P /Xq Ip=dl
(8.152)

Also it holds

n—1
1 _ .
Dyuip2) <) [CES] ‘/X fHD <§>q "(p = @)"*'dA| + min(By, By, By).
k=0 ’

(8.153)
Corollary 8.27. (to Theorem 8.26).
Case of n =1. It holds
f” 0o, la _
By o= M e oty H2 lo.7] / g (p— q)%dA,
X
: " 1 1
|¢2| S min of B2,1 = ||f | 1,[a,b] |p_ q|d>\a for O‘7ﬂ >1:—+—-= 17
X a
1" e a0 / 1 141
B3, = —F"— Blp— Bd.
3,1 (5+1)1/ﬂ Xq Ip —ql
(8.154)
Also it holds
Lg(p, p2) < V f (g) (p— Q)dA‘ + min(B1,1, B2,1, B3 1). (8.155)
b'e

Remark 8.28. (to Theorem 8.25). Notice that

S [T S [eapene - oo
n p(n r—1 "
+ (—1) ¢ +”(Dﬁ (8.156)

Therefore from (8.143) we obtain

Fo) = S (gt =D

k=0

Grl (;_j)&f(nﬂ)(l)(x — 1)+ s (),

(8.157)
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where
(—nll)n /$(t - 1)n(f(n+1)(t) _ f("'i‘l)(l))dt. (8158)

Then for 0 < h < b — a we obtain

/ £ — 1|0 ) — f("“)(l)ldt'
(by Lemma 7.1.1, p. 208, of [20])

W/ It — [ wdt}
W/ It — 1|"(1+| |)dt}

:wl(f(n+1),h) / |t |ndt—|— / |t |n+1dt‘

n!
/ |t—1|"dt} / |t—1|"+1dt‘}.
1

(f(n+1) h {
n!
We have proved for 0 < h < b — a that
< wilf.m) { /ﬂp = 1|"dt' 421 ‘/ﬂp It — 1|"+1dt'}, (8.159)
1 hlJy
all z € [a, b].

st < 2
Next suppose that |f("+1(¢) — fFD(1)] is convex in ¢ and 0 < h < min(1 —
a,b— 1) then

¢3($) =

|[¢s(2)] < —

| /\

IN

<

1 xT
ata)l < | [l = 11100 - o lan
(by Lemma 8.1.1, p. 243, of [20])

(n+1
f / It — 1|"+1dt‘ (8.160)

By

m |z —1m* |erl
| dt| = ) m;ﬁ _17

we get the following
For 0 < h < b— a we have

(U1(f(n+1),h) |x _ 1|n+1 N l |x _ 1|n+2
n! n+1 h (n+2) [’

b3 ()| < (8.161)

and for 0 < h < min(1 —a,b— 1) and |f" D (¢) — fFD(1)] convex in ¢ we obtain

wi(f"FY, h)

n+2
T |z — 1|"+2, (8.162)

[vs(z)] <
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n €N, all x € [a,b]. The last inequality (8.162) is attained when n is even by

; (t—1)"*2

t);i=————,a<t<hbh. 8.163

f) = S a << (3163)
Really f € C"([a,b]), it is convex and strictly convex at 1. We get f*)(1) = 0,
kE=0,1,...,n 4+ 1 where f("*1(¢) =t — 1 with obviously |f(t)**"| convex and
wl(f(n—,—l)a h) = h.

For f the corresponding

($ _ 1)n+2
nl(n+2)’
proving (8.162) attained. Here again

Us(x) = z € la,b], (8.164)

o < ) Zl %ﬂkﬂ) (S) g (p— g

—(_1)" n —-n n p
Tt 1)!f( (W) — )™ + qvs (5) : (8.165)
a.e. on X.

‘We have established

Theorem 8.29. All elements involved here as in this chapter and f € C""([a,b]),
neN,0<a<1<b. Then

Ml,uz (g) q—k(p _ q)k“d)\
(D" ) cmp et
(n+1)!f " (1)/Xq (p— )" AN + 4, (8.166)
where
Y :=/Xq¢3 (g) d). (8.167)

Next we estimate 1)4.

Let 0 < h < b — a, then from (8.161) we have

p wi(fOYR) (¢ p—gq"tt  1q " p—gq"t?
Pyl < - 8.168
%(q)‘_ n! n+1 3 (n+2) ! )

q

therefore

Wi (F ) [ 1 [ »
< n _ n dA
[Pa] < " pa Ip — q

1
+m/ q_"_1|p — q|"+2d)\} ,me N, (8169)
X
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When 0 < h < min(1—a,b—1) and | fTV(t) — f(**1(1)| convex in ¢ we obtain

(n+1) h

and
wl(f(n—,—l)a h)
nl(n + 2)h
For n even the last inequality (8.171) is attained by f by (8.163).
We have proved

4| < / g " tp—q"dN, neN. (8.171)
X

Theorem 8.30. All elements involved here as in this chapter and f € C""'([a,b]),
neN,0<a<1<band

1
0< —— L p —¢|" AN < b —a. 8.172
=) /X g " 'p—dl <b—a (8.172)
Then (8.166) is again valid and
[9a] <
1 1
- (n+1) —-n—1y, _ |n+2
w1 (f ,(n+2)/xq p—dl dA)
1+ L ¢ "lp—q"TrdN ). (8.173)
n+1Jx

Also we have

Theorem 8.31. All elements involved here as in this chapter and f € C""'([a,b]),
n €N, 0 < a<1<b Furthermore we suppose that |f+D(t) — fTD(1)] is
convez in t and

1
0<———= [ ¢ 'p—q""?d\ <min(l —a,b—1). 8.174
< g J T = a A < minf1 — b= 1) (3.74)
Then (8.166) is again valid and
1
< (n+1) / —n—1|, _ _n+2 ) 1
ol < (70, [ = g (8175)

The last (8.175) is attained by f of (8.163) when n is even.
When n =1 we derive

Corollary 8.32. (to Theorem 8.30). All elements involved here as in this chapter
and f € C?([a,b]), 0 <a<1<b and

0< %/x g 2 p—qPd\ <b—a. (8.176)
Then
Ly(pa, pa) = /X f (g) (p— q)dA — fT(l) /X g 'p—q)?dX+ sy, (8.177)
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where

a1 ::/qum <§> dA, (8.178)

o (z) = — /j(t D) - )t T € [a)b. (8.179)

Furthermore it holds

1 1
[tha,1] gwl( g/ q2|p—q|3d)\> 5 (/ q1p2dA+1>. (8.180)
X X

Corollary 8.33. (to Theorem 8.31). All elements involved here as in this chapter
and f € C*([a,b]), 0 < a <1 <b. Furthermore we suppose that |f"(t) — f"(1)| is
convez in t and

with

1
0< 3/ ¢ %lp—q>d\ <min(1l —a,b—1). (8.181)
X
Then again (8.177) is valid and
1
[Yhan] < w1 < " 5/ q%p - q|3d/\> : (8.182)
X

Remark 8.34 (to Theorem 8.29). Here all as in Theorem 8.29 are valid especially
the conclusions (8.166) and (8.167). Additionally assume that

[ @) = F ()] < Ko =yl (8.183)
K>0,0<a<l,allz,y € [a,b] with (z —1)(y — 1) > 0. Then

K z K
< — t—1"tedg = — |y q|ntatl 2184
ol < 5| [ =1 T 1
all z € [a,b], n € N. Therefore it holds
P K —n-a n+a+1
)| = antarD - . on X. 8.185
7|vs <q> _n!(n+a+1)q lp— 4 , a.e. on ( )

We have established

Theorem 8.35. All elements involved here as in this chapter and f € C"'([a,b]),
neN, 0<a<1<b. Additionally assume (8.183),

[f D (@) = D ()] < Ko -yl
K>0,0<a<l,alazyé€lab with (x —1)(y —1) > 0. Then we get (8.166),

n—1
_ (=D* (k1) (1_9) k. kL

(=D"

(n+1) N/, _ -\
oo i (1)/Xq (p— )" dA + tha
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Here we obtain that

K
] < nl(n +a+1) /X

Inequality (8.186) is attained when n is even by

¢ "% p — q|" T (8.186)

f*(x) =éa— 1"z € a,b] (8.187)
where
5 K
p— . (8.188)
(n+a+1-—j)
j=0

Proof of sharpness of (8.186). Here f* € C""1([a,b]), is convex and strictly
convex at x =1, f*(1) = 0.
We find that
f (1) = K|z — 1] sign (z — 1) (8.189)
with f*®)(1) =0, k = 1,2,...,n + 1. Furthermore f*"+1) clearly fulfills (8.183),
see in p. 28 of [29] inequality (105).
Additionally we obtain the corresponding
K T — 1 n+aoa+1
polw) = U
nln+a+1)
Then the corresponding

p K / —n—« n+a+1
= —|ld\= ———— — dA, 8.191
Yy /Xq ¢3(q)‘ Mot D /e lp —q| ( )

proving that (8.186) is attained. O

x € [a,b]. (8.190)

Finally we present

Corollary 8.36 (to Theorem 8.35). All elements involved here as in this chapter
and f € C*([a,b]), 0 < a <1< b. Additionally assume that

(@) = f"(y)] < K|z —y|, (8.192)
K>0,0<a<l,alazyé€lab with (x —1)(y —1) > 0. Then we get (8.177),

Ly(p1, p2) = /X f (g) (p—q)dX — f”2(1) /X g (p— q)?dX\ + a1,

a1 i /X s (g) dx,

vaa(w)i= - | D) - ) e o,

where

with

It holds that

[aa| < / g '%p— q|*TdA. (8.193)
X

K
(a+2)



This page intentionally left blank



Chapter 9

Csiszar’s f-Divergence as a Measure of
Dependence

In this chapter the Csiszar’s f-Divergence or Csiszar’s Discrimination, the most
general distance among probability measures, is established as the most general
measure of Dependence between two random variables which is a very important
aspect of stochastics. Many estimates of it are given, leading to optimal or nearly
optimal probabilistic inequalities. That is we are comparing and connecting this
general measure of dependence to known other specific entities by involving basic
parameters of our setting. This treatment relies on [39].

9.1 Background

Throughout this chapter we use the following. Let f by a convex function from
(0, +00) into R which is strictly convex at 1 with f(1) = 0. Let (R? B2 )) be the
measure space, where \ is the product Lebesgue measure on (R?, B?) with B being
the Borel o-field. And let X,Y:  — R be random variables on the probability
space (£, P). Consider the probability distributions pxy and px x py on R2,
where pxy, px, py stand for the joint distribution of X and Y and their marginal
distributions, respectively.

Here we assume as existing the following probability density functions, the joint
pdf of uxy to be t(z,y), z,y € R, the pdf of ux to be p(x) and the pdf of uy to
be ¢(y). Clearly pux x py has pdf p(z)q(y). Here we further assume that 0 < a <
ﬁgb, a.e. on R? and a <1< b.

The quantity

Lr(pxy, pix X py) =/
RQ

t(z,y)
p(@)a(y) f (m) dA(z,y), (0.1)

is the Csiszar’s distance or f-divergence between pxy and px X py -

I'y is the most general measure for comparing probability measures and it was
first introduced by I. Csiszar in 1963, [139], see also [140], [152], [244], [243], [305],
[306], and [101], [102], [125], [126], [37], [42], [43], [41].

In Information Theory and Statistics many various divergences are used which
are special cases of the above I'y divergence. I'y has many applications also in

101
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Anthropology, Genetics, Finance, Economics, Political Science, Biology, Approx-
imation of Probability Distributions, Signal Processing and Pattern Recognition.
Here XY are less dependent the closer the distributions pxy and px X py are,
thus T'f(uxy, x X py) can be considered as a measure of dependence of X and Y.
For f(u) = ulogy u we obtain the mutual information of X, and Y,

I(X,Y) = I(pxy || px X pry) = Dutog, u(pxy, pix X py),

see [140]. For f(u) = (u — 1)? we get the mean square contingency :
@*(X,Y) =Tz (uxy, px X py),

see [305]. In the last we need pxy < px X 1y, where < denotes absolute continuity,
but to cover the case of uxy & pux X py we set ?(X,Y) = +oo, then the last
formula is always valid.

Clearly here pxy, px X py < A, also Tp(uxy, px X py) > 0 with equality only
when puxy = pux X py, i.e. when X,Y are independent r.v.’s. In this chapter we
present applications of author’s articles ([37]), ([42]), ([43]), ([41]).

9.2 Results

Part I. Here we apply results from [37]. We present the following.
Theorem 9.1. Let f € C'([a,b]). Then

Lp(pxy, px % py) < [ loo,fab /RQ 1z, y) — p(x)q(y)| dA(z,y).  (9:2)

Inequality (9.2) is sharp. The optimal function is f*(y) = |y — 1|%, a > 1 under
the condition, either

i

max(b—1,1—a) <1 and  C :=esssup(pq) < +oo, (9.3)
or
i)
|t —pgl <pg<1, ae onR2 (9.4)
Proof. Based on Theorem 1 of [37]. O

Next we give the more general

Theorem 9.2. Let f € C"'([a,b]), n € N, such that f*)(1) =0,k =0,2,3,...,n
Then

i(pxy, px X uy)

(n+1)
< M oo oty / a(v) "tz y) — p(2)q(y)|" ANz, y).  (9.5)

n+1
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Inequality (9.5) is sharp. The optimal function is f(y) =y — 1|""*, o > 1 under
the condition (i) or (i) of Theorem 9.1.

Proof. As in Theorem 2 of [37]. O

As a special case we have
Corollary 9.3 (to Theorem 9.2). Let f € C?([a,b]), such that f(1) = 0. Then

(2
0 (v i) < LI [ (0) 0t (000~ dAGr0)

(9.6)

Inequality (9.6) is sharp. The optimal function is f(y) = |y — 1]'T%, a > 1 under
the condition (i) or (i) of Theorem 9.1.

Proof. By Corollary 1 of [37]. O

Next we connect Csiszar’s f-divergence to the usual first modulus of continuity

[

Theorem 9.4. Assume that

0<hi= [ It.y) = @) dz.p) < min(l—ab=1). (01
Then
Lplpxy, px x py) < wi(f,h). (9.8)
Inequality (9.8) is sharp, namely it is attained by
Fo(@) =z — 11
Proof. Based on Theorem 3 of [37]. O

Part II. Here we apply results from [42]. But first we need some basic background
from [26], [122]. Let v > 0, n:= [v]anda =v—n (0 < @ < 1). Let z, 2 € [a,b] CR
such that x > zg, where x¢ is fixed. Let f € C([a,b]) and define

1 / ¥ _1

—— [ (x—9)"""f(s)ds, zp<ax<bh, (9.9)

F(V) o

the generalized Riemann-Liouville integral, where T' stands for the gamma function.
We define the subspace

CY (la,b]) :== {f € C"([a,b]): J{°, D" f € C*([zo,b])}- (9.10)

(70 f)(@) =

For f € C¥ ([a,b]) we define the generalized v-fractional derivative off over [z, b]
as

d
v = o (n) = —
DY f:=DJ, f (D : dx) . (9.11)

We present the following.



PROBABILISTIC INEQUALITIES

104
Theorem 9.5. Leta < b, 1 <v <2, f € C¥a,b]), and 0 < a < ﬁ <b, a.e. on
R2. Then
Cp(pxy, pix X py)
”DZf”oo,[mb] 1—v 1—v v
— Rz( () " (qy)) " (t(x,y) — ap()q(y))” d\(z,y). (9.12)
U

I'v+1)

Proof. It follows from Theorem 2 of [42].
The counterpart of the previous result comes next.
Theorem 9.6. Let a < b, v > 2, n := [v], f € C*([a,b]), fP(a) = 0, i

tHey) b, a.e. on R%. Then

0,1,...,.n—1, and a < @)
Ly(puxy, px % py)
WDl [ (p(a)) = ()~ 1(0.) ~ aple)a@) D). (013
F(l/ + 1) R2
Proof. Based on Theorem 3 of [42]. O
Next we give an Lg estimate.
Theorem 9.7. Leta < b, v > 1, n := [v], f € C¥([a,D]), fP(a) = 0, i =
0,1,....,n—1, and a < ﬁ <b, ae. onR%. Leta, B> 1: %4—%: 1. Then
1Dz f |, 1a,b)
r < la.
FUB ) S TG — 1) + 17
-1 v 1
2TVTR (M, y) — ap(x)q(y)” T E ANz, y). (9.14)
([

- / (p(@)a(v))
R2

Proof. Based on Theorem 4 of [42].

It follows an L, estimate.
Theorem 9.8. Leta < b, v > 1, n :== [v], f € C*([a,b]), fP(a) = 0, i

0,1,...,n—1, andaﬁﬁgb, a.e. on R%. Then

S ~/]Rg( (@)a()* " (t(z, y) —ap(x)a(y))”~ dA(z,y).
(9.15)

I M 1% 7/ <
f( XY, UX X Y) = F(V)
|

Proof. Based on Theorem 5 of [42].

We continue with
Theorem 9.9. Let f € C'([a,b]), a # b. Then
1 b
oy o x ) < 5 [ Fla)da
t(z,y) ) (p(ﬂf)Q(y)(a+b) B

- /Rz f (p(w)q(y) 2

t(z, y)) d\(z,y). (9.16)
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Proof. Based on Theorem 6 of [42]. O

Furthermore we obtain

Theorem 9.10. Let n odd and f € C™t'([a,b]), such that f*+1) > 0 (< 0),
0<a< <b a.e. on R%. Then

Ly(pxy, px X py) _a/ f(z (9.17)
bpg —t (i=k) apq —t)Fdx | .
- (Z [0 (o ) )~ (bpg — 1) (apq 1
Proof. Based on Theorem 7 of [42]. O

Part ITI. Here we apply results from [43].
We start with

Theorem 9.11. Let f,g € C*([a,b]) where f as in this chapter, g’ # 0 over [a,b].

Then
o /Rzp(a:)q(y) ‘g <]%> —g(l)‘ d\(z,y).
(9.18)

Proof. Based on Theorem 1 of [43]. O
We give

/

gl

Cy(pxy, ux x py) < '

Examples 9.12 (to Theorem 9.11).
1) Let g(z) = L. Then

p(x)q(y)

t(x,y) t(z,y) — p(x)q(y)|dA(z,y). (9.19)

0y x ) < 15 oo |

2. Let g(z) = e®. Then

t(x,y)
Ey (vt %) < € oogay [ p@)a) [ 757 — | drw). 0.20)
R
3) Let g(x) = e~*. Then
__t(zy) _
Ly(pxy, px < py) < (€7 f oo, o) /R2p(w)Q(y) ‘e ) — e 1‘dA(w,y)~ (9.21)

4) Let g(x) = ¢nz. Then

s i) < lef loego [ p@)ats)|en (ﬁ—’”)\dm,y). (9.22)

R2
5) Let g(z) = x ¢n x, with a > e~!. Then

f/
[t
00,[a,b] Y R?

T) ‘ dX\(z,y). (9.23)

I X < ||—
Flpxy, px X py) < H T ina
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6) Let g(x) = /x. Then

ey % 0v) < 2V loogon [ Vo) 1Viarw) = vol@ald ).
(9.24)

7) Let g(z) = 2%, o > 1. Then
Ly (pxy, px x pry)

B ‘ i / (p(2)a() ™ *I(t(z, 9))* — (p(x)q(y))*|dA(z,y). (9.25)

S o a—1
o || X 00

Next we give

Theorem 9.13. Let f € C'([a,b]), a #b. Then

1 b If'lloc,[ap) | (@® + b2
_ - < ) _
D(pxy, px X py) b_a/a fy)dy| < = 5 (a+0b)
+ [ 0le)aw) " P nir, yﬂ . (9.26)
Proof. Based on Theorem 2 of [43]. O
It follows

Theorem 9.14. Let f € C@([a,b]), a #b. Then

b — a a
v <) = g [ s = (LOZLE) (L0
)2 tzy) aTer 2 2
< %IU”Im,[a,b}{42p(x)q(y) [(p(z)q(('}f_ a§2 ) + i] d\(z,y) + %}
Proof. Based on (33) of [43]. O

Working more generally we have

Theorem 9.15. Let f € C'([a,b]) and g € C([a,b]) of bounded variation, g(a) #
g(b). Then

Ly(pxy, px X py) / f(s)dg(s
b
< ||f/||°°’[a7b]{/Rz pq (/ P (g(piq),g(s)) ds) d)\}, (9.28)
where
g9(s) —g(a
g(b) — g(a)’ GEsss
P(g(2),9(s)) == o (9.29)

gls)—4g
o0 gy © =0
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Proof. By Theorem 5 of [43]. O
We give

Examples 9.16 (to Theorem 9.15). Let f € C'([a,b]) and g(z) = €%, fn x, \/z,
%, a > 1; £ > 0. Then by (71)—(74) of [43] we obtain

1)
Lp(pxy, px X py) Je*ds
< I Nloo oty 2/ pqe;—qu — (2 —a) + (b —2) (9.30)
= (eb _ ea) R2 ’
2)

Lp(pxy, px X py) — ( ()) /f
< N llsorgay <4n<§)>_1{2fwwn jg—qd)\—ﬁn(ab)+(a+b—2)}, (9.31)

3)

b S
Pf(uXY;MX X py) — 2(\/51_\/5)/ f\(/g)ds
< Moty { / (v )_1/2t3/2d/\+M_(\/5+ \/5)}, (9.32)

(\/— Va) 3
4) (a>1)
Ci(puxy, ux X py) / f(s)s* s
HfI”OO,[a,b] 2 —aga+1
= o —a) {<a+1> (/R2(pq) sy
+ <ai1> (aa+1 +ba+1)_ (aa_'_ba)}. (933)

We continue with

Theorem 9.17. Let f € C®)([a,b]), g € C([a,b]) and of bounded variation, g(a) #
g(b). Then

Ff(ﬂxy,ﬂxxuy /f dg

S OEro ( A f’(sndg(sl)) - ( /. <pq / bP<g (o) ,g<s>>ds> dA)
<1 oo ( /. (pq( " [e(s (%) 00) P<g<s>,g<s1>>dslds) dA)

(9.34)
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Proof. Apply (79) of [43]. O
Remark 9.18. Next we define

. _[s—a, se€]a,z]
P*(z,s) := {s b se(zb. (9.35)

Let f € C'([a,b]). Then by (25) of [43] we get the representation

b
Ff(,uXYth X HY) = bia </ f(S)dS+R1> ’

where according to (26) of [43] we have

= e [ _tz,y) ,
Ri= /Wp(x)q(y) (/a P <p(x)q(y),s> f (s)ds> d\(z,y). (9.36)

Let again f € C'([a,b]), g € C(]a,b]) and of bounded variation, g(a) # g(b). Then
by (47) of [43] we get the representation

b
Ty % iy) = s [ g +Ra (037

where by (48) of [43] we obtain

Ri= [ m ( / bp(g piq) ,g<s>)f'<s>ds> . (9.38)

Let &,3>1: 1+ % =1, then by (89) of [43] we have

R2 p(x)q
and by (90) of [43] we get
t(zx,y

[
" . o tay) .
Ral < £ gos) [ Poato) \P ( ), ) LM‘“( ). (939)
)
y)’

Ral < 1o [, lalat [P )| aen e

p(x)Q( oo)[a,b]

Furthermore by (95) and (96) of [43] we find
d\(z,y), (9.41)

t(z,y) _
P<g <p(w)q(y)> o )> 5l

t(z,y) _ .
P<g <p(w)q(y)> -9 )>‘ Ao (9.42)

0, [a,b]

Ral < I lsgo [ p(@)ale)

and

Ral < 17 ot / p(2)q(y)

R2

Remark 9.19. Here 0 < a < b with 1 € [a, ], and p—tq € [a,b] a.e. on R2.
(i) By (105) of [43] for f € C'([a,b]) we obtain

Ral < 1 gy | ot (00— = D) aay. 049
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(ii) Let g be strictly increasing and continuous over [a,b], e.g., g(z) = €%, In x,
vV, z* with a > 1, and > 0 whenever is needed. Also f € C'([a,b]) and as in
this chapter. Then by (106) of [43] we find

e [ ()
Ril < 15 2y L P@e) (9 ()

— ala Uz, y) .
9(a)g(b) =5 <p(33)Q(Z/)>>d>\( o) O49
In particular via (107)—(110) of [43] we obtain
1)
R4l < |(f I, [;ab)] /R? p(x)q(y) max (epé(lﬁq%)w —e% e — epfgq% ) d\(z,y), (9.45)
2)
Hf/Hl,[mb] t(l’, Z/)
il < Gy Jp P (é" Cerm)
—fnadnb—In Hz,y) x
natnb—1{ <p(a:)q(y))>d/\( 2 Y)s (9.46)
3)
Hf Hl 11111, [a,b] T max t(i,y)
Rl = = va Jea ") ( p(o)ay)
t(z,y)
—Va, Vb — @)W ) (z,y), (9.47)
and finally for a > 1 we obtain
4)
Hlel[a b] T max ta(ﬁ,y) N ta(ﬁ,y) T
R < el | ooy (TR o - O ) i
(9.48)
At last
iii) Let &, 8 > 1 such that + + % =1, then by (115) of [43] we have
IRA| < [1f' ][,
_ of (t(z,y) — ap(x)q(y))"+! + (bp(x)q(y) — t(z, ) +! .
L. (\/ 3+ Dp)a(y) ) )
(9.49)

Part IV. Here we apply results from [41].
We start with
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Theorem 9.20. Let 0 < a <1< b, f as in this chapter and f € C"([a,b]), n > 1
with | f) (s) — f()(1)] be a convex function in s. Let 0 < h < min(1 —a,b— 1) be
fixed. Then

|f(k)
Ci(pxy, ux X py Z

pQ)l_k(t — pq)FdA

(n) p
+“’—1(f ) / (p0) ™"t~ pa* 1A (050
R2

(n+1)h
Here wy is the usual first modulus of continuity. If f*)(1) =0, k =2,...,n, then
w1 (f(n)7 h) / — 1

r , <O L "t — pg[" LA, 9.51
fluxy, px X py) < CET RQ(pq) |t —pql (9.51)

Inequalities (9.50) and (9.51) when n is even are attained by

- |s — 1|7+t

<s<b. .02
f(s) mrn 4Ss% (9.52)
Proof. Apply Theorem 1 of [41]. O

We continue with the general

Theorem 9.21. Let 0 < a <1<, f as in this chapter and f € C™([a,b]), n > 1.
Assume that wl(f(”),(S) < w, where 0 <d <b—a, w>0. Let x € R and denote by

bn(3) = /0 . H %ds, (9.53)

where [-] is the ceiling of the number Then

(1
Lp(pxy, px X py) Z |f Dl }/ ) F(t — pg) d/\}

+ w/ PGP (—_pq) d. (9.54)
R2 pq
Inequality (9.54) is sharp, namely it is attained by the function
fu(s) == won(s —1), a<s<b, (9.55)
when n is even.
Proof. Apply Theorem 2 of [41]. O

It follows
Corollary 9.22 (to Theorem 9.21). It holds (0<d<b—a)

f(k) N
Dp(pxy . px X py) Z' 5 (pa)' " (t — pa)"dA

1
(n) —n|y n+1
+ wi(f ,5){(n+ O /R2(pq) [t — pg|™" T dA

1—n n
— t — pg|™d\
+t g IR2(1%1) |t — pql

5 . .
+ m/w(qu It — pql 1dA}, (9.56)
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and

Cy(pxy, mx X py)

/ (pg)'F(t —pq)kd/\‘
RQ

1 —n n
+cul(f("),&){;/RQ(pq)1 |t — pq|"dA

+ még(pq)"lt—pql”+ldA}. (9.57)

In particular we have

Dy % ) < wi(f' 6){215 [ o)t e = pir
+ %/R |t — pgld\ + g} (9.58)

Li(pxy, px X py) <wi(f,0) {/ |t — pgldX\ + 215 (pq)_l(t—pQ)Qd/\}- (9.59)

and

Proof. By Corollary 1 of [41]. O

Also we have

Corollary 9.23 (to Theorem 9.21). Assume here that f™) is of Lipschitz type of
order a, 0 < a < 1, i.e.

wi(f™,8) <K&*, K >0, (9.60)
forany 0 < d <b—a. Then

fP )
k!

Lelpxy, px x py) < Z /]R2(pQ)1_k(t—pq)kd/\
k=2

o [ o0 =t 061
H (o 41) IR
When n is even (9.61) is attained by f*(z) = clx — 1|"**, where ¢ := K/(]] (o +
i=1
i)) > 0.
Proof. Application of Corollary 2 of [41]. O

Next comes

Corollary 9.24 (to Theorem 9.21). Assume that

b—a> / (pq) " *2d\ — 1 > 0. (9.62)
R2
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then
1
Ly (pxy, px X py) < wi <f’, (/2(PQ)1t2d>\ - 1)) {/2 |t — pgldA + 5} :
R R
(9.63)
Proof. Application of Corollary 3 of [41]. O
Corollary 9.25 (to Theorem 9.21). Assume that
/ [t — pq|dA > 0. (9.64)
R2
Then
b—a
Ty(pxy, px X py) < wi (f’,/ It—pQId/\> {/ [t = paldr + — }
R2 R2
3
< =(b—a)w (f’,/ |t —pq|d>\> . (9.65)
2 -
Proof. Application of Corollary 5 of [41]. O
We present
Proposition 9.26. Let f as in this chapter and f € C([a,b]).
i) Assume that
/ It — pgldA > 0. (9.66)
R2
Then
Ly(uxy, px x py) < 2w <f7/ |t —p(J|d/\) : (9.67)
R2
ii) Let r > 0 and
b—a> r/ [t — pqldX > 0. (9.68)
R2
Then
1
Uyt <) < (147 Yo (£ [ e-pmiar). ©.0)
R
Proof. Application of Proposition 1 of [41]. O

Also we give

Proposition 9.27. Let f as in this setting and f is a Lipschitz function of order
a, 0 < a <1, ie., there exists K > 0 such that

|f(z) = fy)l < K|z —y|*, allz,y € a,b]. (9.70)
Then

ey ux % ) <K [ (pa)! =t = pal*dn (9.71)
RQ
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Proof. By Proposition 2 of [41].
Next we present some alternative type of results. We start with

Theorem 9.28. Let f € C""1([a,b]), n € N, then we get the representation

n—1 _1\k
Dp(pxy, px Xpy) = Y (](g +1)1)! /RQ FoY (piq) (pa) " (t=pa)* " dA+12, (9.72)

k=0

where
=58 ( [ 1>"f<”+“<s>ds> ax (973)
O

Proof. By Theorem 12 of [41].
Next we estimate ¥. We give

Theorem 9.29. Let f € C""!([a,b]), n € N. Then
||f(n+1)||00, a,b —n n
= - / (pq)™"[t — pg|" T dA,

By =
! (n+1)!
£V a0 n "
By = TH/Q(PQ)I |t — pq|"dA,
- R
[1h2| < min of (9.74)
1 1
and fora, 0 >1: —+—==1,
a B
£ 5 1 b]/ L1 41
Bs = L "TEE— pg|"TEAN.
e v B SV L |t = pgl
Also it holds
n—1
1 t
T , % < - (k+1) <_> —k t— k+ld>\
fluxy, px % py) < kZ:O ] /R2 o )P0 (= pa)
+ min(Bl,Bg, B3) (975)
Proof. See Theorem 13 of [41]. O
We have
Corollary 9.30 (to Theorem 9.29). Case of n = 1. It holds
1" Nl la,b _
By = %/ (pq) ™" (t — pa)*dX,
R2
Bax = "o [ 1t~ palan
R
(9.76)

1

=1,

[{2| < min of
1
and for &, >1,—+
a g

/"5 fa] . f
By = ool MOt — pg|' A AN,
31 (G311 /RZ(]?(J) |t = pa| "7 dA
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Also it holds

Cy(pxy, px x py) <

/ f <i) (t — pq)d/\' +min(By 1, B2 1, B31).  (9.77)
R2 pq

Proof. See Corollary 8 of [41]. O
We further present

Theorem 9.31. Let f € C""([a,b]), n € N, then we get the representation
n—1 ( 1)k ¢
r _ (k+1) [ —kp k+1
Fluxy, px X py) = Z 1) /}Rz f o (pg) ™" (t — pg)™" " dA
( n"

DT gt q) / (pg) " (t — pa)™ A + b, (9.78)
RQ

(n+1)!
where
t
= — ) d\ .
(o /}R2 Pqis <pq> : (9.79)
with
_1)n =
Vs (x) = %/1 (s — l)n(f(nJrl)(S) _ f(n+1)(1))d5_ (9.80)
Proof. Based on Theorem 14 of [41]. O

Next we present estimations of 4.

Theorem 9.32. Let f € C"([a,b]), n €N, and
1
0 < ——%= Tt = pg|" TN < b —a. 9.81
g Lo e A < b= (981)

Then (9.78) is again valid and

n 1 —n— n
[a] < n—wl (f( i /R2(PQ) 't~ pal +2d/\>
1 —n n
: (1 + ? ( q) |t - pq| Jr1d/\) . (982)
Proof. By Theorem 15 of [41]. O

Also we have

Theorem 9.33. Let f € C"*1([a,b]), n €N, and |f"V(s) — fFTV(1)] is convex
n s and
1

- —n=lyy "2\ < min(1 — —1). .
0< T /]R2 (pq) [t — pg|"T#d\ < min(1 —a,b—1) (9.83)

Then (9.78) is again valid and

1
ol < (£, Lot a). s

nl(n+2) Jp
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The last (9.84) is attained by

R (S _ 1)n+2

f(s):= a<s<b (9.85)

(n+2)! 7 -
when n is even.

Proof. By Theorem 16 of [41]. O

When n = 1 we obtain

Corollary 9.34 (to Theorem 9.32). Let f € C?%([a,b]) and

0< %/R (pq) %It — pal*dA < b — a. (9.86)

Then
Lr(pxy, pix X py) = /R2 f’(piq) (t — pg)dX — fT(l) /W(pq)’l(t —pg)?d\ + Yu 1,
(9.87)

where

t
Yy = /}R Pqs (p—q) dA, (9.88)
with

31(x) = —/1 (s —=1)(f"(s) — f"(1))ds, =z € [a,b]. (9.89)

Furthermore it holds

|14 1] §w1< %/ (pQ)_QIt—pql?’dA> % (/ (pQ)_thd/\+1). (9.90)
R2 R2

Proof. See Corollary 9 of [41]. O

Also we have

Corollary 9.35 (to Theorem 9.33). Let f € C?([a,b]), and |fP(s) — fP)(1)] is
convez in s and

0< %/R (pq) %t — pg|*d\ < min(1 — a,b—1). (9.91)

Then again (9.87) is true and
aal < (175 [ w02l - paPar) (0:92)
Proof. See Corollary 10 of [41]. O

The last main result of the chapter follows.
Theorem 9.36. Let f € C""([a,b]), n € N. Additionally assume that
[f (@) = FO ()] < Kz -yl (9.93)
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K>0,0<a<l,dlzyclab] with (x —1)(y —1) > 0. Then
1

n—1 , _\p
Ty(puxy, px X py) = (,i 1)) /}Rz f(k“)(é)(pq)_k(t—pq)k“d/\

( "

W [ 07— (009

Here we find that

K —n—« n+ao
9l < 5 [ oyl pa e an (9.95)

nl(n+ o+ R
Inequality (9.95) is attained when n is even by

() =&z — 1"tz €a,b] (9.96)
where
K
¢ = — . (9.97)
[[n+a+1-y)
7=0
Proof. By Theorem 17 of [41]. O

Finally we give
Corollary 9.37 (to Theorem 9.36). Let f € C?%([a,b]). Additionally assume that
lf" (@) = f"(y)| < K|z —y|*, K>0,0<a<l, dlxyé€ [a,b] (9.98)
with (x —1)(y — 1) > 0. Then

L(pxy, px X py) = /R2 f’(piq) (t — pq)d\ — fT(l) /R2(pq)_1(t —pg)*d\+ 4.

(9.99)

Here

t

Py = /11{2 PqP3 1 <p_q> d\ (9.100)

with
31(x) = —/1 (s=1)(f"(s) — f"(1))ds, = € [a,b]. (9.101)

It holds that

[Pa1] < ) /W(pq)*lf‘ﬂt — pq|“T2aA. (9.102)

Proof. See Corollary 11 of [41]. O



Chapter 10

Optimal Estimation of Discrete Csiszar
f-Divergence

In this chapter are established a number of sharp and nearly optimal discrete proba-
bilistic inequalities giving various types of order of approximation of Discrete Csiszar
f-divergence between two discrete probability measures. This distance is the most
essential and general tool for the comparison of these measures. We give also var-
ious types of representation of this discrete Csiszar distance and then we estimate
tight their remainders, that is leading to very close discrete probabilistic inequali-
ties involving various norms. We give also plenty of interesting applications. This
treatment follows [45].

10.1 Background

The basic general background here has as follows.

Let f by a convex function from (0,400) into R which is strictly convex at 1
with f(1) =0.

Let (X, A, A) be a measure space, where A is a finite or a o-finite measure on
(X, A). Let p1, pa be two probability measures on (X, A) such that 1 < A, pe < A
(absolutely continuous), e.g. A = p1 + pa.

Denote by p = %, q= % the (densities) Radon—Nikodym derivatives of p1,
o with respect to A Typically we assume that

0<a§£§b, aec.on X anda<1<hb.
q

The quantity

plpnspn) = [ ato)s (%) IA@), (101

was introduced by I. Csiszar in 1967, see [140], and is called f-divergence of the
probability measures p1 and po.

By Lemma 1.1 of [140], the integral (10.1) is well-defined and T f(u1,p2) > 0
with equality only when pq = po. Furthermore by [140], [42] T'f(u1, pt2) does not
depend on the choice of A. The concept of f-divergence was introduced first in [139]
as a generalization of Kullback’s “information for discrimination” or I-divergence

117
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(generalized entropy) [244], [243], and of Rényi’s “information gain” (I-divergence)
of order o [306]. In fact the I-divergence of order 1 equals

Fu log, u(,ula ,UZ)

The choice f(u) = (u— 1)? produces again a known measure of difference of distri-
butions that is called y2-divergence. Of course the total variation distance

1 — o] = /X Ip(x) — ¢(z)] dA(z)

is equal to I'|,_1|(p1, p2). Here by assuming f(1) = 0 we can consider I'f(p1, p2)
the f-divergence as a measure of the difference between the probability measures
M1, p2-

This is a chapter where we apply to the discrete case a great variety of interesting
results of the above continuous case coming from the author’s earlier but recent
articles [37], [42], [43], [41].

Throughout this chapter we use the following. Let again f be a convex func-
tion from (0,4o00) into R which is strictly convex at 1 with f(1) = 0. Let
X = {x1,22,...} be a countable arbitrary set and A be the set of all subsets of
X. Then any probability distribution p on (X, A) is uniquely determined by the
sequence P = {p1,p2,...}, pi = p({z:}), i = 1,.... We call M the set of all
distributions on (X, A) such that all p;, i = 1,..., are positive.

Denote here by p1, 2 € M the distributions with corresponding sequences P =
{pl,...}, Q = {ql,QQ,...} (pi >0,q;>0,1= 1,27...).

We consider here only the set M* C M of distributions 1, e such that

Di

0<a<=—<b, i=1,..., onX and a <1<, (10.2)
4qi
where a, b are fixed.
In our discrete case we choose A such that A({z;}) =1, alli=1,2,.... Clearly
here 1 < A, g2 < . Therefore by (10.1) we obtain the special case of

Ly(py, p2) = i%’f (%) : (10.3)

So (10.3) is the discrete f-divergence or Csiszar distance between two discrete dis-
tributions from M*, see also [139], [141]. The quantity I'; as in (10.3) is also called
generalized measure of information.

The above discrete general concept of ' (1, p12) given by (10.3) incorporates a
large variety of discrete specific I'y distances such of Kullback-Leibler so called in-
formation divergence, Hellinger, Rényi a-order entropy, x?, Variational, Triangular
discrimination, Bhattacharyya, Jeffreys distance. For all these and a whole of very
interesting general theory please see S. Dragomir’s important book [152], especially
his particular article [153]. In there S. Dragomir deals with finite sums similar to
(10.3), while we deal with finite or infinite ones.
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The problem of finding and estimating the proper distance (or difference or
discrimination) of two discrete probability distributions is one of the major ones
in Probability Theory. The above discrete f-divergence measure (10.3) for various
specific f’s, of finite or infinite sums have been applied a lot to Anthropology, Genet-
ics, Finance, Economics, Political Science, Biology, Approximation of Probability
distributions, Signal Processing and Pattern Recognition.

In the following the proofs of all formulated and presented results are based a lot
on this Section 10.1, especially on the transfer from the continuous to the discrete
case.

10.2 Results

Part I. Here we apply results from [37].
We present

Theorem 10.1. Let f € C'([a,b]) and p1,pus € M*. Then

Ly(pr, p2) < 1 oo o) (Z lpi — Qi|> : (10.4)

=1

Inequality (10.4) is sharp. The optimal function is f*(y) = |y — 1|%, a > 1 under
the condition, either
i) max(b—1,1—a) <1 and

C :=sup(Q) < +o0, (10.5)

or

i)
Proof. Based on Theorem 1 of [37]. O

Next we give the more general

Theorem 10.2. Let f € C"'([a,b]), n € N, such that f*)(1) =0,k =0,2,...,n,
and py, e € M*. Then

Hf<n+1)|‘oo [a,b] —n n+1
Ff(ul,,ug) T Zq |pi - Qi| : (10'7)

Inequality (10.7) is sharp. The optimal function is f(y) := |y —1|"t®, a > 1 under
the condition (i) or (ii) of Theorem 10.1.

Proof. Based on Theorem 2 of [37]. O

As a special case we have
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Corollary 10.3 (to Theorem 10.2). Let f € C*([a,b]) and p1,p2 € M*. Then

||f(2)||00, a,b - —
Lg(pr, p2) < f[] Zqi Ypi—a)? ) (10.8)

i=1

Inequality (10.8) is sharp. The optimal function is f(y) := |y — 1|*T®, a > 1 under
the condition (i) or (ii) of Theorem 10.1.
Proof. By Corollary 1 of [37]. O

Next we connect discrete Csiszar f-divergence to the usual first modulus of
continuity wj.
Theorem 10.4. Assume that

0<h:=Y |pi—q| <min(l—a,b-1). (10.9)
i=1

Let p1, 2 € M*. Then

Ly(pr, p2) < wi(f,h). (10.10)
Inequality (10.10) is sharp, namely it is attained by f*(x) = | — 1].
Proof. By Theorem 3 of [37]. O
Part II. Here we apply results from [42]. But first we need some basic concepts
from [122], [26].

Let v >0,n:=[v]and a=v—n (0 < o <1). Let 2,20 € [a,b] C R such that
x > o, where g is fixed. Let f € C([a,b]) and define
(Joo f)(x) == L/ (x—s)" " f(s)ds, wo<az<bh, (10.11)
L) Juy
the generalized Riemann—Liouuville integral, where I' stands for the gamma function.
We define the subspace

C% ([a,b]) = {f € C™([a,b]): J{°, D" f € C*([x0,b])}. (10.12)

For f € C ([a,b]) we define the generalized v-fractional derivative of f over [z, b]
as

d

DY f:=DJy  f™ (D = %) : (10.13)

We present the following.
Theorem 10.5. Leta < b, 1 <v <2, f € C¥([a,b]), p1, 2 € M*. Then

HEZfHoo la,b] 1—
r < e N g Y (p — ag)” ) - 10.14
f(u17/'62) = F(I/ + 1) pa q; (p aq ) ( 0 )

Proof. By Theorem 2 of [42]. O

The counterpart of the previous result follows.



Optimal Estimation of Discrete Csiszar f-Divergence 121

Theorem 10.6. Let a < b, v > 2, n = [v], f € C%([a,b]), fP(a) =0, i =
0,1,...,mn—1, p1,ue € M*. Then

D% flloo,fa] = 1
r < 1 Za/ llooiab] 1= (5 — agq;)” | . 10.15
£, p2) < T +1) ;:1% (pi — ag;) ( )

Proof. By Theorem 3 of [42]. O

Next we give an Lg estimate.

Theorem 10.7. Let a < b, v > 1, n = [v], f € C%([a,b]), fP(a) =0, i =
0,1,....,n—1, 1, pu0 € M*. Let @, >1: L +1 =1. Then

& B
HDVfHd[a b] S 4l
Tr(pa, p2) < a’ i S P pi—ag) R 10.16
sl k) < Fos ) D 2 (pi — ag;) (10.16)
Proof. By Theorem 4 of [42]. O

It follows an L, estimate.
Theorem 10.8. Let a < b, v > 1, n = [v], f € C%([a,b]), fP(a) =0, i =
0,1,...,mn—1, p1,ue € M*. Then
IDg fllfab) (o= 2 -
Ff(/ilaﬂz)gw[] ZQ? (pi —agq:)" ™" |. (10.17)
i=1

Proof. Based on Theorem 5 of [42]. O

We continue with

Theorem 10.9. Let f € C'([a,b]), a # b, u1,pe2 € M*. Then

bia /ab f(x)dr — if’ <%) (M —pi> . (10.18)

=1

Cy(pa, p2) <

Proof. Based on Theorem 6 of [42]. O

Furthermore we obtain

Theorem 10.10. Let n odd and f € C"*([a,b]), such that f™F) >0 (< 0),
w1, o € M*. Then

st [t (S ()

i=1 k=0 \j=1

- (bg; — p;)" M (ag; —Pj)k)) (10.19)

Proof. Based on Theorem 7 of [42]. O

Part ITI. Here we apply results from [43]. We begin with
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Theorem 10.11. Let f,g € C'([a,b]) where f as in this chapter, g’ # 0 over [a,b],

[i1, ji2 € M*. Then
<7) (1)‘) . (10.20)

Proof. Based on Theorem 1 of [43]. O

Examples 10.12 (to Theorem 10.11).
1) Let g(x) = . Then

/

gl

(z .
0,[a,b)

=1

Ly(pa, p2) < ‘

Ly (pr, p2) < 122 |l oo fan) <iz—i|m - %") : (10.21)
2) Let g(z) = e®. Then -
Ty(pnp2) < lle™ f lloo o) <Oo gi e —eD. (10.22)
i=1
3) Let g(x) = e~*. Then
Cy(pns p2) < [1€” flloo .t <§: gi e u — 61‘) : (10.23)
i=1

4) Let g(x) = Inz. Then

r (,ula,UQ) < ||If ”oo,[a b] <ZQ1

5) Let g(z) = zlnz, with a > e~*. Then

ln(];:) D . (10.24)

(2]
6) Let g(z) = v/7. Then

Ly(pn, p2) < 20V f] oo, a0 (Z V@i |\/Di — \/ﬂ) . (10.26)
im1

7) Let g(z) = 2%, o> 1. Then

/

—~

10.2
1+Inz 0.25)

Tppr, pe) < H

0,[a,b]

f/

xafl

(Z g “Ipf - Q?|> : (10.27)
007[0')17] =1

Next we present

Theorem 10.13. LethCl(a b)) ,a;ﬁb Wi, e € M*. Then

||fHoo a,b] a2+b2
2

(b—a)
— (a+0b)+ i qilp?] . (10.28)
=1

Ff(ﬂlaﬂ?
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Proof. Based on Theorem 2 of [43]. O
It follows

Theorem 10.14. Let f € CP([a,b]), a # b, p1, uz € M*. Then

2 bi _ (atb 2
< O o {qu[(‘h e v +4) +1—12} (10:29)

Proof. Based on (33) of [43]. O

Working more generally we have

Theorem 10.15. Let f € C1([a,b]) and g € C([a,b]) of bounded variation, g(a) #
g(b), p1, e € M*. Then

b
Typ(p1, p2) — ﬁ/ f(z)dg(x)

||fll||oo [a,b] {Z qi <

where,
g(t) —g(a
o) —gla) 557
P(g(2),9(1)) = o) (10.31)
git) —g
o®) g *<'=°
Proof. By Theorem 5 of [43]. O

Example 10.16 (to Theorem 10.15). Let f € C*([a,b]), a # b, and g(z) = €%, Inx,
Vo, %, a>1; 2 > 0. Then by (71)-(74) of [43] we derive

1)
Ly(pa, p2) — / f(x)—e®
- H(J;Jio;z; {22 gie® —e*(2—a) + eb(b — 2)} (10.32)
’ D\ [ f=)
Ly, p2) — <1D<E>> /a de

< 1F oot (m(%))l{zimu& —1n(ab)+(a+b—2)}, (10.33)

i=1 v
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3)
Dy (g, p2) — / fa
(|\J;joo\;_b) {_iql/zpf/uw _(\/aJr\/zS)}, (10.34)
4) (a>1)
Ly(py, p2) = 2o /f 2% da
||f||oo[ab] 2 —a atl
S(ba—aa{a—kl <Zq +>
n (aiﬂ(aa+l+ba+l)—(aa+ba)>}' (10.35)

We continue with

Theorem 10.17. Let f € C@®([a,b]), g € C([a,b]) and of bounded variation,
g(a) # g(b), p, 2 € M*. Then

~ G / /(@)dg(a
o (1 )i@wg),g@dxm,
< N Moo, fa <i <qz <g< ),g(x)) ‘ |P(g(:v),g(m1))|d:v1dx>>>.

- (10.36)

Ff(ﬂh H2)

Proof. Apply (79) of [43]. O
Remark 10.18. Next we define

. _[s—a, s€]a,z]
P*(z,s) := {s b se(zb. (10.37)

Let f € C'([a,b]), a # b, p1, pa € M*. Then by (25) of [43] we get the representation

b
D) = 5 ( | o+ m) , (10.38)

where by (26) of [43] we have

qu </a <; ) f’(w)dﬂc> : (10.39)
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Let again f € C'([a,b]), g € C([a,b]) and of bounded variation, g(a) # g(b)

pi, p2 € M*.
Then by (47) of [43] we get the representation formula
1 b
T =— d 10.4
f(ﬂla/@) gb)_g(a)L f(x g )+R47 ( 0 0)
where by (48) of [43] we have
Ri=> a </ P (g (%),;;(@) f/(@m) . (10.41)
i=1 a ¢
Let &,3>1: 1+ + % =1, then by (89) of [43] we have
bi
IRil < 1 & a.b <Z 4 ( ) H ) (10.42)
qz B,[a.b]
and by (90) of [43] we obtain
IRl < > ai|| P (&, ) H : (10.43)
i=1 g 00,[a,b]
Furthermore by (95) and (96) of [43] we derive
Ral <1 g (Z P (s(2).000)] )
i=1 % B,la,b]
(10.44)

P(o(2)e0)], )

and
o0
e (z 3
=1

R4l <

Remark 10.19. Let a < b
(i) By (105) of [43] we get

|R1| < <Zqzmax <%—a b_q_>> , e a,b]) (10.45)
im1 4 %

(ii) Let g be strictly increasing and continuous over [a,b], e.g. g(z) = e, Inz,
vV, ® with a > 1, and = > 0 whenever is needed. Also let f € C'([a,b]) and as in
this chapter always. Then by (106) of [43] we find

3))) . (10.46)

Hf ||1 (qumax( (q—) —9(a), 9<b>—9(qz

R
Ral < ) — g(a))
In particular via (107)-(110) of [43] we obtain
1)
[1/'111,fa b
R4l < @ —eny ) Zqzmax (e‘h —e%e —e%) ) (10.47)
i=1
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2)

’ 00
Di Di
1S 111, [a,b] § : ; In(= ) —lnag,lnb—In{ = , 10.4
[Ral < Inb— lna (i_lq max<n<qi> na, Inb n(%‘))) (10-48)

3)

|R4|_ﬁ<z 1 1Inax< ——f\f pl)), (10.49)

and finally for oo > 1 we derive
4)

Ry| < Sl (Z max( — %, b — p:)) (10.50)

iii) At last let &, 3 > 1 such that 1 = + ﬂ =1, then by (115) of [43] we have

[ o] (i — ag;)Pt + qu pi)B+
& arb) (Zl (i/ T e )) (10.51)

Part IV. Here we apply results from [41].
We start with

Ra| < 1£]

Theorem 10.20. Let 0 < a <1 <b, f as in this chapter and f € C™([a,b]), n > 1
with | ) (t) — ™ (1)| be a convex function int. Let 0 < h < min(1 —a,b—1) be
fized, p1, 2 € M*. Then

(]
=
> =
-
—
-

]‘—‘f(/'bla /1'2) S

k

I|
)

n+1 ST <qunlp1 'I’L“)- (10.52)

Here wy is the usual first modulus of continuity. If f k)( )=0,k=2,...,n, then

wl(f(n)a h) = — 1
r , < —— “ps —q|"T ). 10.53
sy pe) < S ;ql Ipi — qil (10.53)
Inequalities (10.52) and (10.53) when n is even are attained by
ft) = Lk Y (10.54)
R CEE - '
Proof. By Theorem 1 of [41]. O

We continue with the general

Theorem 10.21. Let f € C"([a,b]), n > 1, pi,u2 € M*. Assume that

wi(f™,6) < w, where 0 <3 <b—a, w>0. Let z € R and denote by

Pn () = /Oz [ﬂ %dt, (10.55)
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where [-] is the ceiling of the number. Then

(1
£(ps p2) <Z|f Z a; " (ps

=1
Inequality (10.56) is sharp, namely it is atlained by the function
o) == wo,(t—1), a<t<b, (10.57)

3

tw (Zqz(bn<plq )) (10.56)

when n is even.

Proof. By Theorem 2 of [41]. O
It follows

Corollary 10.22 (to Theorem 10.21). Let p1, 2 € M*. It holds (0 < J < b—a)

If(’” 1] k(. \k
Ly (p, p2) Z Zqi (pi — ;)
=1
(n) _ .|l
+ wi(f 5{ T (Zqz | )
1 1—n n
+2—n! Zlqi Ipi — qi

45 c- 2—n n—1
* 5T <;qi pi — ail )} (10.58)

and

M

£, p2) < q —q1

k=2

+wy (f™, 5){% (Z 4 "lpi — qil”>
" \i=1
PICEST <Z 4 qi|”+1> } (10.59)

—

i=

In particular we have

Ly (p1, p2) < wi(f',0) {%(iqil(m ) %(Z Ipi — ¢ ) + g} . (10.60)

and

Ly(pr, p2) <wi(f,0) {(Z |pz—qz> (qu i — (i) )} (10.61)

Proof. Based on Corollary 1 of [41]. O

Also we have
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Corollary 10.23 (to Theorem 10.21). Let pu1, us € M*. Assume here that f™) is
of Lipschitz type of order o, 0 < a < 1, i.e.

wi(f™,8) < K6, K >0, (10.62)
for any0 < d <b—a. Then

" fRa
£(p1, p2 SZ qu_k(pi — )
k=2 k!

K o0
T <Z 4 " lpi — qi|"+°‘> :

i=1 [[(a+17) \i=1
i=1
(10.63)
When n is even (10.63) is attained by f*(x) = clz — 1|"**, where ¢ := K/([] (o +
i=1
i)) > 0.
Proof. Based on Corollary 2 of [41]. O
Corollary 10.24 (to Theorem 10.21). Let p1,ug € M*. Suppose that
—a>qu 2 -1>0. (10.64)
Then
- . 1
Ly (g, p2) <w1< <Zq 'pi - )) {Z'pi_%’|+§}' (10.65)
i=1
Proof. Based on Corollary 3 of [41]. O
Corollary 10.25 (to Theorem 10.21). Let p1, u2 € M*. Suppose that
> Ipi — il > 0. (10.66)
Then
Ly(p1, p2) < w1 |pz_(b > pi—ail ) + =2
i=1 2
< §(b—a)wl f lei —al - (10.67)
Proof. Based on Corollary 5 of [41]. O
We give

Proposition 10.26. Let f € C([a,b]), p1, pe € M*.
i) Assume that

> Ipi — il > 0. (10.68)



Optimal Estimation of Discrete Csiszar f-Divergence 129

Then

r (,LLLNQ < 2wy ( (Z |p1 — 4 )) . (1069)

ii) Let r > 0 and

b—a>r <Z |pi — qi|> > 0. (10.70)
i=1

Py (s, pi2) < (1+1) <ﬂr<z]m—%0>- (10.71)

Proof. Based on Proposition 1 of [41]. O

Then

Also we give

Proposition 10.27. Let f as in this setting and f is a Lipschitz function of order
a, 0 < a<1, e there exists K > 0 such that

F@) — f@)] < Klo—yl°, all 2,y € [a,b). (10.72)

Let p1, 2 € M*. Then
Ly, p2) < (Zq} *Ipi — 4l ) (10.73)

Proof. Based on Proposition 2 of [41]. O
Next we present some alternative type of results.
We start with

Theorem 10.28. All elements involved here as in this chapter and f € C™([a,b]),
n € N. Let uy, ue € M*. Then

M17M2

<Zf(k“)( ) *(pi — Qi)k+1>+¢2, (10.74)
=1

<Z 0 </ (t — 1)m foD )dt)) (10.75)

Proof. By Theorem 12 of [41]. O

Next we estimate 1. We give

where
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Theorem 10.29. All here as in Theorem 10.28. Then

”f n+1)”oo [a,b] _
B = n i — n+1
] —n+1 Zqz pi —qi" ),

/¢
E qll n|pz - QZ| s
=1

1
and for &, > 1: 54—

BQI

[t)2] < min of

=1
Also it holds

n—1 00

pi\ _
Zf(kH) (;)qi F(pi — g5)F !

! i=1

,ulv ,LLQ

k:O

Proof. By Theorem 13 of [41].

Corollary 10.30 (to Theorem 10.29). Case of n = 1. It holds

Bry = Wootons (S5 1, g2
1,1 - D) 4 \Pi— G ’

=1

By = ||f”||1,[a,b] <Z lpi — Qi|>7

|2] < min of =

and for &, 3 > 1 + = =1,

=

U

1 o0
&[a,b] ~% 1+1
By = ol (N — i ).
M (B +1)Y8 ( 1611 vl )

1=

Also it holds

£, p2) + min(B1,1, Ba,1, B31).

lZf( > i — i)

Proof. By Corollary 8 of [41].
We further give

( 3 00
— a7[”’)b] 1-n— B _ "’L"r%
nl(nB+1)1/8 <Z i Ipi — gil

(10.76)

+ min(Bl, BQ, Bg)

(10.77)
O

(10.78)

(10.79)
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Theorem 10.31. Let all elements involved as in this chapter, f € C""'([a,b]),
n €N and p1,pu2 € M*. Then

5 (1, p2) <Z JEY (pz) g " (pi qi)“l)
Z
(£z+) FARR(! <Z q; "(pi — @) ”+1> +14,  (10.80)
where
Wy = fj qiths (]qi) , (10.81)
with -
wn()i= L [T =00 - o 108
Proof. Based on Theorem 14 of [41]. O

Next we present estimations of 4.

Theorem 10.32. Let all elements involved here as in this chapter and f €
C7L+1([a’vb])’ n €N, Wi, pho € M* and

1 o0
0 =Ly a2 ) <b—a. 10.83
NCEY) <;ql i >_ ' e

Then (10.80) is again valid and

[9a] < %Wl <f(”+” ) <Zqz” Ypi—ai I"”))
(et (Eenar)) o

Proof. Based on Theorem 15 of [41]. O

Also we have

Theorem 10.33. All elements involved here as in this chapter and f € C™([a,b]),
n €N, py, pa € M*. Furthermore we assume that | f D () — f+D(1)] is convex
int and

n—1 |n+2 : _ _
0< n+2 (Zqz Ipi — qil ><m1n(1 a,b—1). (10.85)

Then (10.80) is again valid and

[tha] < wy (f(nﬂ) W (Z q " 1|pz - Qz|n+2>> (10.86)
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The last (10.86) is attained by

R (S _ 1)7L+2

f(s):= < s <, (10.87)

nt2y B =
when n is even.

Proof. By Theorem 16 of [41]. O

When n =1 we obtain
Corollary 10.34 (to Theorem 10.32). Let f € C?%([a,b]), p1, 2 € M* and
< % (Z; g “lpi - Qi|3> <b-a. (10.88)
Then
7(p1, i2) Zf < ) @) — @ <iQil(pi —Q¢)2> +ban,  (10.89)
i=1
where

Va1 0= Z 43,1 < ) (10.90)

=1
with

o (z) = —/1 =) () — ' ()dt, € [a,b. (10.91)
Furthermore it holds

el )G ) e

Proof. Based on Corollary 9 of [41]. O

Also we have

Corollary 10.35 (to Theorem 10.33). Let f € C?([a,b]) and |f"(t) — f"(1)] is
convez in t. Here p1,ps € M* such that

N =

1 o0
0<3 (; q; |pi — qi|3> < min(l —a,b—1). (10.93)
Then again (10.89) is valid and
1
|’lr/)4,1| <wp < § <Z q; 2|p1 - Ch )) . (1094)
Proof. By Corollary 10 of [41]. O

The last main result of the chapter follows.
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Theorem 10.36. All elements involved here in this chapter and f € C""([a,b]),
n €N, p1, ue € M*. Additionally we assume that

|f D (@) = ()] < Ko —y|, (10.95)
K>0,0<a<l, dlz ye[a b] with(m—l)( —1)>0. Then

Ly(pr, p2) = (Zf k) <p1> a; " (pi — qz‘)k+1>

k=0

1
+ (EH) Fta <Z ¢ " (pi — ”“) + 4. (10.96)
Here it holds
tha] < o po— (Zqz " Ypi — v|"+°‘+1>. (10.97)
Inequality (10.97) is attained when n is even by
fH(z) =&z — 1"t 2 € [a,b] (10.98)
where
K
= — : (10.99)
[ITn+a+1—7)
7=0
Proof. By Theorem 17 of [41]. O

Next we give

Corollary 10.37 (to Theorem 10.36). Let f € C?([a,b]), u1, po € M*. Additionally
we suppose that

1f" (@) = ()| < Klz—yl|%, (10.100)
K>0,0<a<l,dlzyclab] with (x —1)(y —1) > 0. Then

(s p2) Zf(“) — f” (Zq >+¢41 (10.101)

Here
P41 = i%w&l <§—> (10.102)
with -
P31 (z) = — /j(t —)(f"(t) — f"(1))dt, = € [a,b]. (10.103)
It holds that
than| < (a[i %) (Z g ' Ipi — Qi|a+2> : (10.104)

Proof. By Corollary 11 of [41]. O
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Chapter 11

About a General Discrete Measure of
Dependence

In this chapter the discrete Csiszar’s f-Divergence or discrete Csiszar’s Discrimina-
tion, the most general distance among discrete probability measures, is established
as the most general measure of Dependence between two discrete random variables
which is a very important matter of stochastics. Many discrete estimates of it are
given, leading to optimal or nearly optimal discrete probabilistic inequalities. That
is we are comparing and connecting this general discrete measure of dependence to
known other specific discrete entities by involving basic parameters of our setting.
This treatment is based on [38].

11.1 Background

The basic general background here has as follows.

Let f by a convex function from (0,4o00) into R which is strictly convex at 1
with f(1) = 0.

Let (£2, A, \) be a measure space, where A is a finite or a o-finite measure on
(©, A). Let p1, ua be two probability measures on (§2, A) such that p1 < A, po < A
(absolutely continuous), e.g. A = p1 + po.

Denote by p = %, q= % the (densities) Radon—Nikodym derivatives of p1,
o with respect to A. Typically we assume that

O<a§£§b, ae.onNand a<1<bh.
q

The quantity
p(z)
Up(pr, :/qa:f(—)d/\a:, 11.1
7(p, p2) Q() @) (z) (11.1)
was introduced by I. Csiszar in 1967, see [140], and is called f-divergence of the

probability measures p; and po.

By Lemma 1.1 of [140], the integral (11.1) is well-defined and I'f(u1, p2) > 0 with
equality only when g1 = po. Furthermore by [140], [42] T (1, pt2) does not depend
on the choice of A\. The concept of f-divergence was introduced first in [139] as a

135
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generalization of Kullback’s “information for discrimination” or I-divergence (gen-
eralized entropy) [244], [243], and of Rényi’s “information gain” (I-divergence) of
order o [306]. In fact the I-divergence of order 1 equals

Fu log, u(Mla MZ)

The choice f(u) = (u— 1)? produces again a known measure of difference of distri-
butions that is called y2-divergence. Of course the total variation distance

1 — o] = /Q Ip(z) — a(z)] dA(z)

is equal to I'|,_1|(p1, p2). Here by assuming f(1) = 0 we can consider I'f(p1, p2)
the f-divergence as a measure of the difference between the probability measures
M1, (2.

This is an expository, survey and applications chapter where we apply to the
discrete case a large variety of interesting results of the above continuous case com-
ing from the author’s papers [37], [42], [43], [41], [39]. Namely here we present a
complete study of discrete Csiszar’s f-divergence as a measure of dependence of two
discrete random variables.

Throughout this chapter we use the following.

Let again f be a convex function from (0, +00) into R which is strictly convex
at 1 with f(1) =0.

Let the probability space (2, P) and X, Y be discrete random variables from 2
into R such that their ranges Rx = {z1,22,...}, Ry = {y1,¥2,...}, respectively,
are finite or countable subsets of R.

Let the probability functions of X and Y be

pi=plr;) =P X =ux;), i=1,2,...,
q; = q(yj) = P(Y = yj), ] = ].,27. cey (112)

respectively. Without loss of generality we assume that all p;,q; > 0,4,5 =1,2,....
Consider the probability distributions pxy and px X py on Rx X Ry, where
uxy, px, py stand for the joint probability distribution of X and Y and their
marginal distributions, respectively, while px x py is the product probability dis-
tribution of X and Y. Here uxy is uniquely determined by the double sequence

tij = t(xi,y;) = P(X = 2, Y = y5) = pxy({ (@i, 95)}), 4,5=12,..., (11.3)

which ¢ is the probability function of (X,Y).

Again without loss of generality we assume that ¢;; > 0 for all 4,5 = 1,2,....
Clearly also here px, py are uniquely determined by p; = px ({z:}), ¢; = vy {v;}),
respectively, 7,7 = 1,2,.... It is obvious that the product probability distribution
ux X py has associated probability function pgq.

In this article we assume that

tij .
0<a< 2 <b, alli,j=1,2,... anda<1<hb, (11.4)
Dig;
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where a, b are fixed.

Let P be the set of all subsets of Rx x Ry. We define A to be a finite or o-finite
measure on (Rx X Ry, P) such that M({(z;,y;)}) = 1, for all 4,5 = 1,2,.... We
notice that puxy and px x py are discrete probability measures on (Rx X Ry, P)
and are absolutely continuous (<) with respect to A.

By applying (11.1) we obtain the special case

Ty(uxy, px X py) =YY pig;f ( bij ) : (11.5)

i=1 j=1 pidj

This is the discrete Csiszar’s distance or f-divergence between pxy and px X [y .
The random variables X, Y are the less dependent the closer the distributions pxy
and px x py are, thus I'y(uxy, tx X py) can be considered as a measure of de-
pendence of X and Y, see also [305], [140], [39].

From the above derives that T'f(uxy, ux X py) > 0 with equality only when
Uxy = px X py, i.e. when X,Y are independent discrete random variables. As
related references see here [139], [140], [141], [152], [244], [243], [305], [306], [37],
[42], [43], [41], [39].

For f(u) = ulog, u we obtain the mutual information of X and Y,

I(X,Y) = I(uxy || px X py) = Pulogzu(NXY7ﬂX X py),
see [140]. For f(u) = (u — 1)? we get the mean square contingency:
©*(X,Y) = T2 (uxy, px X py),

see [140].

In Information Theory and Statistics many various divergences are used which
are special cases of the above I'y divergence. I'y has many applications also in
Anthropology, Genetics, Finance, Economics, Political Science, Biology, Approxi-
mation of Probability Distributions, Signal Processing and Pattern Recognition.

In the next the proofs of all formulated and presented results are based a lot on
this Section 11.1 especially on the transfer from the continuous to the discrete case.

11.2 Results

Part I. Here we apply results from [37], [39]. We present the following
Theorem 11.1. Let f € C*([a,b]). Then

Ty (uxy, px X py) < [ looany | DD It = pigsl | - (11.6)

i=1 j=1

Inequality (11.6) is sharp. The optimal function is f*(y) = |y — 1|*, a > 1 under
the condition, either
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i)
max(b—1,1—-a) <1 and C:= .Sl.le(piqﬂ < o0, (11.7)
or o
ii)
tij — pigj| <pig; <1, alli,j=1,2,.... (11.8)
Proof. Based on Theorem 1 of [37] and Theorem 1 of [39]. O

Next we give the more general

Theorem 11.2. Let f € C""([a,b]), n € N, such that f®(1) = 0, k =
0,2,3,...,n. Then

||f i )HOO a,b] n
Prluxy, px X py) < (TLT Zzpl q; "t —pigs "t ). (11.9)
i=1 j=1

Inequality (11.9) is sharp. The optimal function is f(y) = |y — 1", a > 1 under
the condition (i) or (ii) of Theorem 11.1.
Proof. As in Theorems 2 of [37], [39], respectively. O

As a special case we have

Corollary 11.3 (to Theorem 11.2). Let f € C?%([a,b]). Then

”f )Hoo a,b]
Up(pxy, px X py) < ZZPZ gty —pigy)* |- (11.10)
i=1 j=1

Inequality (11.10) is sharp. The optimal function is f(y) = |y—1|"t*, a > 1 under
the condition (i) or (ii) of Theorem 11.1.

Proof. By Corollaries 1 of [37] and [39]. O

Next we connect Csiszar’s f-divergence to the usual first modulus of continuity
wi.

Theorem 11.4. Suppose that

0<h:= ii'tij—pi%' <min(l —a,b—1). (11.11)
i=1 j=1
Then
Ly(pxy, px x py) < wi(f,h). (11.12)
Inequality (11.12) is sharp, i.e. attained by
@) =z —1].

Proof. By Theorems 3 of [37] and [39]. O
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Part II. Here we apply results from [42] and [39]. But first we need to give some
basic background from [122], [26]. Let v > 0, n:=[vJanda=v—n (0 < a < 1).
Let z,z9 € [a,b] C R such that z > xg, where x¢ is fixed and f € C([a,b]) and
define

(JEf)(z) = 1 /I(x —8)" " f(s)ds, w0 <x <D, (11.13)

L) Ja,
the generalized Riemann—Liouuville integral, where I' stands for the gamma function.
We define the subspace

Oy, ([ab]) = {f € C™([a,b]) : J{2 ) € C (o, b))} (11.14)

For f € CY ([a,b]) we define the generalized v-fractional derivative of f over [z, b]
as

d

DY f = DJy, f™ <D = £> . (11.15)

We present the following
Theorem 11.5. Leta <b, 1 <v <2, f € C¥([a,b]). Then

HDZ.fHoo[ab] > 1
r S i) 7 (ty — apigy)” | . (11.16
iy px x py) S TR ”z::l(p a;)' ™" (ti; — apig;) (11.16)
Proof. It follows from Theorem 2 of [42] and Theorem 4 of [39). O

The counterpart of the previous result comes next.

Theorem 11.6. Let a < b, v > 2, n = [v], f € C*([a,b]), fP(a) =0, i =
0,1,...,n—1. Then

||D111/.f||oo[ab] > 1—
r < iqi) " (ti; — apiqi)” | - 11.1
Fluxy s px X py) < T +1) ”E:l(p q5)" " (tij — apig;) (11.17)
Proof. By Theorem 3 of [42] and Theorem 5 of [39]. O

Next we give an Lg estimate.

Theorem 11.7. Leta < b, v > 1, n := [v], f € C%([a,b]), fP(a) =0, i =
0,1,...,n—1 and let &, > 1: %—F%:l. Then
||Duf||5¢ [a,b] > 2—p—1 141
r < e iq;)> T (tiy — apigy)’ T TP
iy, px xpy) < DD EEE ”z_zzl(p %) (tij — apiq;)
(11.18)
Proof. Based on Theorem 4 of [42] and Theorem 6 of [39]. O

It follows an L., estimate.
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Theorem 11.8. Let a < b, v > 1, n = [v], f € C%([a,b]), fP(a) =0, i =
0,1,...,n—1. Then

1DZf 1) [ 20 v
Lp(pxy, px x py) < o) ijz::l(piqg‘) (tij — apig;) - (11.19)
Proof. Based on Theorem 5 of [42] and Theorem 7 of [39]. O

We continue with
Theorem 11.9. Let f € C'([a,b]), a < b. Then

e e (£(2) (25291
id;j

1,j=1

(11.20)
Proof. Based on Theorem 6 of [42] and Theorem 8 of [39]. O

Furthermore we get

Theorem 11.10. Let n odd and f € C""'([a,b]), a < b, such that f™TY >0
(<0). Then

r (MXYaMX X fty)

z(zz ()

k=0 \¢=1 j=1

_ Z 1
P (1 + 1)!
- (pea;)" " (bpeg; — te;) M (apeg; — tej)kﬂ- (11.21)

Proof. Based on Theorem 7 of [42] and Theorem 9 of [39]. O

Part IIT. Here we apply results from [43] and [39].
We start with

Theorem 11.11. Let f,g € C'([a,b]) where f as in this chapter, g’ # 0 over [a,b].
Then

!/
Dy jix x py) < \ r S by o o) —g<1>] i)
9 oo, [a,b] ij=1 Digj
Proof. Based on Theorem 1 of [43] and Theorem 10 of [39]. O

We give

Examples 11.12 (to Theorem 11.11).
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1) Let g(z) = . Then

piqj

Uy (pxy, px X py) < (|22 'l o, fa.b) » tij — pigjl | - (11.23)
ij= 1 K
2) Let g(z) = e®. Then
Dy % o) < e Flloogay | 3 miaslet™s — ¢ | (11.29)
ij=1
3) Let g(x) = e®. Then
Do < i) < 1€ Flont | 3 piaglemo — e | (11.25)

ij=1
4) Let g(x) = Inz. Then

Dplxrix % ) < e loogun | 0 pias () )
4,j=1
5) Let g(x) = xInz, with a > e~!. Then
Ff(MXYaMX X /Ly) S H f/ i tij ln(ti)‘ . (1127)
L+Inzi| gy Py Digj

6) Let g(x) = /x. Then

Uy (pxy, px % py) < 20V oo | D VPG| Vb — VPG| |- (11.28)

ij=1

7) Let g(z) = =%, a > 1. Then

/ S (i) — (i) | (11.29)

a—1 H
x 00,[a,b] \ 4 =1

Cilpxy, pux X py) < >

Next we give

Theorem 11.13. Let f € C’l([a b)), a < b. Then

Cy(pxy, ux X py) / fz
If' oo fae) | (@2 + b2 - 2
< o — b i 142 . 11.30
— (b _ 0,) 9 (a‘ + ) + szzl(p qJ) ij ( )
Proof. By Theorem 2 of [43] and Theorem 11 of [39]. O

It follows
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Theorem 11.14. Let f € C?) ([ ), a <b. Then
(b) — f(a) a+b
T )ds — | ———— 1—-
f(NXYaNX X fy) / f(s ( b—a 5
oy G~ (55 1]
< — " Di fIJ - -
=~ 2 ”f Hoo,[a,b] ijl Dbiq; a)2 + 1 + 12
(11.31)
Proof. Based on (33) of [43] and Theorem 12 of [39]. O

Working more generally we have

Theorem 11.15. Let f € C*([a,b]) and g € C([a,b]) of bounded variation, g(a) #
g(b). Then

r P Hx X / f(s)dg(s
f(MXY X X py) — g(a
b
< ||f/HOO7[“ b] Z Digj </ P ),g(S)) dS) R (1132)
ij=1 pz(IJ
where
(s) = 9(a) a<s<z
g(b) —g(a)’ ’
P(g(2),9(s)) == ) o) (11.33)
g(s) —g(b
, z<s<hb.
g9(b) —g(a)
Proof. By Theorem 5 of [43] and Theorem 13 of [39]. O
We give

Examples 11.16 (to Theorem 11.15). Let f € C1([a,b]) and g(z) = €%, Inz, /z,
%, a > 1; 2 > 0. Then by (71)—(74) of [43] and (30)—(33) of [39] we obtain
1)

Lplpxy, px x py) / f(s)e*ds

< |(f lloo, 1 t:l { Z Pit; ot /Pidi _ (2 —a) +eb(b—2)}, (11.34)

i,j=1
2)

Cr(pxy, px X py) — <ln(§)>l /ab @d
< 1 oo oty <1n(§)>_1 {2 (f:: ti; 1n<pii;j)) —ln(ab)+(a+b—2)},

(11.35)
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3)

1 " f(s)
Cr(pxy, px XNY)_Z(\/E—\/E)/Q \/gd

= a3/ /
(|j’|oo\(;i) {_ (Z (piqj)l/gt?jm) n (a? 2;[;3 2 i+ \/E)}’

i,j=1
(11.36)
4) (a > 1)
Cy(uxy, mx X py) / f(s)s* ds
HfIHOO[a b] 2 - — 41
< 2, (g
>~ (bo‘ _ aa) (O[ + 1) ljzl(p qJ) 17

N ( o )(aO"H +ba+1)—(a0‘+b°‘)}. (11.37)

a+1
We continue with

Theorem 11.17. Let f € C®([a,b]), g € C([a,b]) and of bounded variation,
g(a) # g(b). Then

Ff(MX% px X fry)

@ . T~ Gy (/fsld“)
{ ([0 <s>>ds>>}\
< 1o, a b]{”ii:l (pzqg< ( (pﬂj) )'IP (31))|d81ds>>}.

(11.38)
Proof. Apply (79) of [43] and Theorem 14 of [39]. O
Remark 11.18. Next we define

s—a, s€]a,z]

Pz, 5) = {s—b, s € (z,b].
Let f € C'([a,b]). Then by (25) of [43] we get the representation

(11.39)

1 b
Plpxys px x py) = p— </ f(S)dS+R1> :
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where according to (26) of [43] and (36) of [39] we have

szffm%<L3y(;iﬁ)f@mﬁ. (11.40)

i,j=1

Let again f € C'([a,b]), g € C(]a,b]) and of bounded variation, g(a) # g(b). Then
by (47) of [43] we get the representation

b
Prluxy, pux x py) = m/ f(s)dg(s) + Ra, (11.41)

where by (48) of [43] and (38) of [39] we obtain

7a=fﬁ%<[P@Qﬁ)mﬂf@w> (11.42)

1,j=1

Let &,3>1: + + % =1, then by (89) of [43] and (39) of [39] we have

Rl < 1 Natany | D Pits ‘P <—J> ‘ : (11.43)
.. p’qu 57[0‘ b]

3,j=1
«f tij
P =L (11.44)
Py /Ml la.b)

Furthermore by (95), (96) of [43] and (41), (42) of [39] we find

and by (90) of [43] and (40) of [39] we get

i,j=1

|R1| <

Ral < 1 o ZM%F@Cé)WQ (11.45)
ij=1 Pid; B,la,b]
and
Ral < 1o ZM%P@<ﬂ)¢Q\ (11.46)
= Pid .

Remark 11.19. Let a < b.
(i) Here by (105) of [43] and (43) of [39] we obtain

tij ti;
(Z Digj max( s a,b— E)) . feC(a,b]). (11.47)

7,j=1

[R1| <

(i) Let g be strictly increasing and continuous over [a, b], e.g., g(z) = %, Inz,
VZ, 2% with @ > 1, and > 0 whenever is needed. Also f € C'([a,b]). Then by
(106) of [43] and (44) of [39] we find

IR4| < (g|if e (i (Z pijmax( (;qﬂ)—g(a),g(b)—g(%»)

3,j=1
(11.48)
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In particular via (107)—(110) of [43] and (45)—(48) of [39] we obtain
(11.49)

1)
H']H”L[“’b] S tij/Pid; a b tij/pid;
|R4| < @ —en) Z pig; max e e’ e’ —e )
i,j=1
2)
Hf/”l[ab] > ( tij t;
Ryl < — piq; max | In 7 ) —Ina,lnb—1In J ,
[Ril (Inb—1Ina) ”221 ! Diqj Digj
(11.50)
3)
1 10 [ tii t
Ryl < =22 Piqj max I Va,Vb— [, 11.51
Ral = 5 - Va ”ZZI ! Pigj pigj (151
and finally for a > 1 we obtain
4)
111 () [ ( tey te )
v~ piqj max —a”, b — 11.52
2 pit (Pig;)* (pigj)™ (11-52)

<
|R4| < b —ar | 2
1,7=1
—é + % =1, then by (115) of [43] and (49) of [39] we

At last
iii) Let &, 8 > 1 such that

tij — apiq;)PTL + (bpig; — ti5)°H!
(tij — apigy) "+ + (bpig; — tij) ) (11.53)

have
2 < [{/ (B + 1)pig;

IR1| <11 Nla,[ab)
4,j=1

Part IV. Here we apply results from [41] and [39].

We start with
Theorem 11.20. Let a < b, f € C"([a,b]), n > 1 with [f™(s) — f™(1)| be a
convez function in s. Let 0 < h < min(l —a,b— 1) be fized. Then

> (pigy)" F (b — pigy)”

oo

"R
Cy(pxy, px X py) < Z%
k=2 i,j=1
wl(f(n)’ h) > —n n
(n+1)h Z (pig;) "Ity — pags|" Tt | . (11.54)
’ Q=1
=0,k=2,...,n, then

wl(f(n)’ h) - —-n n
(n+1)lh D (pias) ™"t = pigy "
’ i,j=1

Here wy is the usual first modulus of continuity. If f*)(1)

Cilpxy, ux X py) <
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Inequalities (11.54) and (11.55) when n is even are attained by

f()-—|‘9_1|”+1 <s<b (11.56)
s) = CES a<s<b. .
Proof. Apply Theorem 1 of [41] and Theorem 15 of [39]. O

We continue with the general

Theorem 11.21. Let f € C™([a,b]), n > 1. Assume that wy(f,8) < w, where
0<d<b—a, w>0. Let z € R and denote by

sy (el = o
o (z) = Sl R ) 11.
onlz) A 51 RS (1L57)
where [-] is the ceiling of the number. Then
~ POl -
Ty(uxy, px X py) <Y B > (pigy) (b — pigy)*
k=2 ij=1
— tij — Pigy
+w | Y pigion (*ﬂ j) . (11.58)
= pid;

Inequality (11.58) is sharp, namely it is atlained by the function

fu(s) i=wen(s—1), a<s<b, (11.59)
when n is even.

Proof. Based on Theorem 2 of [41] and Theorem 16 of [39]. O
It follows

Corollary 11.22 (to Theorem 11.21). It holds (0 < § < b—a)

SYAMOIRS -
Dp(pxy, px X py) < i > (igy) (b — pigy)*
k=2

1,j=1

1 oo
m 5 L VT — gL
+ wi(f'7, ){(n+1)!5 321(%%) [tij — pig;]
1 - 1—n n
+ ol E (pig;)” " tij — pigjl
" \ig=1

75 S 2—n n—1
+ 8(n—1)! Z (iq;)™ " [ti; — pig] }, (11.60)

i,j=1
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and
Sl AMOIRS -
Lylpxy, px X py) < i > (pigy) (b — pigy)*
k=2 ij=1
(") 1 = 1—n n
+ wi(f,6) ] Z(pﬂ]j) |tij — pig;]
©\i,j=1
1 o0
—_ iq;) "t — pigi "] 5. (1161
+n!(n+l)5 Uzzl(qu) [ti; — pigj] } ( )
In particular we have
1 [ & _
Lplpxy, px x py) < wl(f/ad){% > (pigj) " (ti; — pigj)”
ij=1
1 & §
+5 Z Itij — pigj| | + g}’ (11.62)
1,7=1
and
Di(pxy, pux X py) < wi(f',6 { Z tij — pigy]
4,j=1
1 [« _
5% > (pigy) "t — pigj)” } (11.63)
i,j=1
Proof. By Corollary 1 of [41] and Corollary 2 of [39]. O

Also we have

Corollary 11.23 (to Theorem 11.21). Assume here that ™ s of Lipschitz type
of order a, 0 < a < 1, i.e.

wi(f™,0) < K§*, K >0, (11.64)
forany0 <6 <b—a. Then
n k o0
Tr(pxy, px X py) < Z (pigj) " (ti; — pigj)"

=2 ’ i,j=1
7‘[{ c- —n—o n+aoa

+ = S (i) 0ty — pags M| . (11.65)
H (a+1) \ig=1

I
-

When n is even (11.65) is attained by f*(z) = clz — 1|"**, where ¢ :== K/([] (o +
i=1
i)) > 0.
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Proof. Application of Corollary 2 of [41] and Corollary 3 of [39]. a

Next comes

Corollary 11.24 (to Theorem 11.21). Assume that

b—a> | > (pig) 't5 | —1>0. (11.66)
ij=1
Then
oo 3 o0 1
Uy(pxy, px x py) Swi | f (‘Zl(pi%‘) - 1) <Z1 [t —pi(Ij|> t3
4,J= VS
(11.67)
Proof. Application of Corollary 3 of [41] and Corollary 4 of [39]. O
Corollary 11.25 (to Theorem 11.21). Assume that
> [ti; — pigs| > 0. (11.68)
ij=1
Then
Dp(puxy,px x py) <wi | f, Z Itij — pigjl Z lti; — pigj| | + 5
ij=1 ij=1
3 IR
< §(b— aor [ £, D0 It —pigsl | | - (11.69)
ij=1
Proof. Application of Corollary 5 of [41] and Corollary 5 of [39]. O
We present
Proposition 11.26. Let f € C([a,b]).
i) Suppose that
Z |tij _piqj| > 0. (].].70)
ij=1
Then
Up(pxy,px X py) <201 £ | D [t —pigs| | | - (11.71)
ij=1
ii) Let r > 0 and
b—a>r (> |tj—pigl | >0. (11.72)

1,j=1
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Then
(11.73)

Pilpxy, px X py) < <1+ ;) wi | for | D0 [ty — pigy
ij=1
(]

Proof. By Propositions 1 of [41] and [39].

Also we give
Proposition 11.27. Let f be a Lipschitz function of order o, 0 < a < 1, i.e. there

(11.74)

exists K > 0 such that
|f(x) = f(y)| < K|z —y|*, allz,y € [a,b].
Then
Ty(uxy, px X py) <K (Y (pigy)' Ity — pigs|* (11.75)
ij=1
|

Proof. By Propositions 2 of [41] and [39].
Next we present some alternative type of results. We start with

Theorem 11.28 Let f € C"*1([a,b]), n € N, then we get the representation
)* N Rt [ Lid () 0 VR (p g
1)! Z f (Pig;) ™" (tij — pigj) +12,

n—1
(-1
Ty(uxy, px Xpy) = Y
= ij=1 Pid;
(11.76)
where
—1)" s (Ptiigj)
- ( n') > (pig)) /1 (s — )" f" D (5)ds (11.77)
: ij=1
O

Proof. By Theorem 12 of [41] and Theorem 17 of [39].
Next we estimate 2. We present
Theorem 11.29. Let f € C"*1([a,b]), n € N. Then
||f(n+1)||oo, a,b = -n n
= el Z (Piaj) " tij — pigs|"* |,

By =
1
(n+1)! =
||f(7’b+1)||17[a7b] - -n n
By := B — Z (pig;)' " Iti; — pigs|™ |
[2] < min of P
- 1 1
and for a,0>1: =+ = =1,
a p

B = ||f(n+l)||&,[a,b] i (p’Q’)l_"_l/ﬁH“ —p'q‘|"+1/5
nl(nﬁ+ 1)1/6 = ©49 % 147
(11.78)
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Also it holds

n—1
(k+1) B(t gkl
Lylpxy, px X py) < Z k+1 Z ft <plq]>(plqj) (tij — pig;)
+ l’IllIl(Bl,BQ,Bg). (1179)
Proof. See Theorem 13 of [41] and Theorem 18 of [39]. O

We have
Corollary 11.30 (to Theorem 11.29). Case of n = 1. It holds

Hf ”oo,[a b] — —1 2
By = B — Z (pig;) ™ [t — pigi|” |+
ij=1

oo
Ba1 = [1f"111,ab] Z tij — pigsl |,

|ths| < min of ni=t (11.80)
- 1 1
and for &, 3 > 1,7—1—5 =1,
a
B = 15" 0.0y i( q;) "Bt — pag; |1 HYP
3,1 - (ﬂ-l—].)l/ﬁ = szJ 17 145

Also it holds

Lplpxy, px x py) Z ! <p ) 5 — Piqj)| +min(Bi1, Ba1, Ba1). (11.81)

7,j=1 i4j

Proof. See Corollary 8 of [41] and Corollary 6 of [39]. O

We further give
Theorem 11.31 Let f € C"*1([a,b]), n € N, then we get the representation

- k
Py (pxy, px < ) Z )1)1 Z f k+1)<p " )(pqu')_k(tij —pig;)* !
! "

=0 7,j=1

D" i) N w
(n+1)!f (1) igl(plq]) (ti; — pigy)™ L | + b,

(11.82)

where

e = Z DiqP3 (p; ) , (11.83)

i,j=1 v
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with
—1) (e
wnle) = S [ — i) - soas. sy
©oN1
Proof. Based on Theorem 14 of [41] and Theorem 19 of [39]. O

Next we present estimations of 4.

Theorem 11.32. Let f € C"*1([a,b]), n € N, and

o0

1 —n—1 n+2
0< D) Z (pig;) ltij — pig;] <b-a. (11.85)

ij=1

Then (11.82) is again valid and

1 n 1 - —n— n
|tha| < ] <f( ), > (pigy) " iy — pigs " )

(n+2) ij=1
1 oo
1+ —— iq) "Mty — e M| - 11.86
+ CEY) ”zz:l(p ;)" "|ti; — pig;] ( )
Proof. By Theorem 15 of [41] and Theorem 20 of [39)]. O

Also we have

Theorem 11.33. Let f € C" ' ([a,b]), n € N, and | f* TV (s) — fF1(1)] is convex
n s and

1 o0
0 - e —n—1 t% — |n+2 < in(1 — b—1). 11.87
< W(n 1 2) ”zz:l(p q;) [tij — pig;] < min(1 — a, ) ( )

Then (11.82) is again valid and

n 1 - —n— n
a] <wy | fOFY, 1) > (pigy) " iy — pigs T ] (11.88)
’ i,j=1
The last (11.88) is attained by
R (S _ 1)n+2
f(s) = m 5 a S S S b (11.89)

when n is even.

Proof. By Theorem 16 of [41] and Theorem 21 of [39]. O

When n = 1 we obtain

Corollary 11.34 (to Theorem 11.32). Let f € C*([a,b]) and

o0

1 -
0< 3 Z (pigj) *ltis — pigs|” | <b—a. (11.90)

1,j=1
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Then

Ly(uxy, px X py) = Zf <p ) j — Pigj)
? ]

7,j=1

- LS i) 0 —pia? | v o)

2 <
i,j=1
where
Z Pigjs.a ( f ) , (11.92)
ij=1 Pid
with
dnale) = = [ =06 - s, welat (1199)
1
Furthermore it holds
1 [ _ 1 -
[han| <wi | f7 3 > (pigg) Ity — pig; 3 > (pigy) ' | +1
i,5=1 i,5=1
(11.94)
Proof. See Corollary 9 of [41] and Corollary 7 of [39]. O

Also we have

Corollary 11.35 (to Theorem 11.33). Let f € C?([a,b]), and |fP(s) — fP)(1)] is
convez in s and

1 [ — _ .
0< 3 Z (pig;) 3|ti; — pig;)® | < min(l —a,b—1). (11.95)
ig=1
Then again (11.91) is true and

oo

1 _
[han] <wi | f7, 3 > (pigy) PNty — pigi* | ] - (11.96)
ij=1
Proof. See Corollary 10 of [41] and Corollary 8 of [39]. O

The last main result of the chapter follows.

Theorem 11.36. Let f € C"*1([a,b]), n € N. Additionally assume that
[fH D (@) = O ()] < Ko - y|, (11.97)
K>0,0<a<l,dlz ye[a b] with (x — 1)(y — 1) > 0. Then
-1

k
L(pxy, px X py) = Z ) Z D ( Y )(pqu) "(ti; — pigy)*

=0 Dbiq;

7,j=1

7(5;3)11;,%”“)(1) Z (pig;) " (tij — pig;)" ™" | + .
: ij=1

(11.98)
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Here we find that

K S —n—« n+—o
[Y4] < m Z (pigj) [ti; — pig;l Fatl | (11.99)
’ ij=1

Inequality (11.99) is attained when n is even by

() =éx— 1"tz € a,b] (11.100)
where
K
Gi=— . (11.101)
[ITn+a+1-y)
§=0
Proof. By Theorem 17 of [41] and Theorem 22 of [39]. O

Finally we give
Corollary 11.37 (to Theorem 11.36). Let f € C*([a,b]). Additionally assume that
lf"(x) = f"(y)| < Klx —y|*, K>0,0<a<l, (11.102)
all z,y € [a,b] with (x —1)(y — 1) > 0. Then

Cilpxy, ux X py) = Z I ( bij ) (tij — pigy)

i=1 Dbiq;
" 1 o _
- fT() Z(pi%‘) Yt —pig;)? | + a1 (11.103)
ig=1
Here
oo t:
P41 = Z DPiqiYs1 <—j) (11.104)
ig=1 piq;
with
vaale)i= = [ (5= D) = " (0)ds, € fab] (11.105)
1
It holds that
K = —1l—a a+2
[Y4,1] < @t2) Z (pigj) [ti; — pig;l ) (11.106)
ij=1

Proof. See Corollary 11 of [41] and Corollary 9 of [39]. O
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Chapter 12

Holder-Like Csiszar’s f-Divergence
Inequalities

In this chapter we present a set of a large variety of probabilistic inequalities re-
garding Csiszar’s f-divergence of two probability measures. These are in parallel to
Holder’s type inequalities and some of them are attained. This treatment is based
on [40].

12.1 Background

Here we follow [140].
Let f be an arbitrary convex function from (0,+o0) into R which is strictly
convex at 1. We agree with the following notational conventions:

£0) = lim f(u),

0. f (%) _0, (12.1)
o (8) = s (2) o 1 050

Let (X,.A,\) be an arbitrary measure space with A being a finite or o-finite mea-
sure. Let also pi, po probability measures on X such that uq, pe < A (absolutely
continuous).

Denote the Radon—-Nikodym derivatives (densities) of p; with respect to A by

pi(x):

pi(x) = /j\l((j;)) , 1=1,2
The quantity (see [140]).
r G = [ s (240 ) v (122)

is called the f-divergence of the probability measures p; and po. The function f is
called the base function. By Lemma 1.1 of [140] T'f(u1, p2) is always well-defined

155
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and Tf(p1, p2) > f(1) with equality only for pq = po. Also from [140] it derives
that I'f (1, p2) does not depend on the choice of \. When assuming f(1) = 0 then
I'f can be considered as the most general measure of difference between probability
measures.

The Csiszar’s f-divergence I'y incorporated most of special cases of probabil-
ity measure distances, e.g. the variation distance, y?-divergence, information for
discrimination or generalized entropy, information gain, mutual information, mean
square contingency, etc. I'y has tremendous applications to almost all applied sci-
ences where stochastics enters. For more see [37], [42], [43], [41], [139], [140], [141],
[152].

In this chapter all the base functions f appearing in the function I'y are assumed
to have all the above properties of f. Notice that I'y(u1,u2) < T'j¢ (1, p2). For
arbitrary functions f, g we notice that

frog=(feg), reR and [fog[=|floy.
Clearly one can have widely products of (strictly) convex functions to be (strictly)
convex.

12.2 Results

We start with
Theorem 12.1. Let p,q > 1 such that % + % =1. Then

1 1
T gyt (1o p12) < (O (o 12)) 7 (T g (s 12)) 7. (12.3)

Equality in (12.8) is true when |f1|P = c|f2]? for ¢ > 0. More precisely, inequality
(12.3) holds as equality iff there are a,b € R not both zero such that

p2- <(a|f1|p — bl f2|?) (i—;)) =0, ae. [).

Proof. Here we use the Holder’s inequality. We see that

i) = [ oalfil (2) 1521 (2 ) an
L))
< (/ pa|fil? (pg)dA) p(/ palfal? <p2)d/\) !

= (Typugo (s 12)) 7 (g (o 1)) % 0

Corollary 12.2. It holds

1/2 1/2
Ty pol (1, p2) < (T (i, pi2)) 2 (g (s piz)) 2. (12.4)
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Proof. By (12.3) setting p = ¢ = 2. O

We continue with a generalization of Theorem 12.1.

Theorem 12.3. Let ay,a9,...,a, > 1, n € N: > ai =1. Then

i=1

(1, p2) < H L4, jai (11, p2)) Ha (12.5)

=1

r
‘.H fi
i=1

Proof. Here we use the generalized Holder’s inequality, see p. 186, [235] and

p. 200, [214]. We observe that
P1 1/a,
(b1, p2) = /p2 Hﬂ( ) dA = / H( < 2)‘) dA

n 1/a; n
ai (P e,
S1_[</po ' (p_;>d/\) =TI @i (1, 2)) ™ O
=1

r
‘.H
i=1

It follows the counterpart of Theorem 12.1.

Theorem 12.4. Let 0 < p < 1 and q < 0 such that % + % = 1. We suppose that
p2 >0 a.e. [A]. Then we have

1/
F‘f1f2|(:ula:u2) (F‘fﬂp(:ulauQ)) pr|f2|‘1(:u17:u2)1/q (126)

unless T\ t,ja (11, p2) = 0. Inequality (12.6) holds as an equality iff there exist A, B €

Ry (A+ B #0) such that
1/p—1
f2 (ﬂ)D , a.e. [N
P2

n ()l =m

Proof. Tt is based on Holder’s inequality for 0 < p < 1, see p. 191 of [214]. Indeed

we haVe
fl( >‘ f2<_>‘(1)\

1
Apg/:l’

F\f1f2|(u1,u2)=/p2
X

LG e
(s (2)o) " (s (2)0)”

= (D (1, 12)) 77 (T o G p2)) 7. O

Next we have

Proposition 12.5. Let fg( ) € Loo(X). Then

p
Ligypot (1, p2) < Ty (s p2) - <esssup | f2] <p—;>) : (12.7)
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Proof. We notice that

Ly pga)(pa, p2) = /Xp2 : |f1'f2|(z—;>d)\=/x (P2|f1|(p )) |f2|< )
(fan(2)2) e 12
= D1, (11, p2) - esssup <|f2|<§—;)>- 0

In the following we use from [185], p. 120, see also [309],

Theorem 12.6. Let f and g be positive, measurable functions on X for a measure
space (X, F,u). Let 0 <t <r <m < oo. Then
(i) The Rogers inequality

(/X fgrdu>Mt< (/X fgtdu>mr </X fgmdu)rt (12.8)

provided that the integrals on the right are finite.
(i1) For m > 1, the “historical Hélder’s inequality”

(/}(fgdu)mg (/deu>MI (/ngmd,u> (129)

provided that the integrals on the right are finite.
Using the last results we present the final result of the chapter.

Theorem 12.7. Let fi1, fo with |f1], [f2] > 0 and p2(z) > 0 a.e. [A]. Let 0 <t <
r <m < oo. Then it holds

i)

m—t m—r r—t
(Ot gt (s 12)) ™ < (O e (s 2))™ (i o (1, 12)) - (12.10)
ii) For m > 1,

m m—1
(1) (s 12) ™ < (T (ns p2)) " Ty gl (1, p2).- (12.11)

Proof. i) By applying (12.8) we obtain

(Tl (s pi2) ™" = ( pzlfl( >|f |T<p1>d)\>:__:
([ (B ()2)"
< sl < )|f |m<p1)dA)r_

= (D1 1ol (1 12) ™ (Do o (15 12)) "

r—t
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ii) By applying (12.9) we derive

Ozt )™ = ([l (2 )|f2|§nl) 35
ferra(G)) (Lo (3 ) (3 ) )

1

<

m—
= (Dyay (s 12))™ Ty oo (s p2)- 0
Note 12.8. Let X be a finite or countable discrete set, .4 be its power set P(X)
and A has mass 1 for each € X, then I'; in (12.2) becomes a finite or infinite sum,
respectively. As a result all the above presented integral inequalities are discretized
and become summation inequalities.
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Chapter 13

Csiszar’s Discrimination and Ostrowski
Inequalities via Euler-type and Fink
Identities

The Csiszar’s discrimination is the most essential and general measure for the com-
parison between two probability measures. In this chapter we provide probabilistic
representation formulae for it via a generalized Euler-type identity and Fink iden-
tity. Then we give a large variety of tight estimates for their remainders in various
cases. We finish with some generalized Ostrowski type inequalities involving || - ||,
p > 1, using the Euler-type identity. This treatment follows [46].

13.1 Background

(I) Throughout Part A we use the following.

Let f be a convex function from (0,+o00) into R which is strictly convex at 1
with f(1) = 0. Let (X,.A, \) be a measure space, where X is a finite or a o-finite
measure on (X, A). And let u1, p2 be two probability measures on (X, .A) such that
1 <€ A, po < A (absolutely continuous), e.g. A = pg + po.

Denote by p = %, q= % the (densities) Radon—Nikodym derivatives of p1,
e with respect to A\. Here we suppose that

0<a§£§b, aec.on X anda<1<hb.
q

The quantity

Cplpnsnn) = [ ato)s (%) IA@), (13.1)

was introduced by I. Csiszar in 1967, see [140], and is called f-divergence of the
probability measures p; and pe. By Lemma 1.1 of [140], the integral (13.1) is
well-defined and T'f(u1, p2) > 0 with equality only when p1 = po. Furthermore
T s (1, p2) does not depend on the choice of A. The concept of f-divergence was in-
troduced first in [139] as a generalization of Kullback’s “information for discrimina-
tion” or I-divergence (generalized entropy) [244], [243] and of Rényi’s “information
gain” (I-divergence of order o) [306]. In fact the I-divergence of order 1 equals

Fu log, u(,ula ,LLQ)

161
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The choice f(u) = (u — 1)? produces again a known measure of difference of
distributions that is called y2-divergence. Of course the total variation distance
i1 — 2] = [ [p(2) — () dA(x) is equal to T,y (s, p2).

Here by assuming f(1) = 0 we can consider I'f(u1, u2), the f-divergence as a
measure of the difference between the probability measures 11, o. The f-divergence
is in general asymmetric in g1 and po. But since f is convex and strictly convex at
1so0is

fru) =uf (%) (13.2)
and as in [140] we find
L(pz, pa) =g (pa, p2). (13.3)

In Information Theory and Statistics many other divergences are used which are
special cases of the above general Csiszar f-divergence, e.g. Hellinger distance Dy,
a-divergence D,, Bhattacharyya distance Dp, Harmonic distance Dy, Jeffrey’s
distance Dy, triangular discrimination D, for all these see, e.g. [102], [152]. The
problem of finding and estimating the proper distance (or difference or discrim-
ination) of two probability distributions is one of the major ones in Probability
Theory.

The above f-divergence measures in their various forms have been also applied
to Anthropology, Genetics, Finance, Economics, Political Science, Biology, Approx-
imation of Probability distributions, Signal Processing and Pattern Recognition. A
great inspiration for this chapter has been the very important monograph on the
topic by S. Dragomir [152].

In Part A we find representations and estimates for I' ¢ (111, t2) via the generalized
Euler type and Fink identities.

We use here the sequence {By(t), & > 0} of Bernoulli polynomials which is
uniquely determined by the following identities:

B (t) = kBg_1(t), k>1, Bo(t)=1
and
Bi(t+1) — Bi(t) = kt" ', k>0.

The values By, = Bj(0), k¥ > 0 are the known Bernoulli numbers. We need to
mention

1 1
Bo(t) =1, Bi(t)=t—35, Balt)=t'—t+,
B(t):t3—§t2+lt B4(1t):t4—2t3+1t2—l
3 2 2 30°
5 5 1 5 21
Bs(t) =" — Zt* + 23— 2t d Bg(t) =t —3tP+ =t — — + —.
5(t) 5 +3 g an 6(t) +2 2+42

Let {Bj(t),k > 0} be a sequence of periodic functions of period 1, related to
Bernoulli polynomials as

Bi(t) = By(t), 0<t<1, Bi(t+1)=Bit), tcR.
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We have that Bj(t) = 1, Bj is a discontinuous function with a jump of —1 at each
integer, while B}, k > 2 are continuous functions. Notice that By(0) = By (1) = By,
k> 2.

We use the following result, see [53], [143].

Theorem 13.1. Let any a,b € R, f: [a,b] — R be such that f*~1 n > 1, is a
continuous function and f)(z) exists and is finite for all but a countable set of x
in (a,b) and that f™ € Li([a,b]). Then for every x € [a,b] we have

nl

[ I e (=) A lCR A0

(b—a)n_l r—a " r—t (n
e e e

The sum in (13.4) whenn = 1 is zero. If f"=1) is absolutely continuous then (13.4)
is valid again.

We need also

Theorem 13.2 (see [195]). Let any a,b € R, f: [a,b)] - R, n > 1, Fr=1 s
absolutely continuous on [a,b]. Then

n b n—1
f@ = 57 [ 1wt 3 R
@ k=1

+ m /ab(x — )" k(t,2) fM(t)dt, (13.5)
where
Fi(z) = <n]; k) (f““”(a)(a: — a)Z_—({(k_l)(b)(x - b)k) | (156)
and
e s

(II) In Part B we give L, form, 1 < p < oo, Ostrowski type inequalities via
the generalized Euler type identity (13.4). We mention as inspiration writing this
chapter the famous Ostrowski inequality [277]:

__/f naf < [14 B

2
(b—a)?
where f € C'([a,b]), x € [a,b], which is a sharp inequality, see [21].
Other motivations come from [53], [32], [21], [143]. Here our inequalities involve
higher order derivatives of f.

(b= a)llf lloo,
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13.2 Main Results

Part A
We give

Theorem 13.3. Let f: [a,b] — R as in Section 13.1 (I) and be such that f=1,
n > 1, is a continuous function and f™)(z) exists and is finite for all but a countable
set of x in (a,b) and that f) € L, ([a,b]), for 1 < p; < oco. Then

b
Dol o) = 52— [ (0t (138

a

n—1 p
(b= )" oy gy _ ) i
+;T(fk D) - 1(a))/Xqu LA+ R,,

where

_(b—a? T gl o
R, =72 /Xq</[a,b]<3”<b—a> Bn<b_a>>f (t)dt)d/\. (13.9)

One has
(b—a)”l/ / ¢ o N A | s
R, <—F"— B, - B — M (t)|dt | dh
il < = [ [ B i 2 )70
(13.10)
Proof. In (13.4), set z = §’ multiply it by ¢ and integrate against A. O

Next we present related estimates to I'y.

Theorem 13.4. All assumptions as in Theorem 13.3. Then
(i)
B B, (1"
n t) — n
(t) b —a
(ii)

(b—a)” 1
|Rn|§ ! </Xq</0
(b—a,)n 1 B_ 1/q1
Ral < = (/Xq</ Ba(t) - (g_ ) ) dA)If(")Ilpl,

if f € Loo([a, b)),
forpi, 1 >1: — —|— — =1, (13.12)
D1

dt>d>\> 17 ™ oo,  (13.11)

if f) € Ly, ([a,b]),
(iii)

b_an—l
|Rn|<%</xq

dA) £, (13.13)
,0,1]
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if f™) € Ly([a,b)).

Proof. We are using (13.10). Part (iii) is obvious by [143], p. 347. For Part (i) we
(13.10) (p — q\n—1 2 _gq L _¢

Bl < %(ﬁ(/ Bn<q )—B;(q )dt)dx> 1o
n! X (a,b] —a b—a

and by the change of variable method the claim is proved.
For part (ii) we apply Holder’s inequality on (13.10) and we have

Bl < (b_n# </xq</[a7b1 Bn<§__§>

24\ |* ar
()| ) ) 15,

again by change of variable claim is established.

notice that

O

Next we derive
Theorem 13.5. Let f as in Section 13.1, (I) such that £ is absolutely con-

tinuous function on [a,b], n > 1 and that ™ € L, ([a,b]), where 1 < p; < oo.

Then
() = 7 | - k§_j ("5") (13.14)
y <f(’“)(a) Jxd - aq>kd2_— f’ﬂ”(b) Jxd - qu> G
where
G = m /XqQ—" </ab(p— tq)"k <t, g) f<">(t)dt> 4\, (13.15)

and

b
Gl < == L7 ( [ o=t

Proof. In (13.5) set x = 2, multiply it by ¢ and integrate against \.

k (t, g) ‘|f(")(t)|dt> dx. (13.16)

(]

q )
We give the estimates
Theorem 13.6. All suppositions as in Theorem 13.5. Then

(i)
1 -n n n n

if ") € Loc([a, b)),
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(i)

|G | < (B(ql + 17Q1(n_ 1) + 1))1/q1

(n—1)b—a)
—n—-L n 1mn 1/q1 n
x </ ¢ {(p — ag)™ " (b — p) I} dA) 1F™ s
X

forpryar > 1: -4 =1, 4f f™) € Ly, ([a,b]),
and (iii)

() g T

if f*) € Lu([a,b)).
Proof. (i) We have by (13.16) that

Gl < == (/X P (/ p—tg]"!

if ) € Loo([a,b]).
Here

(13.18)

(2o

Then by [338], p. 256 we obtain

oo (es)

which proves the claim.
(ii) Again by (13.16) we derive

1 —n b n—
|G| < m </X q2 (/ |p—tq|ql( 1)
Q1 1/¢11
p (n)

for pr,gr > 1: = + L =1,if f") € L, ([a,b]). Again by [338], p. 256 we find

b P q1 a
/ p — tq|n Y K(t, —) dt
a q

= ¢ (+) (Blar + Logi(n — 1) + 1)) {(p — ag)™™* + (bg — p)un 1}/,

proving the claim.

-2

dt = m ((p—ag)™*' + (bg—p)"*™),
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(iii) From (13.16) we obtain

Gol = e | [ 7o el

T (=D —a) | Jx la]

( ’ )
q
1f ’(n) S L]([(Lb]). We nO(iCe lhal

K(t,£)| ] e (2anen),
q 00, [a,1] q 00,]a,b] q q

The last establishes the claim. O

X | (1F,
0, [a,b]

Next we study some important cases. For that we need

Theorem 13.7. Let any a,b e R, a <z < b, call \i= . It holds
(i)

. . (z—22)° 1
LN := [ |Bit) - B = <= 13.2
= [ 1) = B i<y Veclll  (1320)
with equality at © = a, b,
(i) ([143], p. 343)
1 1
/|BQ (3)|dt = —53(m)—52(x)+ﬁg6, Vo€ lab], (13.21)
with equality at © = a,b, where
|z — 23|
§(z) = Tj z € [a,b)], (13.22)
(iii) ([13])
1
B(3) = [ 1Balt) - Ba(Vld: =
0
3 t x3 %3, A < 3-3
—§t‘1*+2tf{’ 21+ 35— A3—A2+§, Ae[o, 6\/—],
3 4 s 11 4 3 32 A 3 3-V3 1
§t1—2t+5——/\ + 333 —2) +5. A€ it
, 5 /3 (13.23)
3 4 3t 4,338,352 A 3 1 3+V3
9 2 Z -
Sty — 23+ /\+/\+)\ N Nely =
2 3. . D N
—gt§+2tg—§2+§A4—3A3+2A2—§, Ae(3+6\/§,1},
where
3N 1 /1 . -
— _ _ 2
b= =5 2\/44—3/\ 3X2,
3N 11 . -
—2_A Lt/ — 332 13.24
b= =55t (13.24)
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and
I(\) < V—g (13.25)
A : Y _ 3+
wzth.equalzty atA=3 6‘/5.
(iv) ([53])
1
Ii(A) == [ [Ba(t) — Ba(N)|dt
0
1635 o, 1 1 .
6; — T M+ )\3—)\2+%, 0<A<i,
= . - (13.26)
16)° <, 263 <, 1<
2 _ 22 - o<
9\ 3 + 3\ 10’ 5 <A<,
with
~ 1
I < — 13.2
DEES (13.27)
attained at \ = 0,1, i.e. when x =a,b, and
(v) ([143]) for n > 1 we have
1 1/2
/ IBo(t) — Bu(N)dt < ( / (Bu(t) - Bn()\))zdt>
0
= s B2 (13.28)
(2n)! "

Consequently by (13.11) and Theorem 13.7 we derive the precise estimates.

Theorem 13.8. All assumptions as in Theorem 13.8 with f™ € Loo([a,b]), n > 1.

Here
M —q L-g
3 3 qlx q
frnd = = X
A= A(z) b —a b TEX
i.e. A€ [0,1], a.e. on X. Then
b_a'n. - "
ol < O ([ at0i) 15
n! X
and
b—a
R < =Y,
b
LR USRI
b —a
Ryl < LBl
and
Ryl < O pwy

720

(13.29)

(13.30)

(13.31)
(13.32)

(13.33)

(13.34)
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We have also by (13.12) and (13.28) that
Corollary 13.9. All assumptions as in Theorem 13.3 with f™ € Ly([a,b]). Then

b—a)" 12 L—a
i< \/(”) Bl + B3 (4= ) | 3 15La, w21
: X

(2n)! b—a

(13.35)
‘We need

Note 13.10. From [143], p. 347 for r € N, x € [a, b] we have that

r—a T
max

= (1=27%)| Bag| +|2 ¥ Bar — Bay | — ) |- (13.
t€[0.1] b—a)‘ ( )l 2|+‘ 2 2 <b—a)‘ (13.36)

And from [143], p. 348 we obtain

By, (t) — Bar (

r—a
Bo,11(t) — Ba, —_—
2r41(t) 2+1<b_a)‘

max
te[0,1]
2(2r +1)! r—a
< B, , 13.
< ey P (7)) (13:37
along with
r—a 1 a+b
Jnax 1(2) 1<b—a)‘ oIl } (13.38)

Using (13.13) and Note 13.10 we find
Theorem 13.11. All assumptions as in Theorem 13.3 with ™ € Ly ([a,b]), r,n >

1. Then
1 a+b
|Ba| < {5+/ ‘p—( 5 )q‘dA} 1711, (13.39)
X

when n = 2r we have

(b _ a)2r71
(2r)!

+/q
X

and for n = 2r + 1 we obtain

|R2r| S

{(1 — 27| By |

P _
272"B,, — B <—‘1 a)
2r 2r
b—a

dx}|f<2r>||1, (13.40)

(b—a)”r 2(2r +1)!
fertl = Gy { G (- 27)

E—a
+ / q Bzr+1(b—)
X —Qa

dA} [FaSiaad[Fe (13.41)
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Part B
Remark 13.12. Let f be as in Theorem 13.1, we denote
An(z) == f(z (13.42)
n— 1
- F Bk(b_ )6 - V@), e bl w21

We have by (13.4) that

An(z) = (b_n#/[a)b] [BH(Z;:SLL) —B;<z__;)] FO@de. (13.43)

Let here 1 < p < 0o, we see by Holder’s inequality that
1/q
dt) 1™ =2 (%),

s 5 ([ (322) - (25)]
(13.44)

where g > 1 such that %—i—% = 1, given that () € L,([a,b]). By change of variable

we find that
b )1t 1 r—a\l? 1/q .
(%) = % (/0 By (t) — Bn<b_ a) dt) £, (13.45)

We have established the generalized Ostrowski type inequality.

Theorem 13.13. Let any a,b € R, f: [a,b] — R be such that f*~V, n > 1, is
a continuous function and f™ (x) exists and is finite for all but a countable set of
x in (a,b) and that f™ € L,([a,b]), 1 < p,q < oo: %—i—% = 1. Then for every

x € [a,b] we have
o < S ([ (5=

The last theorem appeared first in [143] as Theorem 9 there, but with missing
two of the assumptions only by assuming £ € L,([a, b]).

We give
Corollary 13.14. Let any a,b € R, f: [a,b] — R be such that f*~Y, n > 1, is a
continuous function and f)(z) exists and is finite for all but a countable set of x
in (a,b) and that f™ € Ly([a,b]). Then for any x € [a,b] we have

|An(z)| < (b_zl)nﬁ <\/E )) |an|+B2<b )) 17 2. (13.47)

Proof. By Theorem 13.13, p = 2 and that

/01 <Bn(t) - B, <%>>2 dt = %|Bgn| + B2 <”;:Z) : (13.48)

see [143], p. 352. O

1/q
@) 1l (340
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Here again, (13.47) appeared first in [143], p. 351, as Corollary 5 there, erro-
neously under the only assumption f) € Ly([a, b]).

Remark 13.15. We find the trapezoidal formula

Aute) = 8ty = (IO Loy pap-; 2 [ s za0

and the midpoint formula

(") =1(50) + Ol - ey - [swa asso

Furthermore we obtain the trapezoidal formula

(b—a)

Bs(a) = B(8) = Aofa) = A = LOEIO)

+ (b%g)g(f”’(b) - f"(a)) - bia /abf(t)dt. (13.51)

(f'(b) = f'(a))

We also derive the midpoint formula

ao( 450 ) = ae( 5 0) =1 (450) + P50 - @)

7(b - a')B " "
- W(f (0) = f"(a))

Using Mathematica 4 and (13.47) we establish

(13.52)

Theorem 13.16. Let any a,b € R, f: [a,b] — R be such that f®) s a continuous

function and f*)(z) exists and is finite for all but a countable set of x in (a,b) and
that f € Ly([a,b]). Then

As(a)] < L2902 @y, (13.53)
~ 7270 ’
a+b 1 107
A < —— = (b=a)3> (4) . 13.54
4< 5 )‘ S eV 3 (b—a)>[[fH |2 (13.54)

We continue with

Theorem 13.17. Let any a,b € R, f: [a,b] — R be such that fW is a continuous

function and f©O)(z) exists and is finite for all but a countable set of = in (a,b) and
that f©® € La([a,b]). Then

b-a*
(o] < L=y (13.59)
I o T (13.56)

‘We finish with
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Theorem 13.18. Let any a,b € R, f: [a,b] — R be such that fO) is a continuous
function and £ (z) exists and is finite for all but a countable set of x in (a,b) and
that f©) € Ly([a,b]). Then

1 101

< —— ) ———(b—a)>?|f© 13.

|Ag(a)

and

a+b 1 /7081 -
A < —a)>)1 £ 9. 13.
20( 55| < o T - 1O (1359



Chapter 14

Taylor-Widder Representations and
Griuss, Means, Ostrowski and Csiszar’s
Inequalities

In this chapter based on the very general Taylor—Widder formula several represen-
tation formulae are developed. Applying these are established very general inequal-
ities of types: Griiss, comparison of means,Ostrowski, Csiszar f-divergence. The
approximations involve L, norms, any 1 < p < co. This treatment follows [56].

14.1 Introduction

The article that motivates to most this chapter is of D. Widder (1928), see [339],
where he generalizes the Taylor formula and series, see also Section 14.2. Based on
that approach we give several representation formulae for the integral of a function f
over [a,b] C R, and the most important of these involve also f(x), for any = € [a, b],
see Theorems 14.6, 14.8, 14.9, 14.10 and Corollary 14.12. Then being motivated
by the works of Ostrowski [277], Griiss [205], of the author [48] and Csiszar [140]
we give our related generalized results. We would like to mention the following
inspiring results.

Theorem 14.1 (Ostrowski, 1938, [277]). Let f: [a,b] — R be continuous on [a,b]
and differentiable on (a,b) whose derivative f': (a,b) — R is bounded on (a,b), i.e
[f'llc = sup [f'()] < +oo. Then

t€(a,b)
b r — afb)?
s [ fwd - fe)| < §+((b_7))] R P

for any x € [a,b]. The constant 5 is the best possible.

Theorem 14.2 (Griiss, 1935, [205]). Let f,g integrable functions from [a,b] into
R, such that m < f(z) < M, p < g(z) < o, for all x € [a,b], where m, M, p,o € R.
Then

_a/ f(x da;—(b_ /f dg;>< /g(x)dx>

173

< {(M=m)(—p).
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So our generalizations here are over an extended complete Tschebyshev system
{u;}y € C"Y([a,b]), n > 0, see Theorems 14.3, 14.4, and [223]. Thus our Os-
trowski type general inequality is presented in Theorem 14.14 and is sharp.

Next we generalize Griiss inequality in Theorems 14.15, 14.16, 14.17 and Corol-
lary 14.18. It follows the generalized comparison of integral averages in Theorem
14.19, where we compare the Riemann integral to arbitrary general integrals involv-
ing finite measures. We finish with generalized representation and estimates for the
Csiszar f-divergence, see Theorems 14.21, 14.22. The last is the most general and
best measure for the difference between probability measures.

14.2 Background

The following are taken from [339]. Let f, ug,u1,...,u, € C"([a,b]), n > 0, and
the Wronskians

uo () uy (z) u;i ()
Wi(w) = Wuo(x), u (), ..., us(w)] = “0@ (@) uj(x)
u(@) (@) uf(2)
1=0,1,...,n.
Suppose W;(z) > 0 over [a, b]. Clearly then

o) — uale). bu(e) e E) L Wi@Wea(e)
po(z) := Wo(x) = uo(w), ¢1(2) : (Wo(ﬁ))g,...,@( \E AR

i=2,3,...,n are positive on [a, b].
For i > 0, the linear differentiable operator of order i:

Lif(z) = W[UO(“”)’““;Z'i'(g’c;‘i—l(”)’f(“”)] L i=1,...n+1,

Lof(x) := f(z), Vz € [a,b)].

Then for i =1,...,n+ 1 we have

_ ot 1 d 1 4 d 1 d fz)
Lif(z) = ¢o(2)¢1(2) -~ pia (@) dx ¢i—1(x) dx di—o(x) dz  dx ¢1(x) dx ¢o(z)

Consider also

uo(t) ul(t) ul(t)
ul(t (1) w;(t)
gi(z,t) = ! : '
R T u ()
uo(x) ul(x) uz(fv)

1=1,2,...,n; go(x,t) := Z‘;((f)), Vz,t € [a,b].
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Note that g;(x,t) as a function of z is a linear combination of wg(z),
up(z), ..., u;(x) and it holds

gi(z,t)

~ s [oen [ [ e [ aegdndsi e

1 @ -
- m/t ¢o(s) - pi(s)gi—1(z,s)ds, i=1,2,...,n.

Example [339]. The sets
{1,z,2%, ... 2"}, {1,sinz, — cosx, — sin 2z, cos 2z, . . ., (—1)" " sinnz, (—1)" cos na}

fulfill the above theory.
We mention
Theorem 14.3 (Karlin and Studden (1966), see p. 376, [223]). Let ug, u1,...,un €

C™(la,b]), n > 0. Then {u;}i- is an extended complete Tschebyshev system on
[a,b] iff Wi(z) >0 on [a,b],i=0,1,...,n.

We also mention
Theorem 14.4 (D. Widder, p. 138, [339]). Let the functions f(z), uo(x),

(), ..., u,(x) € C"*Y([a,b]), and the Wronskians Wo(z), Wi(z),...,Wy(z) >0
on [a,b], z € [a,b]. Then fort € [a,b] we have

@) = 1O+ L @) + o+ LofOgn(art) + Rao)

where

Rul) i= [ guler.s)Lnsaf(s)ds
t
E.g. one could take ug(x) = ¢ > 0. If u;(z) = 2%, i = 0,1,...,n, defined on [a,b],
then

(z—t)’
il

Lif(t) = fO) and gi(x,t) = , t€la,b].

So under the assumptions of Theorem 14.4 it holds

uo(z
uo(y

@) = F) 22 + 3 Lf i) + [ on@OLis fOde, Vo € anbl,
=1 Y

(14.1)
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14.3 Main Results

Define the Kernel

t—a, a<t<z<b;
Kt o) '_{t—b7 a<z<t<b. (14.2)

Integrating (14.1) with respect to y we find

n b
f(yy)) dy + ;/a Lif(y)gi(z,y)dy

n /ab (/:gn(a:,t)Lan(t)dt) dy, Vo clab. (14.3)

We notice that (see also [195])
/dy/dt /dy/dt+ /
Y
x t b b
/dt dy - / / /dt/ dy~ [ at [ ay. 1
T t
e be

By letting % := gn(x,t)Lyy1 f(t) w

/ab</yw*dt>dy— ( *dt) < *dt)dy
(] ([ -
(oo (e

:/:*(t—a)dt—s—/:*(t—b)dt:/ab*k(t,x)dt. (14.5)

f(@)(b—a) = uo(x)

a

dt

tter notice that

Above we have that

and
r<y<b r<t<b
{x<t<y}@{t<y<b}. (14.6)

So we obtain

Lemma 14.5. It holds
b x b
/ (/ gn(x,t)LnJrlf(t)dt) dy = / gn(x,0) L1 f() K (t, z)dt. (14.7)
a Y a

We give the general representation result, see also [195], as a special case.



Taylor- Widder Representations and Griss, Means, Ostrowski and Csiszar’s Inequalities 177

Theorem 14.6. Let f(z), up(x),u1(x),...,u,(z) € C"*1([a,b]), n > 0, the Wron-
skians W;(x) > 0,i=0,1,...,n, over [a,b], x € [a,b]. Then

b n b
flz) = ZO_(Q’Z ’ jo(ij)) dy + bia <;/ﬂ Lif(y)gi(x,y)dy>

1 b
+ m/ gn(2, ) Lpy1 f(O)K (¢, x)dt, Yz € [a,b]. (14.8)

When ug(x) = ¢ > 0, then

b n b
@) = 7= | twin+ = (2_; / Lif<y>gi<x,y>dy)

1 b
+ m/ gn(@, ) L1 f(O)K (¢, 2)dt, Yz € [a,b]. (14.9)

Proof. Based on (14.3) and Lemma 14.5. O
We also need

Lemma 14.7. Let f, {u;}, € C™([a,b]), and Wi(z) >0,i=0,1,...,n, n >0,
over [a,b]. Then

n b n—1
Z/ Lif(y)gi(x,y)dy = > (n— i){ [Lif(D)gi+1(2,0) — Li f(a)gi+1(z, a)]
i=17a 1=0

Vz € [a,b]. (14.10)

() )i 25

In case of up(z) = ¢ > 0 then we have

n b n—1
Z/ Lif ()gi(w,y)dy = > (n— i){ [Lif(0)git1(2,b) — Lif(a)git1(z, a)]
=17 i=0
Y (LifW)gia(z)\ b
+/a (W) ¢i+1(y)dy} +n/a f(y)dy, Yz € [a,b]. (14.11)

Proof. By [339] for i =0,1,...,n— 1, we get

<ﬁ¢k )gmwy L(ﬁm )gixs
<(ﬁ¢k )gmwy) = <<ﬁ¢k )gzxy>

i+1 i+1
—d ((H P (y) )gz+1 (z,9) ) = (H on(y )gl (2, y)d (14.12)
k=0

Thus

and
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Consequently for i =0,1,...,
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n—1

we have

Ji(z) = /abLif(y)gz‘(xay)dy:/b p

L;

if(y

i+1

H¢k()

b

(IT ox(y)
k=0

= (Moo

i+1

(i

) git1(x y))

st

)
(14.13)

(14.14)

(14.15)

(14.16)

(14.17)

(14.18)

b ,
= ~Lif(y)gi+1(,y) / <H Sry )gm z,y)d ffi
¢ [ éx(y
k=0
So we find for i =0,1,...,n — 1 that
Ji(z) = Lif(a)giv1(w,a) — Lif(b)git1(x,b) + 0:(x),
where
b i+1 )
/ (H oy >91+1 z,y)d ﬂ&
¢ [T ox(y)
k=0
Again from [339], for : =0,1,...,n — 1, we have
Lif(y) _d 1 d 1 d d 1 d f(y)
i1 T dy dia(y) dy dio(y) dy  dy d1(y) dy ’
kgo¢k(y) Y ¢i-1(y) dy gi—2(y) dy  dy ¢1(y) dy do(y)
and
Liafy) _d 1 d 1 d d 1 d f(y)
i dy i (y) dy ¢;— d d d '
kljo be(v) Y ¢i(y) dy di—1(y) dy  dy d1(y) dy o(y)
That is, for i = 0,1,...,n — 1 we derive
Lipif(y) _ d | Lif(y)dit1(y)
i Cdy i+1
[T #x(v) [T #x(v)
k=0 k=0
d Li Li /
= d_y<i+1 1) ) Gin1(y) + | 743 fw) Piy1(y)
k]:IO or(y) kl:[O or(y)
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Hence we find

L?+1f(y) _ ( Llf(y) )¢;+1(y)

i( Lif(y) ) _ kéo bk (y) ;ﬁ:m(y) (14.10)
dy \ i+1 ; ’ ’
y ﬁ ou(v) dit1(y)
k=0
fori=0,1,...,n— 1. That is
Lif Lit1f Lif 1Y) .
H—li = (H_Irl (y)) — <H_1 ) )(bzi(y) dy, 1=0,1,...,n—1.
IT ¢x(y) [T ¢x(y) IT ¢x(y)
k=0 k=0 k=0 (14.20
Applying (14.20) into (14.15) we get
b ;
0:0) = [ o) [Leas) - Lo 210 a
b b .
~ [ sttt [ L@ 2o,

That is, we proved that

b .
0;(x) = Jis1(z) —/ Lif(y)ng(x,y)dqi:l(;y)) , fori=0,1,...,n—1. (14.21)
Therefore it holds
b .
H(@) = Laf @10, Lif Ogioa D)+ a0 [ Ll ) T8
and
Jip1(z) = Ji(x) + [Lif(b)gis1(x,b) — Lif(a)giy1(z, a)]
by o
s [ BI04y, ), (14.22)
fori=0,1,...,n— 1, with
b
Jo(z) = uo(x)/ jo((yy)) dy. (14.23)
Thus we obtain
n—1 n—1
S = i) (Jira (@) = Ji(@) = S (0 = i) [Lif (0)gisa(w,b) — Lif(a)gisa (. 0)]
i=0 i=0
= o [P Lif)gin (@, y) ,
Y [ (B o, )

(14.24)
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Clearly, finally we have

30— )i (@) — (@) = 3 ) — mo(z), (14.25)
=0 =1
proving the claim. O

We give

Theorem 14.8. Let f,{u;}]-, € C"([a,b]), and W;(z) >0,i=0,1,...,n, n >0,
over [a,b]. Then

b 1 n b
uo(x) ’ JO((yy)) dy =~ (Zl /a Lz‘f(y)gi(way)dy>

i ; <1 - %) [Lif(a)gis1(2,a) = Li f (b)gi (z,D)]

- 2(1 - %) /ab <%f@§‘ry)> bi(y)dy, Va € [a,b].

(14.26)

When uo(x) = ¢ > 0, then we obtain the representation

b n b
/ fly)dy = % (Z/ Lif(y)gi(w,y)dy>

n—1 .
+ 3 (12 2) Bt @)~ Luf @hgina (0]
=0
(i [ (LW y)
= (1-0) [ (a5 ) oo, e o
(14.27)
Proof. By Lemma 14.7. (]

We give also the alternative result
Theorem 14.9. Let f,{u;}, € C"([a,b]), n > 0, = € [a,b], all Wi(z) > 0 on
[a,b], i =0,1,...,n. Then

b b
a Qi(g;)dyzl Lnf(y)gn(l’,y)dy

n—1
+ Z{ [Lif(a)gir1(z,a) = Li f(b)gis1(x, )]

=0

uo(x)

B /b Lif(y)gi+1(z, y)

b1 (y) ¢§+1(y)dy}, Vx € [a,b]. (14.28)
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When ug(x) = ¢ > 0, then

/ f()dy = / Lo (1)gn (2 3)dy

+ Z{ [Lif(a)git1(x,a) — Lif(b)git1(x,b)]
=0
" Lif ()giv1(z,y)
—/a W@H( )dy} Vx € [a, b].
Proof. Set
Ai(x) := | Lif (0)giy1(2,b) — Lif (a)git1(x, a)]

b
+ [ Liiwein@y) o )dy] i=0.1,....n-1.

Giv1(y)
From (14.22) we have
Ji+1=J¢—|—Ai, 1=0,1,...,n— 1.

That is
J1 = Jo + Ao,
Jo=J1+ A1 =Jyg+ Ao + A
Js=Joa+Ay=Jo+ Ao+ A1 + Ay
n—1
Jn - Jn—l + An—l = JO + ZA“
i=0
ie.
n—1
Jn(x) = Jo(x)+ > Ai(z), Vz € la,b]
i=0
Hence we established
b b
)
L, n(x,y)dy = ug(x ~—=d
[ ot wsnte ity = wiw) [ L0
n—1
+ Z{ [Lif(b)git1(2,b) — Lif (a)git1(z, a)]
i=0

Git1(y)

proving (14.28).

At last we give the following general representation formulae.

(14.29)

(14.30)

(14.31)

(14.32)

(14.33)

O
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Theorem 14.10. Let f,{u;}", € C"1([a,b]), n >0, z € [a,b], all W;(x) > 0 on
[a,b],i=0,1,...,n. Then

R TIC S (U { [Lif (B)gi1 (2.5) — Lif (@)gis (z,a)]
=0

b—a a U0 (y) — b-a
1 b (Lif(y)giv1(@,y)d 4 (y))
+ b—a/a < Git1(y) W
b
n ﬁ gu(@, ) Lot fOK (1, )dt,  Va € [a,b]. (14.34)

If up(x) = ¢ >0, then

b — ; i+1(z,0) — Lif(a)giy1(z,a
f(f) _ (Zj_c]l-) / f(y)dy + Z(n _ Z){ [Llf(b)gl+1( 7b) — sz( )gz+1( ’ )]
@ 1=0

b—a
N 1 /b (Lif(y)9i+1(x,y)¢§+1(y))dy}

b—a Pi+1(y)
1 b
+ m/ gn(, ) Lpy1 f(O)K (¢, x)dt, Vz € [a,b]. (14.35)
Proof. By Theorem 14.6 and Lemma 14.7. (]

Note 14.11. Clearly (14.8),(14.9),(14.34) and (14.35) generalize the Fink identity
(see [195]).

We have

Corollary 14.12. Let f,{u;}", € C"*1([a,b]), n >0, x € [a,b], all W;(x) >0 on
[a,b],i=0,1,...,n. Then

R  f(@) uo(x) [° f(y)
Sn—!—l(x) T (n_|_]_) o b—a a UO(y)dy

n—1
) [Lif(a)git1(x,a) — Lif(b)gi+1(z,D)]
Z(n _ Z){ +1 T +1

(n+1)

L P (Lif()giv1(2,9) s (y)
B b—a/a ( biv1(y) )dy}

1

b
= m/ (2, €) L1 f(O) K (¢, 2)dt, Vax € [a,b]. (14.36)
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If ug(x) = ¢ > 0, then

Sn+1($) = (n + 1
RS [Lif (a)gis1 (2, @) = Lif (0)gis (2, )
(n+1) ;(n—z){ = b—a =
L P Lif@)gin (@, y) 8 (y)
b—@/a ( biv1(y) >dy}
1 b
= m/a (2, €) Ly f(O) K (¢, 2)dt, Vax € [a,b]. (14.37)
Proof. By Theorem 14.10. (]

Note 14.13. If ¢}, ,(y) = 0,7 =0,1,...,n — 1, then EA,H_l(a:), Ent1(x) simplify a
lot, e.g. case of u;(x) =%, i=0,1,...,n, where ¢;11(y) =i + 1.

Next we estimate En41(2), Eny1(x) via the following Ostrowski type inequality:

Theorem 14.14. Let f, {u;}*, € C""([a,b]), n > 0, z € [a,b], all W;(x) > 0 on
[a,b], i =0,1,...,n. Then

&1 (@), 1 . -
{wnil(xn S RS mm{ [/ lgn (. )| (t — a)dt

b
+ [ |gn<a:,t>|<b—t>dt]|Ln+1f||m,|gn<x,->||m

max((z —a), (b — 2)) || Ln+1 1, lgn(=, -)K('79€)||q||Ln+1f||p}a

(14.38)
where p,q > 1: % + % =1, any x € [a,b]. The last inequality (14.38) is sharp,
namely it is attained by an f € C"*a,b], such that

L1 f(D)] = Algn(a, ) K (t,2)[7,

when [y f(t)gn(x,t) K (t,2)] is of fized sign, where A > 0, Yt € [a,b], for a fized
x € [a,b)].

Proof. We have at first that

. 1 b
@) < = . @Ol L FO K )
||Ln+1f||oo
< W/ lgn (z, )| K (t,z)|dt

Ln o0
:%{/ lgn(z,1)] t—adt#—/lgnxt b—t)dt|.

(14.39)
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Next we see that

@)l = (s Yo o max(e — @), 0= 2). (1440

Finally we observe for p,q > 1 with % + % =1, that

Bos ()] < 1Lt llollgn (@, k2l

14.41
n+1)(b—a) ( )
The last is equality when
| L1 f()|F = Blgn(z, 0)k(t, z)|7, (14.42)
where B > 0. The claim now is obvious. O

Next we present a basic general Griiss type inequality.

Theorem 14.15. Let f, h, {u;}7q € C" 1([a,b]), n >0, all W;(x) > 0 on [a,b],
i=0,1,...,n. Then

D= _a/ F@)h(z)ds — (ﬁ /bf(x)dx) (ﬁ /abh(x)d:c)
— (Z / / )+ F@) L))
< m( / / (A [ Zn 11

@) [ L1 hlloo ) g (2, )] [R(2, a:)|dtdx> = M. (14.43)

Proof. We have by (14.9) that

=/ s+ @ / LWt y)dy)

b
+ " a gn(, ) Lyp1 f(O)K (¢, x)dt, Yz € [a,b], (14.44)

%a /: h(y)dy + ﬁ (i /ab Lih(y)gi(x,y)dy)

b
gn(, )Ly h(t) K (¢, x)dt, VYV € [a,b)]. (14.45)

and

+b—a

Therefore it holds
_a/f d+—(2/ glwy)dy)

f(@)
- / B(@) Loss £ (g (@ ) K (¢, 2)dt, (14.46)
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and

o) = 0 [Mntarto s 1 (3 [ rtortintonn e )

1 b
Ta/ F@) L1 h(D)gn (2, ) K (,2)dt, Y € [a,b].  (14.47)
Integrating (14.46) and (14.47) we have

b f(a:)da:) (f: h(x)d:c)

(b—a)?

b—a) J,
+ %ﬂ(i /ab /abh(ﬂf)/lif(y)gi(x,y)dydx)

e / / VL i1 f(t)gn(z, t) K (t, x)dtdz, (14.48)

and

dz) ([, h(x)dx)
—a/f dm— (b—a)

+m(§ /a /a f(:v)Lih(y)gi(way)dydfﬂ)

b b
+ﬁ/ / F@)Lng1h(t)gn(z, ) K (t, ) dtds.  (14.49)

Consequently from (14.48) and (14.49) we derive

(b%a/bthxdm—#(/bfa:dx></abh(x)dx)
b—a)? <Z/a/a gzxydyda;>

- o / / Vs f(E)gn (@, O K (£, 2)dtde, (14.50)

(b%a/bthxdm—#(/bfa:dx></abh(x)dx)
- b—a)? <Z/G/Gf gzxydyda;>

- (b—a)z/ / F(@)Lng1h(t)gn (@, t) K (t, z)dtda. (14.51)

and
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By adding and dividing by 2 the equalities (14.50) and (14.51) we obtain

G-aE (/: sy (/ab i)

B ﬁ(i/ﬂb /ab(h(:v)Lif(y) “rf(l‘)Lih(y))gi(x’y)dydx)

=1

1 b b
- ( / / (@) Lng1 £(£) + f(x)Lth(t))gn(a:,t)K(t,a:)dtdx).
(14.52)
Therefore we conclude that
A< gt ([ @it
+ £ (@) | Lng1hlloo) lgn (, )] | K (2, l‘)|dtdl’>, (14.53)
proving the claim. O

The related Griiss type Lq result follows.

Theorem 14.16. Let f, h, {u;}q € C""([a,b]), n >0, all W;(x) > 0 on [a,b],
1=0,1,...,n. Then

_a/ fz dm—( _a/ fz dm)(bi /bh(x)dx)

b—a (Z// y) + f(x)Li ())gi(x,y)dydx)

< 5lgn (@ Olloc fapz (IRlloo | Lusr fllt + [ floo | Lnsrhllr) =t Mo, (14.54)

Do =
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Proof. We obtain

1 b b
A= = | | [ ML Fg DK )b
b b
[ ] @)Ll (e 0K ¢ 2)drdo
1 b b
 —
Z(b_a){ | [ @15 019, . Dlatda
b b
[ |f<x>||Ln+1h<t>||gn<x,t>|dtdw}
1 b b
sm{ ( [(/ |Ln+1f<t>|dt)dx>||h||m||gn<a:,t>||oo,[a7b]2
b b
" ( L (/ |Ln+1h<t>|dt)dx>||f||oo|gn<a:,t>||oo,[a7bp}
1
= 2 W el )
¥ ||Ln+1h||1||f||m|gn<x,t>||oo7[a,bp}
1
= 29 o o (o Lo Pl L Fllol| 1l
establishing the claim. O

The related Griiss type Ly, result follows.

Theorem 14.17. Let f, h, {u;}y € C""([a,b]), n >0, all W;(x) > 0 on [a,b],
i=0,1,...,n. Let also p,q,r > 0 such that % —I—%—i— % =1. Then

= " f)hla)ds - = bf(ﬂ:)cix) =1 bh(x)dx)

- ﬁ (i: /ab /ab(h(x)Lif (y) + f(2)Lih(y)) gi(x, y)dydm)

— — 1
<2 1(b - a) (1+T)Hgn(x7t)K(tvx)”r,[a,bP [Hth,[a,b]HLnJrIqu,[a,b]

D =

+ ||f||p,[a,b]||Ln+1h||q,[a,b]‘| =: M3. (14.55)
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Proof. We derive by generalized Holder’s inequality that

b b
|A|gﬁ< [ @ L o) lgn 0K 0 )t

b b
+ / / |f<a:>||Ln+1h<t>||gn<x,t>K<t,x>|dtdx>

< ﬁ[(/b /ab|h(a:)|pdtdx) w (/b /ab |Ln+1f(t)|thda:>l/q

“Nlgn (2, t) K (t, @) |7 [a,02

b b 1/p b b 1/q
+([1[1|f($)|pdtdx> (/a/a|Ln+1h(t)|thdx) g (2, ) K (£, 2)|| 1 {0,002

1
= 30—z l(b = @)YP |l a0 (0 = )Y Lis 1 Fllg a9 (@ ) K (8, 2) | a,012

| S|

+ (0= )21 fllp, 0, (b = @) V9| Lkl g, a9 (2, O K (2, $)||r,[a,b]2]

(b—a)—r
R (172l fa,6 | Lrntt f g, [t

+ ||f||p,[a,b] ||Ln+1h||q,[a,b]] ”gn(xa t)K(ta x)”r,[a,b]zv

proving the claim. O
We conclude the Griiss type results with
Corollary 14.18 (on Theorems 14.15, 14.16, 14.17). Let f, h, {u;}ly €

C™"(la,b]), n > 0, all Wi(x) > 0 on [a,b], i = 0,1,...,n. Let also p,q,7 > 0
such that % + % + % =1. Then

D < min{My, My, Ms}. (14.56)

The related comparison of integral means follows, see also [48].

Theorem 14.19. Let f, {u;}?, € C""([a,b]), with uo(z) = ¢ > 0, n > 0, all
Wi(z) > 0 on [a,b], i = 0,1,...,n. Let p be a finite measure of mass m > 0 on
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([e,d], P([e,d])), [c,d] C [a,b] C R, where P stands for the power set. Then

1 1 b
ey /H Fa)du(a) — / f(x)da
1 n—1
+ (n+1)m Z(n—z)

[Lif(@) fie g 901, @)dpu(@) = Lif () [, g 901, b)du(e)]
b—a

L)
< m min{ (/{c)d] [/ lgn ()| (t — a)dt

b
/ lgn(ﬂfat)l(b—t)dt] du(ﬂf)) [ Lnt1.floo

_|_

</[ J (lgn (2, Yoo max(z — a,b —x)) du(@) [ Lnga I,

(L

1 1 _
wherep,q>1.p+q—1,

J llgn (2, -)K(-w)llqdu(ﬂc)) ILn+1f||p} ; (14.57)

s

Proof. By Theorem 14.14. O

Assumptions 14.20. Next we follow [140].

Let f be a convex function from (0,+o00) into R which is strictly convex at 1
with f(1) = 0. Let (X,.A, \) be a measure space, where X is a finite or a o-finite
measure on (X, A). And let p1, uo be two probability measures on (X, A) such that

1 < A, p2 < A (absolutely continuous), e.g. A = p1 + pe. Denote by p = dd%,

q= %, the (densities) Radon—Nikodym derivatives of u1, pe with respect to .

Here we assume that

0<a<Z?<b aec onXanda<1<b.
q

The quantity

i) = [ at@f (5 ) v (14.58)

q(x)
was introduced by I. Csiszar in 1967, see [140], and is called f-divergence of the
probability measures p1 and pe. By Lemma 1.1 of [140], the integral (14.58) is
well-defined and T'f(u1, p2) > 0 with equality only when p1 = po. Furthermore
Tt (p1, p2) does not depend on the choice of A\. Here by assuming f(1) = 0 we can
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consider I'y(u1, pt2), the f-divergence, as a measure of the difference between the
probability measures 1, pa.

Here we give a representation and estimates for T'f(u1, o) via formula (14.35).
Theorem 14.21. Let f and 'y as in Assumptions 14.20. Additionally assume
that f, {u;}?_y € C"([a,b]), with ug(z) = ¢ >0, n >0, all W;(t) > 0 on [a,b],
i1=0,1,...,n. Then

Pf(ﬂla/@

:n+1/f

+ Z(n . Z){ [L f( ) gita( b)(Ml, /142) - Lif(a)rgi+1(-,a) (/1’17 /142)]

i=0 b—a
1 b rLif(Y)gin (25, y)6h 10 ()
+b_a</xq<x></a( SR Ny )aaw) )+ R
(14.59)
where
b
Rosi = = [ ato) ( [ o (%J)Lnﬂf@m(a %)dt) dA(z). (14.60)
Proof. In (14.35), set x = %, multiply it by ¢ and integrate against . O

The estimate for I' (g1, p2) follows.
Theorem 14.22. Let all as in Theorem 14.21. Then

IRpt1l
el
oo)an (25 ) (2] ) [
/X (q x) q(x) ) |l [a, b]

[ [ oo (22 )\L (M0 %)M] |Ln+1fu1,[a,b]},

(14.61)
where p1,p2 > 1 such that pil + p% -1,
Proof. From (14.60) we obtain

R bia/Xq(m(/:gn(% )| sl (v ﬁ;)\dt>w<x>

= A. (14.62)

||Ln+1f||oo la,b]s

i~

IN
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We see that

A<bial/Xq(w)</ab

Also we have true that

A<bia</xq(w)

g(%t)} \K(a o) }dt) dA(x)] 11 oo

(14.63)
oo (5 ) 5 (- 3)

dA(;v)) 1 Lrt1fllpy a0
p2,[a,b]

(14.64)
Finally we derive
! p()
A< b—a (/X q(x) 9n<q(aj)’ >Hm’[a7b]
pE) B
max(q(gj) 7b q(x)>d/\( )) ||Ln+1f||1,[ayb]. (1465)
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Chapter 15

Representations of Functions and
Csiszar’s f-Divergence

In this chapter we present very general Montgomery type weighted representation
identities. We give applications to Csiszar’s f-Divergence. This treatment follows
[62].

15.1 Introduction

This chapter is motivated by Montgomery’s identity [265]:

Theorem A. Let f : [a,b] — R be differentiable on [a,b] and f' : [a,b] — R
integrable on [a,b].
Then the Montgomery identity holds

I I
- L p* '
fla) =52 [ foat+ 5= [ P
where P*(x,t) is the Pedno Kernel defined by

ifza g <t <,

P*(z,t) =< b=’
{m, <t S b.

We are also motivated by the following weighted Montgomery type identity:

Theorem B (see [294] Pecaric). Let w : [a,b] — Ry is some probability
density function, that is, an integrable function satisfying f;w(t)dt = 1, and
W(t) = f; w(x)dz fort € [a,b], W(t) =0 fort < a, and W(t) =1 fort>b.

Then

b b
f(z) = / w(t) f(t)dt + / Puy (. 1) (8)dt,

where the weighted Pedano Kernel is

Pw(x, t) =
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The aim of this chapter is to present a set of very general representation formulae
to functions. They are 1- weighted and 2- weighted very diverse representations.
At the end we give several applications to representing Csiszar’s f-Divergence.

15.2 Main Results

We need

Proposition 15.1 ([32]). Let f : [a,b] — R be differentiable on [a,b]. The derivative
1 la,b] — R is integrable on [a,b]. Let g : [a,b] — R be of bounded variation and
such that g(a) # g(b). Let x € [a,b].

We define
g(t)—g(a)
a0)—glay OSLST,
Pw(g(x),g(t)) := o (15.1)
g(t)—g
sB—ga T<Eb
Then

1 b b ,
@) = s / F(t)dg(t) + / P(o(e). o) [ (Ddt.  (15.2)

We also need

Theorem 15.2 ([241], p. 17). Let f € C"([a,b]), n €N, z € [a,}].
Then

b
fl) = / Ot + D1 (2) + Ru(2), (15.3)

where for m € N we call

Boe) =30 0=, (F=2) [ - rv@] s

k=1

with the convention ®o(x) =0, and

Ru(z) = —% /: [B:; (H) _ B, (”;:Zﬂ F@dt. (15.5)

Here By(x), k > 0 are the Bernoulli polynomials, By = By(0), k > 0, the
Bernoulli numbers, and Bj, k > 0, are periodic functions of period one related to
the Bernoulli polynomials as

Bj(z) = Bi(z), 0<xz<1, (15.6)
and

Bi(r+1) = Bi(x), z €R. (15.7)
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Some basic properties of Bernoulli polynomials follow (see [1], 23.1). We have

1 1
By(z) =1, Bl(x):x—§, Bg(x):xz—x—f—g, (15.8)
and
Bj.(xz) = kBy_1(z), k €N, (15.9)
Bi(xz +1) — By(z) = kz*~ 1, k> 0. (15.10)

Clearly B = 1, BT is a discontinuous function with a jump of -1 at each integer,
and B, k > 2, is a continuous function.

Notice that Bi(0) = Bi(1) = B, k> 2.

We need also the more general

Theorem 15.3 (see [53]). Let f : [a,b] — R be such that f*~Y n > 1, is a
continuous function and f exists and is finite for all but a countable set of x in
(a,b) and that f™ € Li([a,b]). Then for every x € [a,b] we have

b n—1 —a k—1 v —a
f(x) = ﬁ/ f(t)dt + Z (b k') B ( ) [f(k—l)(b) _ fD(g)
a el !

b—a

[ ) (e e

The sum in (15.11) when n =1 is zero.

If £(»=1) is just absolutely continuous then (15.11) is valid again.
Formula (15.11) is a generalized Euler type identity, see also [143].
We give

Remark 15.4. Let f, g be as in Proposition 15.1, then we have

1 b b ,
1) =~ [ f@gle) + [ Pa)g@)f @i (15,02

Further assume that f’ be such that f(»=1), n > 2, is a continuous function
and f("(z) exists and is finite for all but a countable set of z in (a,b) and that
F € La([a, b))

Then, by Theorem 15.3, we have

f'(@) = w + Tn—2(x) + Rn1 (), (15.13)
where
n—2 k—1
Tt = 3 O (522 ) (Y0 - V@] s
k=1 ’
and

Rp_1(z) == —% /ab [B;l (%) — Bn_s (i:j)] F™(t)dt. (15.15)
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The sum in (15.14) when n = 2 is zero.
If f(*=1) is just absolutely continuous then (15.13) is valid again.
By plugging (15.13) into (15.12) we obtain our first result.

Theorem 15.5. Let f : [a,b] — R be such that f*~Y, n > 2, is a continuous
function and f™) exists and is finite for all but a countable set of x in (a,b) and
that f™ € Li([a,b]). Let g : [a,b] — R be of bounded variation and g(a) # g(b).
Let z € [a,b].

Then
__ ! ' f) = fla) [*
1) = s [ rwydgta) + LB [ i), gta)ie
n—2 k—1 b
(b—a) r—a
# 3 g (100 - @) [ Peeoes (77 ) @
(b—a)"? [ b z—a
+ e [Pl ata) (/ (B0 (5=2)
~ B, <Z__;)> f(”)(t)dt) da. (15.16)
Here,
Ss, a<t<=
P(g(2),9(t)) = ) (15.17)
S=ata 2 <t<e

The sum in (15.16) is zero when n = 2.
We need Fink’s identity.

Theorem 15.6 (Fink, [195]). Let any a,b € R, a #b, f:]a,b] = R, n>1, f=1
is absolutely continuous on [a, b].

Then
o fh K (n= kY (fE D (@) (@ — a)f — FED(0) (@ — b)*
f(””)—b_a/a f(t)dt ;( - )( = )
; ’ _ p\n—1 (n)
MO (b—a)/a(x O K @) f ()t (15.18)
where

t—a, a<t<ax<hb,
K@w%_{t—@a§x<t§b

When n =1 the sum Zz;ll in (15.18) is zero.
We make

(15.19)
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Remark 15.7. Let f, g be as in Proposition 15.1, then we have

f(z)= /f )dg(z /P x))f'(x)dz. (15.20)

Further suppose that f’ be such that f("~1 n > 2. is absolutely continuous on
[a, b].

Then
fla) = = 1)(bf£b)a— f()
§ (k=1 (PO -0~ (P @)@ -
i ; ( k! ) ( b—a >
1 b n—2 (n)
+ m/ﬂ (x — )" 2K (t, ) f™ (t)dt. (15.21)

When n = 2 the sum 77 in (15.21) is zero.
By plugging (15.21) into (15.20) we obtain

Theorem 15.8. Let f : [a,b] — R be such that f"=V, n > 2, is absolutely
continuous on [a,b]. Let g : [a,b] — R be of bounded variation and a # b, g(a) #
g(b). Let z € [a, b].

Then

f(z) =

o [ 1@+ ”%ﬂ~””+/Pw¢mmm

g(b) — g(a)
z<"—_;1>/f> o (ka5 Ot )

b
xr — n—2 €T (n) T.
+(n— ! _a/P (/G( " 2K (t,x)f (t)dt)d

(15.22)

When n = 2 the sum 22;12 in (15.22) is zero.
We need to mention

Theorem 15.9 (Aljinovic- Pecaric, [14]). Let’s suppose f*=Y n > 1, is a
continuous function of bounded variation on [a,b]. If w : [a,b] — Ry is some
probability density function, i.e. integrable function satisfying fb t)dt =1, and

W(t) 2/ w(x)dz for t € [a,b],

W(t) =0 fort <a and W(t) =1 fort > b, the weighted Pedno Kernel is

W(t), a<t<u,
Py (z,t) := { (15.23)

W) —1, <t <b.
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Then the following identity holds

b
f(z) = / w(t) f(t)dt

+”¥1 % (/ab Py (z,t)Bi—1 (Z:Z) dt) (f(k—l)(b) _ f(k—l)(a))

k=1
S [ ([ v [ (G20 - e (5 e v
(15.24)
We make

Assumption 15.10. Let f : [a,b] — R be such that f(*~Y, n > 1, is a continuous
function and f(™ () exists and is finite for all but a countable set of z in (a, b) and
that £ € Ly ([a,D]).

We give
Comment 15.11. Let f as in Assumption 15.10. Then f(~1(z) absolutely

continuous and thus of bounded variation. Furthermore, we can write in the last
integral of (15.24)

df "=V (t) = f™()dt. (15.25)
So, if we assume in Theorem 15.9 for f that f("~1 is absolutely continuous we

have that (15.24) and (15.25) are valid.
We make

Remark 15.12. Let f, g be as in Proposition 15.1 , then we have

f(z)= /f )dg(x /P o)) f! (z)dz. (15.26)

Further assume that f be such that =1, n > 2, is a continuous function
and f(™(z) exists and is finite for all but a countable set of 2 in (a,b) and that
% € Ly([a,b]).

Then using terms of Theorem 15.9 we find

k=1

_% /: (/b Pt | Bis (520 ) = Bua (5] ds) F (1)

(15.27)

S “’(,;T ( / e dt) (190 - 19 @)
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Plugging (15.27) into (15.26) we get

Theorem 15.13. Let f : [a,b] — R be such that f*~V, n > 2, is a continuous
function and £ (z) exists and is finite for all but a countable set of x in (a,b) and
that f™ € Ly([a,b]).

Let g : [a,b] — R be of bounded variation and g(a) # g(b).

Let w,W and Py as in Theorem 15.9, and P as in (15.1). Let z € [a,b]. Then

f(z) = /f )dg(x (/ P(yg ))dz ) (/abw(t)f'(t)dt>

77,2

+ Z (f(’“)( ) - )

. / P(g(2), g(x)) < / Pt )Bi (Z:Z>dt> dm‘%
[ roraon | [ ([ v [ (51)

— B_» (z - Z)] ds> f(”)(t)dt} dz. (15.28)

‘We need

Theorem 15.14 (see [16], Aljinovic et al) Let f : [a,b] — R be such that f(=1),
is an absolutely continuous function on [a,b] for some n > 1.

Ifw: [a,b] — Ry is some probability density function, then the following identity
holds:

b n—1 n—1 b
f(x) = / Wt f@dt~ Y Fea) + 3 / w(t)Fi(t)dt
a k=1 k=174

b
+ m/ (@ —y)" 'K (y,2) [ (y)dy

b b
- m/ (/ w(t)(t—y)”lK(y,t)dt> F™(y)dy.  (15.29)
Here
n — k=1 () — a)k — £(k-1) r— bk
F(x) = ( k!k) (f QIS el UG ) 15.30)

K(t,z) =

t—a, a<t<ax<hb,
(15.31)

t—b, a<z<t<h.
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‘We make

Remark 15.15. Same assumptions as in Theorem 15.14 and n > 2.
Here put

@) i (n — k- 1) (f<k> (a)(z — a)F — FP () (x — b)’“> . (15.32)

k! b—a
Thus by (15.29) we obtain

f'(z) = /ab t)dt — ZFk +ZQ/

1

’ -2 (n)
o [ R e )y

b b
- Wl(b_a) / ( / w(t)(t —y)”‘QK@,t)dt) £ (w)dy.
(15.33)

Let g : [a,b] — R be of bounded variation and a # b, g(a) # g(b).
Then, by Proposition 15.1, it holds (15.26).
By plugging in (15.33) into (15.26) we obtain

Theorem 15.16. Let f : [a,b] — R be such that F=1 s an absolutely continuous
function on [a,b] for n > 2. Here w : [a,b] — Ry is some probability density
function, and z € [a, b].

Let g : [a,b] — R be of bounded variation with a # b, g(a) # g(b). Then

1 b b
1) = s | f@g(a) + ( | Pl ) ( >da:>

n—2 b b n—2 b
— P(g(2),9(x))Fr(z)dx + ( P(g(2), (m))dm) < w(z)F (x)d:c)
; /a 9(2),9(x))F, /a 9(2),9 ; /a !

1 ’ b n—2 n
+ m/ P(g(2),9(x)) (/a (z—y)" 2K (y,z) f )(y)dy> da
e[

S - )
b b
- / ( / w(t)(t—m”mmdt) £ (y)dy. (15.34)

Here F}.(z) is as in (15.32).

n
n

‘We mention
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Background 15.17 (see [144]). Harmonic representation formulae. Assume that
(Pe(t), k > 0) is a harmonic sequence of polynomials i.e. the sequence of polyno-
mials satisfying

Pl(t) = Pu_1(t), k>1; Po(t)=1. (15.35)
Define P} (t), k > 0, to be a periodic function of period 1, related to Py(t), k > 0,
as
Pit) = Bi(t), 0<t<1,
Pi(t+1)=Pi(t), teR. (15.36)
Thus, P (t) = 1, while for k£ > 1, P} (t) is continuous on R\ Z and has a jump of
ar = Pp(0) — Pp(1) (15.37)

at every integer t, whenever ay, # 0.
Note that oy = —1, since P;(t) =t + ¢, for some ¢ € R.
Also, note that from the definition it follows

Pr(t)=P;f_,(t), k>1,te€R\Z (15.38)
Let f : [a,b] — R be such that f(®1) is a continuous function of bounded

variation on [a,b] for some n > 1.
In [144] the following two identities have been proved:

1t . _
flz) = 4 / ft)dt + Ty, (x) + 7 (z) + RL(2) (15.39)
and
1 f . _
fl@)=3— / ft)dt +Tp—1(z) + 7 (2) + R (2), (15.40)
where
To(2) = (- )P (b%) [f5D0) - 4 D@]. s
k=1

for 1 <m <n, and

m

T (@) 1= Y _(b—a) apfEV (2), (15.42)

k=2

with convention Ty(z) = 0, 71(z) = 0, while

_ —t
R(x ::—b—a"—l/ P,’;(x
@=—t-a [ B (5

) A=V (1) (15.43)

and

=0 [ [r () - n (522) Ja e, osa

The last two integrals are of Riemann- Stieltjes type.
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‘We make

Remark 15.18. Let f : [a,b] — R be such that f("~1) is a continuous function of
bounded variation on [a, b] for some n > 2.
Then we apply (15.40) for f’ and for n — 1 to obtain

fb)—fla) | =

f(z) = — + Toa(@) + T (0) + R2_,(x), (15.45)
where
n—2
Tyoa(a) = ;w —a)' 7P, (i jj) (12 - 1N @), (15.46)
n—1
Tuc1(@) =Y (b—a)* Ty fP () (15.47)
k=2
with convention
To(x) =0, 7(z) =0, (15.48)
while
R i N L ) B = [

(15.49)
Let g : [a,b] — R be of bounded variation with a # b, g(a) # g(b).
Then by plugging (15.49) into (15.26) we obtain

Theorem 15.19. Let f : [a,b] — R be such that f=Y s a continuous function
of bounded variation on [a,b] for some n > 2. Let g : [a,b] — R be of bounded
variation with a # b, g(a) # g(b). The rest of the terms as in Background 15.17
and Remark 15.18. Let z € [a, b].

Then

o b )~ S0
0=t | f(a:)dg(x)+< / P<g<z>,g<x>>dx>( 1)
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If (™) exists and is integrable on [a,b], then in the last integral of (15.50) one
can write

dF = (t) = £ (1)t

‘We need

Background 15.20 (see [12]). General Weighted Euler harmonic identities. For
a,b € R, a < b, let w : [a,b] — [0,00) be a probability density function i.e.
integrable function satisfying

/bw(t)dt ~1. (15.51)

For n > 1 and ¢ € [a, b] let

1

wp,(t) == ]

t
/ (t — s)" tw(s)ds. (15.52)
Also, let
wo(t) = w(t), tE€ [a,b]. (15.53)
It is well known that w,, is equal to the n- th indefinite integral of w, being equal
to zero at a, i.e. wi(t) = w(t) and wy(a) =0, for every n > 1.
A sequence of functions Hy, : [a,b] — R, n > 0, is called w- harmonic sequence
of functions on [a, b] if
H(t) = H,_1(t), t#1; Ho(t)=w(t), tE€ [a,b]. (15.54)
The sequence (wy,(t), ¢t # 0) is an example of w- harmonic sequence of functions
on [a,b].

Assume that (H,(t), n > 0) is a w- harmonic sequence of functions on [a, b].
Define H}(t), for n > 0, to be a periodic function of period 1, related to Hy(t)

as
H(t) = H"(‘(’bt(z); D o<, (15.55)
Hi(t+1) = H:(t), teR. (15.56)

Thus, for n > 1, H;(t) is continuous on R\ Z and has a jump of

H,(a) — H,(b)

8, — 15.57
(b—a)" ( )
at every t € Z, whenever (3, # 0.

Note that

By =— (15.58)

b—a’
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since
Hi(t)=c+wi(t)=c+ /t w(s)ds, (15.59)
for some ¢ € R.
Also, note that
H* (t)=H: (), n>1, tc R\ Z (15.60)

Let f : [a,b] — R be such that f("~1) exists on [a,b] for some n > 1. For every
x € [a,b] and 1 < m < n we introduce the following notation

=3 H) [F400) - £ a ]+Z Hila) — Hi(®)] 4 (@),
k=1

(15.61)
with convention Si(x) = Hy(z) [f(b) — f(a)].

Theorem 15.21 (see [12]). Let (Hy, k > 0) be w- harmonic sequence of functions
on [a,b] and f : [a,b] — R such that f™=Y is a continuous function of bounded
variation on [a,b] for some n > 1.

Then for every x € [a, b]

/ FOW(t)dt + Sy () + R (), (15.62)
where
(b _ A\ « [ L 3 (n—1)
RL(z) = —(b—a) /[a,b] H; <b_a) df (), (15.63)
with

(15.64)

Also we have

Theorem 15.22 (see [12]). Let (Hy, k > 0) be w- harmonic sequence of functions
on [a,b] and f : [a,b] — R such that f"~Y is a continuous function of bounded
variation on [a,b] for some n > 1.

Then for every = € [a,b] and n > 2

/ FOWL ()t + S (2) + [Hala) — Ho(0)] @ D(2) + R2(2), (15.65)

while for n =1

fl@)= [ fFOWa(t)dt + Ri(x), (15.66)

B === [ 1 (5o0) - e g, asen
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forn > 1.

Comment 15.23 (see [12]). In the case when ¢ : [a,b] — R is such that ¢’
exists and is integrable on [a, b], then the Riemann- Stieltjes integral f g(t)de(t)

is equal to the Riemann integral fa g(t)' (t)dt.
Therefore, if f : [a,b] — R is such that £ exists and is integrable on [a, b], for
some n > 1, then Theorem 15.21 and Theorem 15.22 hold with

Rl(z) = —(b—a)" /W] o (%) £ (b, (15.68)
and
R2(z) = —(b—a)" /[ , {Hj; <z __;) - (fj(j))n] £ ). (15.69)
We make |

Remark 15.24. We use the assumptions of Theorem 15.22, n > 2. We apply
first (15.65) for f’ and n — 1 to get for n > 3,

/ FOWe(t)dt + Sus(@) + [Hy-1(a) = Huma (0)] f" 7D (@) + B} (),
(15.70)
where
Z Hi(@) (F90) = 9@) + 3 (Hila) — Hu(0) 79 @), (15.71)
k=2
and
Si(x) = Hy(z)(f'(b) - f'(a)), (15.72)
while for n = 2, by (15.66), we obtain
/ f(t t)dt + R3(x), (15.73)

here, by (15.67), we have

B == [ (5) - gk e, as

for n > 2.
Plugging (15.70), (15.73) into (15.26) we derive

Theorem 15.25. Let (Hy, k > 0) be w- harmonic sequence of functions on [a,b]
and f : [a,b] — R such that F=1 s a continuous function of bounded variation
on [a,b] for some n > 2.

Let g : [a,b] — R be of bounded variation on [a,b] such that g(a) # g(b). Here
Wy is as in (15.64). Let z € [a,b].
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If n > 3, then

s 1w [ s (o)
+Z (f<k>(b) - f<k)(a)) </bP(g(z),g(x))Hk(a:)dg;>
k=1 a

n—2 b
+37 (Hila) — Hy(%)) / P(g(2), 9(x)) £ (2)da
k=2 a
+ (Hn-1(a) = Hn—1( / P(g =D () da
b J—
—|—(b—a)"_1/a P(g(z), 9(z)) </[a7b] ((fj_al)(nx)l —H, <Z_ ;)) df(n_l)(t)> dzx.

(15.75)
If n =2, then

1 b b 0
- m/a f(x)dg(x) + /a P(g(2),9(x)) </a f (t)Ww(t)dt> dx]

+(b—a) /abp(g(z),g(x)) (/[a,b] (Izl_(“;) e <Z”__;)> df’(t)) de.  (15.76)

If ) exists and is integrable on [a,b], then in the last integral of (15.75) one
can write df "V (t) = ") (t)dt.

Also if f" exists and is integrable on [a,b], then in the last integral of (15.76)
one can write df’ (t) = f"(t)dt.

We mention

Theorem 15.26 (see [36]). Let f : [a,b] — R be n- times differentiable on [a,b], n €
N. The n-th derivative f™ : [a,b] — R is integrable on [a,b]. Let g : [a,b] — R
be of bounded variation on [a,b] and g(a) # g(b). Let t € [a,b]. The kernel P is

defined as in Proposition 15.1.
( / 7D (s dg(sn)
k

Then, we find
b b
[ Pla®.g) [T Plotsitsisn)dsndss - dsic
Ja a, i=1
(k+1)th—integral

2

1 b -
= m/a f(s1)dg(s1) + Z

k:O
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b b n_1
+/ / P(g(t), g(s1)) H P(g(5:), 9(si41)) ™ (s)ds1 - - - dsi. (15.77)
a a i=1

‘We make

Remark 15.27.  All assumptions as in Theorem 15.26. Let w(t) continuous
function on [a, b] such that f: w(t)g(t)dt = 1.
Then, by (15.77) we obtain

(t) n—2
—g(a) 2

k=0

FOu(t) =~

b
< / f<k“>(sl)dg<sl)>

/ / P(g P( (8i),9(8i+1))ds1dss - - - dSg41
(k+1)th— zntegral

n—1

b b

Hence

b __r ff(’““)(sl)d (s1)
[ st = s [ randgten) Z o

b b b k
[ wto ( [ P(g<t>,g<s1>>HP<g<si>,g<siH>>ds1ds2---dskﬂ) dg(t)
a a a i=1
1

b b b n—
+ / w(t) ( / / P<g<t>,g<s1)>HP(g(smg(si+1>>f<”><sn>dsl---dsn> dg ).
a a a ’L:].

(15.79)

Next we subtract (15.79) from, by Theorem 15.26 ,original formula

/ f(s1)dg(s1) </ FOAD 81)d9(81)>
b b k
</ / P(g(z),g(sl))HP(Q(Si)a9(5i+l))d31dS2'"d3k+1>
a a i=1

—1

b b n
4 [ [Pl gto0) TT Plolsi)sglsia) O (sa)dsn +dsn, ¥ 2 € [a ),
a a i=1
(15.80)
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where

P(g(2),9(t)) := (15.81)

(t)—g(b)
sh—gtay 7 <t<b

o(t)—g(a)
{mwgmw“<t<%

We derive

b fk+1) (81)
o= [ it +Zf ey,

M@

b b b k
[ / w(t) [ / / P(g(zm(sl))HP<g<si>,g<si+1>>dsld82-.-dsw] dg (1)
b b b k
- / w(t) ( / / P<g<t>7g<sl>>HP<g<si>,g<si+1>>dsld82---dsw) o)
b b b n—1
+ / w(t) [ / / P<g<z>,g<s1>>}]1P(g(sn,g(si+1>>f<“><sn>dsl---dsn] dg (1)
b b b n—1
- [Cwo ( [ P(g(t%g(smHP(g(s»,g(si+1>>f<”><sn>dsl.--dsn> dy).

(15.82)
We have proved the general 2- weighted Montgomery representation formula.

Theorem 15.28. Let f : [a,b] — R be n- times differentiable on [a,b], n € N.
The n-th derivative f™) : [a,b] — R is integrable on [a,b]. Let g : [a,b] — R be of
bounded variation on [a,b] and g(a) # g(b). Let z € [a,b]. The kernel P is defined
as in (15.1). Let further w € C([a,b]) such that f:w(t)g(t) =1.

Then
b (k1) (5
= [ st Zf L

b
. l/ / w(t) [P(g(2),9(s1)) — P(g(t),g(s1))]

H P(g(s;i), g(six1))ds1dss - - - dsg+1dg(t)

/ / 51)) — P(g(t), g(s1))]

HP(g(s)g(sM»ﬂ D (sa)ds1 -+~ dsadg(?). (15.83)
i=1
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Notice that the difference [P(g(z), g(s1)) — P(g(t), g(s1))] takes on only the val-
ues 0, 1.

We apply above representations to Csiszar’s f-Divergence.

For earlier related work see [43], [101], [103].

We need

Background 15.29. For the rest of the chapter we use the following. Let be a
convex function from (0, 00) into R which is strictly convex at 1 with f(1) = 0. Let
(X, A, \) be a measure space, where \ is a finite or a o-finite measure on (X, A).
And let pq, uo be two probability measures on (X,.A) such that pu; < A, po < A
(absolutely continuous), e.g. A = p1 + po.

Denote by p = %, q= % the (densities) Radon-Nikodym derivatives of 1, fo
with respect to A.

Here we assume that

O<a§§§b,a.e.on?€anda§1§b. (15.84)
The quantity
p(x
ry) = [ ao)f (B5) o) (15.85)
X q(z)

was introduced by I. Csiszar in 1967, see [140], and is called f-divergence of the
probability measures p; and ps. By Lemma 1.1 of [140] the integral (15.85) is
well-defined and T'f(u1, p2) > 0 with equality only when g1 = po. Furthermore
T f(p1, p2) does not depend on the choice of .

Here by assuming f(1) = 0 we can consider I's(p1, u2), the f-divergence as a
measure of the difference between the probability measures g1, ps.

Furthermore we consider here f € C"([a,b]), n € N, g € C([a,b]) of bounded
variation, a # b, g(a) # g(b).

We make

Remark 15.30. All as in Background 15.29 , n > 2. By (15.16) we find

o (2) = gyt | remorsa( [[# o (£)-0) ) (2512)

n—2

+ ; (b_kﬂ (12 ) - fPa /abp (g <§> ,g(a:)) By (i:;‘) dz

)) q
i (o(5) o)
' </b [Bnl (2:2) - B, (:__m f(’“(t)dt) dz. (15.86)

By integrating (15.86) we obtain
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Theorem 15.31.All as in Background 15.29 , n > 2.
Then

Tp(p1, p2) = 0 a/f )dg(x

) (60 )4))

+
3/—\Q
/—\
=
@'\_/

) fm (t)dt) dx) d)\> : (15.87)

Using (15.22) we obtain
Theorem 15.32. All as in Background 15.29, n > 2.

Then

Ff(ul [2)

B b f(b) — f(a)
= S [, @) + ”( b—d )

;<\

2 k-1
9 )d)\>+;<(b—a) k!)
f (b)(z — b)F —f(k)(a)(ac—a)k) d:c) dA)

(el 60
(ol 60
e o /Xq</abp (s(5) o)

(feormorog

When n = 2 the sum Zk 1 in (15.88) is zero.
Using (15.28) we get

Theorem 15.33. All as in Background 15.29, n > 2.
Here Py, as in Theorem 15.9.

Then
Ml M2 / f

l
(

q

»QI'B QI'B

;<\
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—2 4 a)k—2
+ Y S (190 - 1)
k=1

r q)’
. </b (/b Py (w,9)[B"_, (b:Z) — Bp_s (Z:Z)m) f(”)(t)dt)dx> d»).

(15.89)

Using (15.34) we obtain

Theorem 15.34. All as in Background 15.29, n > 2. Here w : [a,b] — R4 is a
probability density function, and Fy, is as in (15.32).
Then

Pf(ﬂlaﬂ?)
1

b
:g@—mwﬁf@@“)

n n(/abw(x)f’(x)dx> (/X q (/abp <g (g) ,g(x)) d:c) dA)

Fo (y)dy> : (15.90)
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Using (15.50) we find

Theorem 15.35. All as in Background 15.29, n > 2. The other terms here are as
in Background 15.17 and Remark 15.18.
Then

Ly (pa, p2)
1

b
= m/a f(z)dg(z)

() (L[ 2) o) ) )

n—2
+ 36— (F90) - 1)
k=1

/N
—
<
/N
\@
Y
/N
Q
2 TN
Qlﬁ}i
——
Y
B
——
—
| — |
v
L
I/~
8
[
ISHES]
——

e (2] ) ) ). o

Using (15.75) and (15.76) we obtain

Theorem 15.36. All as in Background 15.29, n > 2. Let (Hg, k > 0) be w-
harmonic sequence of functions on [a,b]. Here Wy, is as in (15.64).
If n > 3, then

Ty(pr, p2)
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If n =2, then

Pf(ﬂlaﬂz)

o (1;1_(9; —Hi <f__i)> f”(t)dt) dx) d/\> : (15.93)

Using (15.83) we obtain

Theorem 15.37. All as in Background 15.29. Let w € C([a,b]) such that
[P w(t)g(t)dt = 1.

Then
(1 12) /bf <f fk“j;iail(&))
{/X‘Il w(t)[P(g(p/a), 9(s1)) = P(g(t), 9(s1))]
f[l 9(si+1))ds -+~ dsy41dg(t )]dA}

+ { /X q [ / / (9(p/4), 9(s1)) = P(g(t), g(s1))]

n—1

’ H P(g(si)vg(3i+1))f(n)(8n)d51 ce dsndg(t)‘| d/\} . (1594)

Note 15.38. All integrals in Theorems 15.31 - 15.37 are well-defined.
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Chapter 16

About General Moment Theory

In this chapter we describe the main moment problems and their solution methods
from theoretical to applied. In particular we present the standard moment problem,
the convex moment problem, and the infinite many conditions moment problem.
Moment theory has a lot of important and interesting applications in many sciences
and subjects, for a detailed list please see Section 16.4. This treatment follows [28].

16.1 The Standard Moment Problem

Let ¢1,...,9, and h be given real-valued Borel measurable functions on a fixed
measurable space X := (X, A). We would like to find the best upper and lower
bound on

(k= [ nieuta)
given that p is a probability measure on X with prescribed moments
[osttmtan =y, i=1,...on.
Here we assume p such that
[ laiuta) < 400, i=1, i
X
and
/ Ih|ju(dt) < +oo.
X
For each y := (y1,...,yn) € R™, consider the optimal quantities
L(y) = L(y [ h) == inf p(h),
U(y) :=U(y | h) := sup p(h),
n
where p is a probability measure as above with

215
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If there is not such probability measure p we set L(y) := +o0o, U(y) := —o0.

If h := Xg the characteristic function of a given measurable set S of X, then we
agree to write

L(y [ Xs) := Ls(y), Uy | Xs) := Us(y).

Hence, Ls(y) < wp(S) < Us(y). Consider g : X — R”™ such that g(t) :=
(g1(t),---,gn(t)). Set also go(t) :=1, all t € X. Here we basically describe Kemper-
man’s (1968)([229]) geometric methods for solving the above main moment problems
which were related to and motivated by Markov (1884)([258]), Riesz (1911)([308])
and Krein (1951)([238]). The advantage of the geometric method is that many times
is simple and immediate giving us the optimal quantities L, U in a closed-numerical

form, on the top of this is very elegant. Here the o-field A contains all subsets of
X.

The next result comes from Richter (1957)([307]), Rogosinsky (1958)([25]) and
Mulholland and Rogers (1958)([269]).

Theorem 16.1. Let f1,..., fn be given real-valued Borel measurable functions
on a measurable space Q (such as g1,...,gn and h on X). Let p be a probability
measure on ) such that each f; is integrable with respect to p. Then there exists a
probability measure u' of finite support on Q (i.e., having non-zero mass only at a
finite number of points) satisfying

/ fi(tyuldt) = / filtyu (de),
Q Q
alli=1,...,N.

One can even achieve that the support of u' has at most N + 1 points. So from
now on we can consider only about finite supported probability measures.

Set
V = conv g(X),

(conv stands for convex hull) where g(X) :={z € R™: z = g(t) for some t € X} is
a curve in R™ (if X = [a,b] C R or if X = [a,b] X [c,d] C R?).

Let S C X, and let M (S) denote the set of all probability measures on X whose
support is finite and contained in S.

The next results come from Kemperman (1968)(][229]).
Lemma 16.2. Giveny € R", theny € V iff 3u € M (X) such that

plg) =y (ieplgi) = / gi(Op(dt) = yi, i=1,...,n).
b'e
Hence L(y | h) < +o0 iff y € V (see that by Theorem 16.1
L(y | h) = inf{p(h) : p € MT(X), u(g) = v}

and

Uy | h) = sup{u(h) : p € M (X), u(g) = y}).
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Easily one can see that
L(y) == L(y | h)
is a convex function on V, i.e.
L + (1= Ny") < AL(Y) + (1 = ML),
whenever 0 < A < 1 and y',y" € V. Also U(y) :=U(y | h) = —L(y | —h) is a
concave function on V.

One can also prove that the following three properties are equivalent:

(i) int(V') := interior of V' # ¢;
(ii) g(X) is not the subset of any hyperplane in R™;
(iii) 1,491, 92,...,gn are linearly independent on X.

From now on we suppose that 1, g1, ..., g, are linearly independent, i.e. int(V') # ¢.
Let D* denote the set of all (n+ 1)-tuples of real numbers d* := (do, d1, ..., dy)
satisfying

h(t) > do+ Y digi(t), all teX. (16.1)

i=1

Theorem 16.3. For each y € int(V') we have that

L(y | h) = sup {do + Zdiyi cd* = (do,...,dy) € D*} . (16.2)

i=1
Given that L(y | h) > —oo, the supremum in (16.2) is even assumed by some
d* € D*. If L(y | h) is finite in int(V') then for almost all y € int(V') the supremum
in (16.2) is assumed by a unique d* € D*. Thus L(y | h) < 400 in int(V) iff
D* # ¢. Note that y := (y1,...,yn) € int(V) C R™ iff do + >, diy; > 0 for
each choice of the real constants d; not all zero such that dy + Z?:l digi(t) >0, all

t € X. (The last statement comes from Karlin and Shapley (1953), p. 5([222]) and
Kemperman (1965), p. 573 ,([228]).)

If h is bounded then D* # ¢, trivially.
Theorem 16.4. Let d* € D* be fized and put

B(d*) == {z = g(t) : do + i digi(t) = h(t),t € X} (16.3)
=1

Then for each point
y € conv B(d") (16.4)
the quantity L(y | h) is found as follows. Set

y=>_pig(t;)
j=1



218 PROBABILISTIC INEQUALITIES

with
g(t;) € B(d"),
and
pj >0, ij =1 (16.5)
j=1
Then
L(y | h) ij =do + Z diyi- (16.6)

Theorem 16.5. Let y € int(V) be fized. Then the following are equivalent :

(i) 3u € MT(X) such that u(g) =y and u(h) = L(y | h), i.e. infimum is attained.
(i¢) Ad* € D* satisfying (16.4).

Furthermore for almost all y € int(V) there exists at most one d* € D* satisfying

(16.4).

In many situations the above infimum is not attained so that Theorem 16.4 is
not applicable. The next theorem has more applications. For that put

n(z) == y_moi?f{h(t) (te X, |g(t) — 2| < 6} (16.7)

—

If £ > 0 and d* € D*, define

C.(d") := {269ﬁ10<n(z)—2dizi<a}, (20 =1) (16.8)
and

G(d*) := () Tonv Cyyn(d). (16.9)

N=1
It is easily proved that C.(d*) and G(d*) are closed, furthermore B(d*) C Co(d*) C
C.(d*), where B(d*) is defined by (16.3).

Theorem 16.6. Let y € int(V') be fized.
(i) Let d* € D* be such thaty € G(d*). Then
Ly | h) = do + diyr + - - + dnyn. (16.10)
(ii) Suppose that g is bounded. Then there exists d* € D* satisfying
y € conv Co(d*) C G(d¥)
and

Ly | h) =do +diy1 + - + dnyn. (16.11)
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(iii) We further obtain, whether or not g is bounded, that for almost all y € int(V)
there exists at most one d* € D* satisfying y € G(d*).

The above results suggest the following practical simple geometric methods for
finding L(y | ) and U(y | h), see Kemperman (1968),([229]).

I. The Method of Optimal Distance
Put

M := conviex (g1(t), ..., gn(t), h(t)).

Then L(y | h) is equal to the smallest distance between (yi,...,yn,0) and
(Y15---Yn,2) € M. Also U(y | h) is equal to the largest distance between

(Y1, -, Yn,0) and (y1,...,Yn,2) € M. Here M stands for the closure of M. In
particular we see that L(y | h) = inf{yn+1 : (Y1, Yn, Yn+1) € M} and

Uy | h) =sup{ynt1: W1, YnsYnt1) € M}. (16.12)

Example 16.7. Let p denote probability measures on [0,a], a > 0. Fix 0 < d < a.
Find

L:= inf/ t2u(dt) and U := sup/ 2 p(dt)
K J[0,a] # o J]0,a]

subject to

/ tudt) = d.
[0,a]

So consider the graph G := {(t,t?) : 0 < t < a}. Call M := conv G = conv G.

A direct application of the optimal distance method here gives us L = d? (an
optimal measure p is supported at d with mass 1), and U = da (an optimal measure
11 here is supported at 0 and a with masses (1 — 4) and £, respectively).

II. The Method of Optimal Ratio
We would like to find
Ls(y) := inf p(S5)
and
Us(y) := sup u(S5),
over all probability measures p such that
w(gi) =vyi, i=1,...,n.

Set S’ := X — S. Call Wg := convg(S), Ws := convg(S’) and W := convg(X),
where g := (g1,-.-,9n)-
Finding Lg(y)
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1) Pick a boundary point z of W and “draw” through z a hyperplane H of support
to W.

2) Determine the hyperplane H’ parallel to H which supports W as well as
possible, and on the same side as H supports W.

3) Denote

Ag:=WNH=WsnNH and
By ::WS/ﬁHl,

Given that H' # H, set G4 := tonv(Aq U Bg). Then we have that

Ls(y) = ——= (16.13)

for each y € int(V') such that y € G4. Here, A(y) is the distance from y to H" and
A is the distance between the distinct parallel hyperplanes H, H'.
Finding Us(y) (Note that Us(y) =1 — Lg/(y).)

1) Pick a boundary point z of Wg and “draw” through z a hyperplane H of support
to Ws. Set Ag:=WsNH.

2) Determine the hyperplane H' parallel to H which supports g(X) and hence W
as well as possible, and on the same side as H supports Wg. We are interested
only in H' # H in which case H is between H' and Wg.

3) Set By:=WNH =Wg NH' Let G4 as above. Then

A
Us(y) = %, for each y € int(V'), where y € Gy, (16.14)

assuming that H and H' are distinct. Here, A(y) and A are defined as above.

Examples here of calculating Lg(y) and Ug(y) tend to be more involved and
complicated, however the applications are many.

16.2 The Convex Moment Problem

Definition 16.8. Let s > 1 be a fixed natural number and let o € R be fixed. By
ms(xo) we denote the set of probability measures g on R such that the associated
cumulative distribution function F possesses an (s — 1)th derivative F(*~1 (z) over
(20, +00) and furthermore (—1)*F~1(z) is convex in (g, +00).

Description of the Problem. Let g;, ¢ = 1,...,n; h are Borel measurable
functions from R into itself. These are supposed to be locally integrable on [z, +00)
relative to Lebesque measure. Consider p € ms(zo), s > 1 such that

u(lgi]) = /R|g¢(t)|u(dt) <400, i=1,...,n (16.15)
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and
(hl) = [ )t < -+c. (16.16)
Let ¢:= (c1,...,¢n) € R™ be such that
w(gi) =ci, i=1,...,n,u € ms(xop). (16.17)
We would like to find L(c) := inf,, u(h) and
U(c) :=sup pu(h), (16.18)
w

where p is as above described.
Here, the method will be to transform the above convex moment problem into
an ordinary one handled by Section 16.1, see Kemperman (1971)(]230]).

Definition 16.9. Consider here another copy of (R, B); B is the Borel o-field, and
further a given function P(y, A) on R x B.

Suppose that for each fixed y € R, P(y,-) is a probability measure on R and for
each fixed A € B, P(-, A) is a Borel-measurable real-valued function on R. We call
P a Markov Kernel. For each probability measure v on R, let p := T'v denote the
probability measure on R given by

H(A) = (1)) = [ Py, Ayt

T is called a Markov transformation.
In particular: Define the kernel

s(u—x)°~ B .
Ko(uz) =4 g il 20 <z<u, (16.19)
0, elsewhere .

Notice K(u,z) > 0 and [, K,(u,z)dz = 1, all u > x¢. Let d, be the unit (Dirac)
measure at u. Define

Su (A), if u < xo;
Fo(u, 4) {fA Ydx, if u > xg. (16.20)
Then
(Tv)(A) ::/RPs(u,A)V(du) (16.21)

is a Markov transformation.

Theorem 16.10. Let zg € R and natural number s > 1 be fized. Then the Markov
transformation (16.21) p = Tv defines an (1-1) correspondence between the set m*
of all probability measures v on R and the set mg(xo) of all probability measures
w on R as in Definition 16.8. In fact T is a homeomorphism given that m* and
ms(xo) are endowed with the weak™-topology.

Let ¢ : R — R be a bounded and continuous function. Introducing

¢ (u) := / o(x (u,dx), (16.22)
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then
/¢dM= /(b*dl/. (16.23)

Here ¢* is a bounded and continuous function from R into itself.
We find that

o (w) = {fol d((1 — t)u + tag)st>~tdt,  if u> xo. (16.24)
In particular
§j0t—-wo)ﬂ¢*00:= (;j%ijij/u(u——lﬂs1¢($)dx. (16.25)

zo

FEspecially, if r > —1 we get for ¢p(u) = (u — xo)" that ¢*(u) = (H'S)_l(u — )",

for allu > xg. Herer!:=1-2---r and (TJSFS) = W

Solving the Convex Moment Problem. Let T be the Markov transformation

(16.21) as described above. For each p € mg(x) corresponds exactly one v € m*
such that y =Tv. Call g :==Tg¢;,i=1,...,n and h* :=Th. We have

/ﬁ@=/mw
R R
/h*dl/:/hdu.
R R

l%gf):=‘[;g$dv::cu i=1,...,n (16.26)

From (16.15), (16.16) we get find

and

Notice that we obtain

/T|gi|du<—|—oo, 1=1,...,n
R

and
/T%Mu<+m. (16.27)
R
Since T is a positive linear operator we obtain |Tg;| < T|g:|, « = 1,...,n and
|Th| < T|h|, ie.
/ lg7|dv < 400, i=1,...,n
R
and

/Uﬂw<+m
R

That is g}, h* are v-integrable.
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Finally
L(c) = infv(h") (16.28)

v

and

U(c) = supv(h®), (16.29)

where v € m* (probability measure on R) such that (16.26) and (16.27) are true.
Thus the convex moment problem is solved as a standard moment problem,
Section 16.1.

Remark 16.11. Here we restrict our probability measures on [0, +00) and we
consider the case zo = 0. That is p € m4(0), s > 1, i.e. (=1)*FG~D(x) is convex
for all > 0 but u({0}) = v({0}) can be positive, v € m*. We have

o (u) = su™?- / (u—2)*t - ¢(x) - dr, u> 0. (16.30)
0
Further ¢*(0) = ¢(0), (¢* = T'¢). Especially if
r4s\ 7!
¢(xz) = 2" then ¢ (u) = ( . ) ~u”, (r>0). (16.31)
Hence the moment
+oo
Q. ::/ 2" p(dx) (16.32)
0
is also expressed as
~1
a, = <T JSF S) By, (16.33)
where
—+o0
Gr ::/ u"v(du). (16.34)
0

Recall that Tv = p, where v can be any probability measure on [0, +00).

Remark 16.12. Here we restrict our probability measures on [0,b], b > 0 and
again we consider the case xg = 0. Let p € m;(0) and

/ 2" p(dx) == ay, (16.35)
[0,0]

where s > 1, r > 0 are fixed.
Also let v be a probability measure on [0, b] unrestricted, i.e. v € m*. Then
By = (HS'S) a,., where

Br = /[o,b] u"v(du). (16.36)
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Let h : [0,b] — Ry be an integrable function with respect to Lebesque measure.
Consider p € ms(0) such that

hdp < +o0. (16.37)
[0,0]

i.e.

/ h*dy < +oo, v € m*. (16.38)
[0.5]

/ hdy = / h*dv.
[0,b] [0,0]

Letting «, be free, we have that the set of all possible (a,., u(h)) = (u(z"), u(h))
coincides with the set of all

<<r -;- s) o By, y(h*)) = <<T “SL S) - v(u"), V(h*)> ;

where p as in (16.37) and v as in (16.38), both probability measures on [0, b]. Hence,
the set of all possible pairs (8, u(h)) = (6, v(h*)) is precisely the convex hull of
the curve

Here h* =Th, y =Tv and

= {(u",h*(u)) : 0 < u < b}. (16.39)

In order one to determine L(c,.) the infimum of all p(h), where p is as in (16.35)
and (16.37), one must determine the lowest point in this convex hull which is on the
vertical through (3,.,0). For U(q,.) the supremum of all p(h), i as above, one must
determine the highest point of above convex hull which is on the vertical through

(Br,0).

For more on the above see again, Section 16.1.

16.3 Infinite Many Conditions Moment Problem

For that please see also Kemperman (1983),([233]).

Definition 16.13. A finite non-negative measure p on a compact and Hausdorff
space S is said to be inner regular when

w(B) =sup{u(K) : K C B; K compact} (16.40)
holds for each Borel subset B of S.

Theorem 16.14 (Kemperman, 1983,([233])). Let S be a compactHausdorff topo-
logical space and a; : S — R (i € I) continuous functions (I is an index set of
arbitrary cardinality), also let o; (i € I) be an associated set of real constants. Call
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My(S) the set of finite non-negative inner reqular measures p on S which satisfy
the moment conditions

wla;) = /Sai(s)u(ds) <o;alliel (16.41)

Also consider the function b : S — R which is continuous and assume that there
exist numbers d; > 0 (i € I), all but finitely many equal to zero, and further a
number ¢ > 0 such that

1<) diai(s) — gb(s) all s€S. (16.42)
el

Finally assume that Mo(S) # 0 and put

Up(b) = sup{pu(b) : j € Mo(S)}. (16.43)
= [gb(s)u(ds)). Then
Uo(b) = inf {Z ciag | ¢; > 0;
i€l
Z ciai(s) all s € S} (16.44)
el

here all but finitely many ¢;; i € I are equal to zero. Moreover, Uy(b) is finite and
the above supremum is assumed.

Note 16.15. In general we have: let S be a fixed measurable space such that each
1-point set {s} is measurable. Further let My(S) denote a fixed non-empty set of
finite non-negative measures on S.

For f:S — R a measurable function we denote

Lo(f) := L(f, Mo(5)) :=

inf {/ f(s RS MO(S)} (16.45)
Then we have

Lo(f) = =Uo(=1). (16.46)

Now one can apply Theorem 16.14 in its setting to find Lo(f).
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16.4 Applications — Discussion

The above described moment theory methods have a lot of applications in many
sciences. To mention a few of them: Physics, Chemistry, Statistics, Stochastic
Processes and Probability, Functional Analysis in Mathematics, Medicine, Material
Science, etc. Moment theory could be also considered the theoretical part of linear
finite or semi-infinite programming (here we consider discretized finite non-negative
measures).

The above described methods have in particular important applications: in the
marginal moment problems and the related transportation problems, also in the
quadratic moment problem, see Kemperman (1986),([234]).

Other important applications are in Tomography, Crystallography, Queueing
Theory, Rounding Problem in Political Science, and Martingale Inequalities in Prob-
ability. At last, but not least, moment theory has important applications in esti-
mating the speeds: of the convergence of a sequence of positive linear operators to
the unit operator, and of the weak convergence of non-negative finite measures to
the unit-Dirac measure at a real number, for that and the solutions of many other
important moment problems please see the monograph of Anastassiou (1993),([20]).



Chapter 17

Extreme Bounds on the Average of a
Rounded off Observation under a Moment
Condition

The moment problem of finding the maximum and minimum expected values of the
averages of nonnegative random variables over various sets of observations subject
to one simple moment condition is encountered. The solution is presented by means
of geometric moment theory (see [229]). This treatment relies on [23].

17.1 Preliminaries

Here [-] and [-] stand for the integral part (floor) and ceiling of the number, respec-
tively.

We consider probability measures p on A := [0,a], a > 0 or [0, +00). We would
like to find

Uy = st;p/A Mu(dt) (17.1)
and
L, := i%f,/A Mu(dt) (17.2)
subject to
/ Fuldt) = d', 10, (17.3)
A

where d > 0 (here the subscript v in Uy, L, stands for average).

In this chapter, the underlined probability space is assumed to be nonatomic and
thus the space of laws of nonnegative random variables coincides with the space of
all Borel probability measures on Ry (see [302], pp. 17-19).

The solution of the above moment problems are of importance because they
permit comparisons to the optimal expected values of the averages of nonnegative
random variables, over various sets of observations, subject to one simple and flexible
moment condition.

Similar problems have been solved earlier in [20], [83]. Here again the solutions
come by the use of tools from the Kemperman geometric moment theory, see [229].

227
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Here of interest will be to find

U:= sup/ ([t] + [t])pe(dt) (17.4)
o Ja
and
Li=int / (1] + [€])ulde), (17.5)
A
subject to the one moment condition (17.3). Then, obviously,
U L
w=—, Lo==. 17.
Ua= - > (17.6)

So we use the method of optimal distance in order to find U, L as follows:
Call

M == conviea(t", ([t] + [t])). (17.7)
When A = [0,a] by Lemma 2 of [229] we obtain that 0 < d < a, in order to find
finite U and L. Then U = sup{z: (d",z) € M} and L =inf{z: (d",z) € M}. Thus
U is the largest distance between (d”,0) and (d",z) € M. Also L is the smallest
distance between (d",0) and (d",z) € M. So we are dealing with two-dimensional
moment problems over all different variations of A := [0, al, a > 0, or A := [0, +00)
andr>lorO0<r<1.

Description of the graph (", ([z] + [])), » > 0, a < +oo. This is a stairway
made out of the following steps and points, the next step is two units higher than
the previous one with a point included in between, namely we have: the lowest
part of the graph is Py = (0,0), then open interval {P; = (0,1), Qo = (1,1)},
the included point (1,2), open interval {P, = (1,3), Q1 = (2", 3)}, included point
(27,4), open interval {P3 = (2",5), Q2 = (3",5)}, included point (3", 6), ..., {open
intervals { P11 := (k",2k + 1), Qi := ((k +1)",2k + 1)}, included points (k", 2k);
k=0,1,2,3,...}, ..., keep going like this if @ = 400, or if 0 < a € N then the
last top part, segment of the graph, will be the open closed interval {([a]", 2[a] +
1), (a",2[a] + 1)}, or if @ € N then the last top part, included point, will be (a”, 2a).
Here Pyio = ((K+1)",2k + 3). Then

2
which is decreasing in k if 7 > 1, and increasing in k if 0 < r < 1. The closed convex
hull of the above graph M changes according to values of  and a.
Here X stands for a random variable and E for the expected value.

slope(Pyy1Pry2) =

17.2 Results

The first result follows
Theorem 17.1. Letd > 0,r > 1 and 0 < a < +oo. Consider
U:=sup{E(X]+[X]):0< X <aas, EX"=d"}. (17.8)
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DWIfk<d<k+1,ke{0,1,2,...,[a] — 1}, a €N, then
2" + (2K + 1)(k + 1)" — (2k + 3)k"
(k+1)r —kr '
2) Let a ¢ N and [a] < d < a, then
U =2[a] +1. (17.10)
3) Let A =1[0,+0), (i.e., a =400) and k <d<k+1,k=0,1,2,3,..., then
U is given by (17.9).
4) Let a e N—{1,2} and k < d < k+ 1, where k € {0,1,2,...,a — 2}, then U
is given by (17.9).
5) Leta e N and a —1 < d < a, then
_d"+a"(2a—1)—(a—1)"2a
N a”— (a—1)" '

U:

(17.9)

U (17.11)

Proof. We are working on the (z",y) plane. Here the line through the points
Pry1, Py is given by

22" 4+ 2k + 1) (k4 1)" — (2k 4 3)k"
N (k+1)r —k" '
In the case of a € N let P, := ((a —1)",2a — 1). Then the line through P, and
(a”,2a) is given by

y (17.12)

2" +a"(2a—1)—(a—1)"2a
a”— (a—1)"

Yy = (17.13)
The above lines describe the closed convex hull M in the various cases mentioned
in the statement of the theorem. Then we apply the method of optimal distance
described earlier in Section 17.1.

g
Its counterpart follows.
Theorem 17.2. Letd > 0,0 <7 <1 and 0 < a < +oo. Consider (17.8),
U:=sup{E([X]+[X]):0< X <qaas,BEX"=d"}.

1) Let 0 < a ¢ N and [a] < d < a, then
U =2[a] +1. (17.14)

2) Let 0 < a ¢ N and 0 < d < [a], then
U= %dr +1. (17.15)

2*) Leta=1and 0<d<1, then U=d"+1.
3) Letae N—{1},0<d <a and 0 <r < %, then

U= (20’_1>dr+1. (17.16)

a/T
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_1
4)Leta€N—{1},O<d§a—1,%<T<1anda2<2r)4, then

(2r)1-r—1
U=2(a—1)"""d" +1. (17.17)
1
5) Leta e N— {1}, a—1<d <a, %<r<1 andaz((zr#, then
2r)l-r —1
g ¢+ 2ale _((“ _1)1) )—a (17.18)
aT —(a — T
6) Let A =[0,400), (i.e., a = +00), then
U = +oo. (17.19)

Proof. We apply again the method of optimal distance. From the graph of
(2", ([z] + [x])) we have that the slope (Prt1Pii2) =
k (see Section 17. 1).

Let 0 < a € N, then the upper envelope of the closed convex hull M is formed by
the line segments {Py = (0,1), Pig11 := ([a]", 2[a] + 1)} and { P41, (a",2[a] +1)}.
Then case (17.1) is clear.

The line (PyPg)41) in the (27, y) plane is given by

2[a]

Yo

m is increasing in

@+ 1. (17.20)

Therefore case (17.2) follows immediately.
Case (17.6) is obvious by the nature of M when 0 < r < 1.
Next let @ € N— {1} and 0 < r < . That is.,

§

a—1

1—-r
27‘<1<< ) , forany ¢ e (a—1,a).

That is 2(a — 1)17" < T’E%l’ any & € (a —1,a). Thus by the mean value theorem
we find
1
2a@—-1)'""T < ———. 17.21
€= )" < (7.21)
Therefore slope(mg) < slope(my), where mg is the line through the points P; =
(0,1), P, = ((a—1)",2a — 1), and m is the line through the points P,, (a”,2a). In
that case the upper envelope of M is the line segment with endpoints P; = (0,1)
and (a”,2a). This has equation in the (z",y) plane

2a —1
y= ( “ar ) "+ 1. (17.22)
The last implies case (17.3).

Finally let a € N— {1} and 1 < r < 1, along with

(2r) T

a> —5——
(2r)T—= —1

> 0.
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Therefore

a ((ZT)TlT - 1) > (2T)1Tlr and a(2r)1Tlr — (2T)1Tlr > a.

That is (27’)?1*(& —1) > a and

(aL) < (2r)7.

1—-r
That is, (a;jl) <2rand &7 < a7 < (a—1)17"2r, any € € (a — 1,a). Thus

€ <2r(a— 1)V, and —== < 2(a—1)""", any £ € (a — 1,a). And by the mean

T§T—1
value theorem we find that

1

P PR < slope(mg) = 2(a — 1) 77,

where again my is the line through P, = ((a — 1)",2a — 1) and (a", 2a), while myq
is the line through P; = (0,1) and P,. Therefore the upper envelope of M is made
out of the line segments P, P, and P,(a",2a). The line my in the (z",y) plane has
equation

slope(m,) =

y=2(a—1)""2" +1. (17.23)
Now case (17.4) is clear.
The line m4 in the (z",y) plane has equation
" +2a(a” — (a—1)") —a”
= . 17.24
Y a”—(a—1)" ( )
At last case (17.5) is obvious. O
Next we determine L in different cases. We start with the less complicated case
where 0 < r < 1.

Theorem 17.3. Letd >0,0<r <1 and 0 < a < +oo. Consider
L=mf{E(X]+[X]):0<X<a as., EX"=d"}. (17.25)
1) Letl<a¢gNand 0 < d <1, then
L=d. (17.26)

1*) Leta<1,0<d<a, then L=a""d".
2)Let2<a¢Nandk+1<d<k+2forke{0,1,...,[a] —2}, then

24" + (2k + 1)(k +2)" — (2k +3)(k + 1)

L= TR . (17.27)
3) Let 1 <a &N and [a] < d < a, then
L 20 a2 = 1) — [a) (2] + 1) (17.28)

a” — [a]r
4) Let a € N and 0 < d < 1, then
L=d. (17.29)
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5) Leta e N— {1} and k+1 < d < k+2, where k € {0,1,...,a — 2}, then
L is given by (17.27).
6) Let A :=[0,+00) (i.e., a =400) and 0 < d <1, then
L=d. (17.30)

7) Let A:=1[0,400) and k+1 <d < k+2, where k € {0,1,2,...},
then L is given by (17.27).

Proof. The lower-envelope of the closed convex hull M is formed by the points
Py :=1(0,0), {Qr:=((k+1)",2k+1),k=0,1,2,3,...}, Qlaj—1 = ([a]",2[a] — 1),
F:=(a",2[a] +1). Here

S 2

1 - )

slope(QrQk+1) 2 =t i)
which is increasing in k since 0 < r < 1, and slope(PyQo) = 1. Notice that
slope(Qo@1) = 23—_1 > 1. When 0 < a ¢ N we see that

slope(Qq)-1F) > slope(Qq)—2Qa)-1)-
Therefore the lower envelope of M is made out of the line segments PyQg, QoQ1,
Q1Q2, .., QrQriy1, - - - Q[a]f2Q[a]fl and Q[a]le- In the cases of a« € N or a = 400
we have a very similar situation. Cases (17.1), (17.4) and (17.6) are clear.
The line (QxQk+1) has equation in the (z",y) plane
4 (2k+ (k42" — 2k +3)(k+ 1)
B (k+2)" — (k+1) '
Now the cases (17.2), (17.5) and (17.7) follow easily by the principle of optimal
distance.
Finally the line (Q[q—1F') in the (2",y) plane has equation
22" 4a"(2[a] — 1) — [a]"(2[a] + 1)
. o~ fal
Thus, case (17.3) now is obvious by applying again the principle of optimal (mini-
mum) distance. O

(17.31)

. (17.32)

The more complicated case of L for r > 1 follows in several steps. Here the
lower envelope of the closed convex hull M is formed again by the points Py = (0, 0),
Qo= (1,1),...,Qr = ((k+1)",2k+1),...,Qq—1 = ([a]",2[a] -1), F = (aT,Z[a]:H)
or F* = (a",2a) if a € N. In the case of A = [0, +00), the lower envelope of M is
formed just by Py, Qk; all K € Z,. Observe that the

slope(QrQr+1) = 2

(k+2)"—(k+1)r
is decreasing in k since r > 1.

Theorem 17.4. Let A = [0,+0), (i.e., a = +00) r > 1 and d > 0. Consider
L= imf{B(X]+[X]): X >0as., EX"=d'}. (17.33)
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We meet the cases:
1) If r > 1 we get that L = 0.
2)Ifr=1and0<d<1, then L =d.
) Ifr=1and1<d<+oco, then L =2d — 1.

Proof. We apply again the principle of optimal (minimum) distance.
When 7 > 1 the lower envelope of M is the z"-axis. Hence case (17.1) is clear.
When r = 1, then slope(QrQx+1) = 2 any k € Z, and slope(PyQo) = 1.
Therefore the lower envelope of M here is made by the line segment (PyQg) with
equation y = z, and the line (QoQ~) with equation y = 2z — 1. Thus cases (17.2)
and (17.3) are established. O

Theorem 17.5. Let a € N—{1},d >0 and r > 1. Consider L as in (17.25).
1) If 2,57:1) >1and0<d<1, then

L=d. (17.34)

)If2(a U >1and1<d<a, then
2(a—1)d" + (a" — 2a+ 1)

L= 17.35
a” — 1 ( )
3) If —2(5?:}) <1and0<d<a, then
L= (2a: 1) d". (17.36)
a

Proof. Here mg := line(PyQp) has equation y = z" and slope(mg) = 1. Also
mq = line(QoQa—1), where Q,—1 = (a”,2a — 1), has equation
~ 2(a—1)2"+ (a" —2a+1)

e : (17.37)

with slope(m;) = 2(‘171).

Notice also that slope(QrQr+1) is decreasing in k. If a‘f 1) > 1, then the lower
envelope of M is made out of the line segments PyQo and QpQ,_,. Hence the cases
(17.1) and (17.2) are now clear by application of the principle of minimum distance.

If 2(“ 1) < 1, then the lower envelope of M is the line segment (PyQ,_1) with

assoc1ated hne equation
2a — 1
y= < ¢ ) 2. (17.38)

a/T
Thus case (17.3) is established similarly. O
Theorem 17.6. Let 2 < a ¢ N, n:=[a], d >0 and r > 1. Suppose that

1<2(n_1)< 2
— nt—1 T a"—n"

(17.39)

Consider L as in (17.25).
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1) If0<d<1, then
L=d. (17.40)
2) If 1 < d < [a], then

2([a] = 1)d" + ([a]" — 2[a] + 1).

b= [ — 1

(17.41)

_ 2+ a7(2a] — 1) — [a]"(2[a] + 1)

prm— (17.42)

Proof. The lower envelope of M is made out of the line segments: {Py = (0,0),
QO = (]-u]-)} with equation y = z”, {QO = (]-a]-)v Q[a]—l = ([a‘]rv2[a’] - 1)} with
equation
2(la] = Da" + ([a]” = 2[a] + 1)
a1 ’
and {Qq—1, F' = (a”,2[a] + 1)} with equation
22" 4a"(2[a] — 1) — [a]"(2[a] + 1)
y= i :

y:

Then cases (17.1), (17.2), (17.3) follow immediately by application of the principle
of minimum distance as before.

g

Theorem 17.7. Let 2 < a ¢ N, n:=[a], d > 0 and r > 1. Suppose that
sz 2 (17.43)

n" —1 a” —n"
Consider L as in (17.25). If 0 < d < a, then
2 1
L— <M7+> . (17.44)
a

Proof. Here the lower envelope of M is made out of the line segment {Py = (0, 0),
F = (a",2[a] + 1)} with equation

(Z[a] + 1) ,
= _— €T 5
a//r’
etc. g
Theorem 17.8. Let2 < a ¢ N, n:=[a], d >0 and r > 1. Suppose that

2(n — 1 2
(n=1) <1 (17.45)
n"—1 a” —n"
and
o — 1 2
% (17.46)
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Consider L as in (17.25).
1) If 0 < d < [a], then

L= <2[a] — 1) dr. (17.47)

_2d" +a’(2[a] — 1) — [a]"(2[a] + 1) (17.48)
o — [’ ' '

Proof. Here the lower envelope of M is given by the line segments: {P, = (0,0),
Qra)—1 = ([a]", 2[a] — 1)} with equation

_ 2[@] -1 "
- (%)
and {Qq—1, F' = (a”,2[a] + 1)} with equation
2 2l = 1)~ [ 2la] + 1)

17.49
a’ — [&]r ( )
O
Theorem 17.9. Let2 < a ¢ N, n:=[a], d >0 and r > 1. Suppose that
2(n—1 2
An—1) <1< : (17.50)
n" —1 a” —n"

Consider L as in (17.25). Then L is given exactly as in cases (17.1) and (17.2) of
Theorem 17.8.

Proof. The same as in Theorem 17.8. (]
Theorem 17.10. Let 2 < a &N, n:=[a], d >0 and r > 1. Suppose that
2 2(n—1
— <1< 2n—1) (17.51)
a” —n" n"—1
and
n_ o (17.52)
a” —1 ' ’

Consider L as in (17.25).
1) If0<d<1, then
L=d. (17.53)
2) If 1 <d < a, then
2[ald” + (a" — 2[a] — 1)

L:
a” —1

(17.54)

Proof. Here the lower envelope of M is made out of the following line segments:

{Py =(0,0), Qo = (1,1)} with equation y = z", and {Qo, F = (a",2[a] + 1)} with

equation

2[a)z™ + (a" — 2[a] — 1)
a”—1

y = , (17.55)
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etc. O

Theorem 17.11. Let 2 < a ¢ N, n:=[a], d > 0 and r > 1. Suppose that
2 _2n-1)

ar—n"t T nr—1"

1< (17.56)

Consider L as in (17.25). Then L is given ezactly as in cases (17.1) and (17.2) of
Theorem 17.10.

Proof. Notice that the lower envelope of M is the same as in Theorem 17.10,

especially here a?fl > 1. Etc. g
Theorem 17.12. Let 2 < a ¢ N, n:=[a], d >0 and r > 1. Suppose that
2(n—1 2
(n=1) <1 (17.57)
n"—1 a” —n"
and
2n—1 2
. (17.58)
n a”—n

Consider L as in (17.25).
If 0 < d < a, then

a

L= <M> dr (17.59)

Proof. Here the lower envelope of M is the line segment Py F with equation

_ (M> 2 (17.60)

a/T
etc. O
Theorem 17.13. Let 2 < a ¢ N, n:=[a], d >0 and r > 1. Suppose that

2 22l (17.61)
a” —n" n" —1
and
2y, (17.62)
a"—1"—
Consider L as in (17.25).
If 0 < d < a, then
L- (2[“]“) . (17.63)
ar
Proof. Same as in Theorem 17.12. t

Proposition 17.14. Leta=1,r>1and 0<d<1. Then L=4d".
Proposition 17.15. Let0<a<1l,r>1and0<d<a. Then L=a""d".
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Proposition 17.16. Leta =2, r > E—g and 0 < d < 2. Then
L=3-27"d".

Proposition 17.17. Leta=2,1<r < E—g
D) Ifo<d<1, then L=4d".

2) If1 <d <2, then L = 2%,

Proposition 17.18. Let 1 <a <2,7>1 and 2(a” —1)71 > 1.
) Ifo<d<1, then L=4d".
2) If 1 <d<a, then [ = 24°ta" =3

a”—1

Proposition 17.19. Let 1 <a <2,7>1 and 2(a” —1)"! < 1.
If0<d<a, then L=3a""d".
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Chapter 18

Moment Theory of Random Rounding
Rules Subject to One Moment Condition

In this chapter we present the upper and lower bounds for the expected convex com-
binations of the Adams and Jefferson roundings of a nonnegative random variable
with one moment and range conditions. The combination is interpreted as a ran-
dom rounding rule. We also compare the bounds with the ones for deterministic
rounding rules at the respective fractional levels.This treatment follows [89].

18.1 Preliminaries

For a given A € (0,1), we define a function fx(z) = A|z] + (1 —A)[z], z € R, where
|z] and [z] denote the floor and ceiling of x, respectively. Note that fy(x) can
be interpreted as the expectation of rounding z according to the random rule that
rounds down and up with probabilities A and 1 — A, respectively.

Denote by X an arbitrary element of the class of Borel measurable random
variables such that 0 < X < a almost surely and EX"™ = m,. for some 0 < a < 400,
and 7 > 0, and 0 < m, < a”". The objective of this chapter is to determine the
sharp bounds

U(m,) =U(\a,r,m,) =sup Ef\(X),
L(m,) = L(\ a,r,m,) =inf Efy(X),

for all possible choices of parameters, where the extrema are taken over the respec-
tive class of random variables.

The special cases of the Adams and Jefferson rules, A = 0 and 1, respec-
tively, were studied by Anastassiou and Rachev (1992),[83] (see also Anastassiou
(1993, Chap.4)),[20] . The analogous results for A = 1/2 can be found in Anas-
tassiou (1996),[23] and Chapter 17 here. The method of solution, that will be
also implemented here, is based on the optimal distance approach due to Kemper-
man (1968),[229]. In our case, it consists in determining the extreme values of the
second coordinate of points (m,., z) belonging to the convex hull H = H(\,a,r) of
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the closure G = G(\, a,r) of the set {(¢t", fa(¢)) : 0 <t < a}. Clearly,

n—1 N
G=J{t k+1-N: k<t <k+1}U | J{*" k)}
k=0 k=0

W, n+1-X): n<t<a},
where n = sup{k e NU{0} : k <a} and N = |a] (= n unless a € N). It will be
convenient to use both the notions n and N in describing the results. The planar
set G can be visualized as a combination of horizontal closed line segments Uy Lj1,
0 < k < N, and possibly Uy A, and separate points Sy, 0 < k < N, say, where
U, = (k"k+1—-X), Ly = (k",)k—)), A= (a",n+1—X), and Sx = (k", k).
The purpose is to determine, for fixed A, a and 7, the analytic forms of the upper
and lower envelopes of H, U(m,) and L(m,), 0 < m, < a, respectively. Since
Sy € LUy, we can immediately observe that
conv {So,UQ,Ll,...,LN,UN,A}, if GER+\N,
H =1 conv {So,Up,L1,...,Lp,Upn,La, S}, if a €N, (18.1)
conv {So,Uo, L1,..., Lk, Uk, ...}, if a=+o0.

A compete analysis of various cases, carried out in Section 18.2, will allow us to sim-
plify further representations (18.1) E.g., the shape of H is strongly affected by the
fact that the length of Uy Ly 1 is constant, decreasing and increasing for r = 1, r < 1
and r > 1, respectively, as k increases. The argument makes reasonable considering
the cases separately in consecutive subsections of Section 18.2. In each subsection,
we derive both the bounds by examining more specific subcases, described by vari-
ous domains of the end-point a. In Section 18.3 we compare the bounds for E fy(X)
with those for respective Ef}(X), 0 < A < 1, where f{(z) = |z +1— A| is the
deterministic A-rounding rule, and X belongs to a given class of random variables,
determined by the moment and support conditions. Note that both the f) and
fx round down and up the same proportions of noninteger numbers. The bounds
for the latter were precisely described in Anastassiou and Rachev (1992),[83] and
Anastassiou (1993),[20].

18.2 Bounds for Random Rounding Rules

18.2.1. Case r = 1. Here L; € L;Ly and U; € U;Uy, for all i < j < k. Thus we
can significantly diminish the number of points generating H (see (18.1)). If a is
finite, then H is a hexagon with the vertices Sy, Uy, Un, A, Ly, Ly for a ¢ N and
So,Uo, Un, Sa, La, Ly for a € N. If a = +00, then H is the part of an infinite strip
and has the borders UySp, SoL; and the parallel halflines UgU;—~ and L1 Ly . In
Theorem 18.1 and 18.2 we precisely describe U(mq) and L(my), respectively.

Theorem 18.1. (i) If N # a < oo, then

mi+1—X for0<mj; <N,

U(ml):{N_’_l_)\’ for N<mi <a (18.2)
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(ii) If N> a < oo, then

U0m) = { o S ) b Form S S (183)
(iii) If @ = 400, then
Umi)=mi+1—-X  for my >0. (18.4)
Theorem 18.2 . (i) If 0 < a <1, then
Limiy) =1 —XNatmy, for 0<m; <a. (18.5)
(i) If 1 < a < oo, then
(1= X)my, for 0<my <1,
L(myi) =< my — A, for1<my <mn, (18.6)
et tn+1-A forn<m; <a.
(i) If a = +oo, then
L(my) = {g:fiinl’ *J’ZZ: 25;"? L (18.7)

We indicate the supports of distributions providing bounds (18.2), (18.7) (possibly
in the limit). We have U(m1) = m1 + 1 — X in (18.2), (18.4) for combinations of
t \\ k, the limits being integer such that 0 < k < a. The latter formulas in (18.2)
and (18.3) are obtained for mixtures of any ¢t € (n, a], and ¢ \, n with a, respectively.
Two-point distributions supported on 0 and a provide (18.5). We obtain the first
bounds in (18.6),(18.7) for mixtures of 0 and ¢ / 1. The second are achieved for
those of arbitrary ¢ /" k, k = 1,..., N. Finally, the last bound in (18.6) is attained
once we take combinations of ¢ /* N and a. The supports can be easily determined
by analyzing the extreme points of the convex hull H. We leave it to the reader to
establish the distributions, possibly limiting, that attain the bounds for r # 1.

18.2.2. Case 0 < r < 1. The broken lines determined by Sy, L1,...,L,, A and
Up,Us,...,U, are convex. This implies that the lower envelope of H coincides
with the former one (see (18.13) below). In the trivial case ¢ < 1, this reduces
to SoA (see (18.12)). Also, Uy,...,U,—1 do not belong to the graph of U(m,),
which, in consequence, becomes the broken line joining Uy, U, and A for a finite
noninteger a (cf (18.8)). For a € N\ {1}, we should consider two subcases. If A
is sufficiently small, then the slope of UyS, is less than that of UyU, (precisely, if
(a — 14 XNa=" < n'~") and therefore U(m,) has two linear pieces determined by
the line segments UyU,, and U, S, (cf (18.10)). Otherwise we obtain a single piece
connecting Uy with S, (see (18.9)). The same conclusion evidently holds when
a = 1. Examining the representations of U and L as a — 400, we derive the
solution in the limiting case a = 400 (see (18.11) and (18.14)).
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Theorem 18.3. (i) If a finite a ¢ N, then

Ulm,) = N'"m, +1—=X, for 0 <m, < NT,
I N+1= ), for N" <m, <a".

(ii1) Ifa € N and A > n'~"a" + 1 — a, then

Umy)=(a—1+XNa"m,+1-X,  for 0<m, <a".

(iiz) Ifa € N and A < n'~"a" + 1 — a, then

(i) If a = +o0, then
U(m,) =+oc0, form, >0.

Theorem 18.4. (i) If 0 < a <1, then
Lim,)=0-XNa "m,, for0<m,<a".
(i) If 1 < a < 400, then

(1 — )\)mr, for 0 <m, <1,
+k—X fork"<m,<(k+1),

L(m,) = m
() andk=1,...,n—1,
me—a” |1 -\, for n” <m, <a.
(i) If a = +o0, then
(1= X)my, for 0<m, <1,
L(m,) = { g +k =X, for k" <m, < (k+1)",

and k=1,2,....

18.2.3. Caser > 1.
Theorem 18.5. (i) If a is finite noninteger, then

R H k1= A, for kT <m, < (k4 1),
U(m,) = and k=0,...,N —1,
N+1- ), for N" <m, <a".
(i) If a is finite and integer, then

m+k+l—>\ fO’I’ kr<mri(/€+l)r,
U(m,) = and k=0,...,n—1

A(my—a") +a, fO’I" n’ <m, < a’.

a”—n"
(ii) If a is infinite, then

)

U(m,’,) m+k+l_>\ forkr<mr_(k+1)r,
and k=0,1,....

(18.8)

(18.9)

(18.10)

(18.11)

(18.12)

(18.13)

(18.14)

(18.15)

(18.16)

(18.17)
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Bounds (18.15), (18.16) and (18.17) are immediate consequences of the fact that
the broken lines with the knots Ugp,...,Un, A for a € N, Uy, ...,U,, S, for a € N,
and Uy, U, ... for a = 400 are concave. For the special cases a < 1 and a = 1,
yields Uy = U, and so the upper bounds reduce to the latter formulas of (18.15)
and(18.16), respectively.

Theorem 18.6. (i) If 0 < a <1, then (18.12) holds.
(tir) If 1l <a <2 and (2—ANa"" <1—A, then

Limy)=2-Xa "my, for0<m,<a". (18.18)
(iia) If 1 <a <2 and (2—Na"">1— ), then

(1= X)m,, for0<m, <1,

L(m,) = { 72:,:1

T +1—=X for1<m, <a". (18.19)

Suppose that 2 < a < 400.
(iii1) If (n+1—X)a™" <min{l — A\, (n — \)n""}, then

Limy)=Mn+1-XNa "m,, for 0<m, <a. (18.20)
(tiig) If (n —A)n™" < (n+1—=XNa"" and (n—A\)n~" <1— A, then

[ (n=Xn""m,, for 0 <m, <n",
L(m,) = { me—a” Lo 41—\, forn < m, < a. (18.21)
(itis) If 1 = A <min{(n+ 1= Na"", (n — A\)n~ < =L then
(1= XNmy,, for 0 <m, <1,
L(my) =< siem 18.22
(mr) {M+l—)\for1<mr<a ( )
(itis) If 1 — X <min{(n+1—XN)a"",(n — \)n""} and —25 > 2=L then
(I —=X)m,, for 0 <m, <1,
L(m,) =4 & m. —1)+1 =\, for 1 <m, <n, (18.23)
Tf:qfr +n+1-—A, forn™ <m, <a".
(i) If a = 400, then
L(m,)=0, for m, >0. (18.24)
We start by examining case (i4¢). Since L1, ..., L, generate a concave broken

line, it suffices to analyze the mutual location of So = (0,0), L; = (1,1 — \),
L, =m",n—X) and A = (a",n+ 1 — ). This means that we should consider
four shapes of the lower envelope determined by the following sets of knots Sy, 4,
and So, L, A, and Sy, L1, A and Sy, L1, Ly, A, respectively. We show that the all
cases are actually possible. First fix A and n. If a \ n, then the slope of L, A can
be arbitrarily large. This implies that the slope of SgA, equal to (n 4+ 1 — X)a™",
becomes greater than that of SyL,, which is (n — A\)n~". The same conclusion



244 PROBABILISTIC INEQUALITIES

holds with Sy replaced by Ly, for which we derive n/(a” —1) > (n—1)/(n" —1). If
a /' n+1,then A — L,,, and, in consequence, SyA and L; A run beneath SyL,,
and L L,,, respectively.

If we fix a, and let A vary, we do not affect the mutual location of Lq,..., L,
and A. For A /' 1, the slope of SyL1, equal to 1 — )\, becomes smaller than either
of SoL,, and SyA. If A \, 0, this can be arbitrarily close to 1. Then this becomes
greater than either of n'=" and (n+1)a~"(< a'~"), the limiting slopes of Sy L,, and
SoA, respectively, since r > 1. Letting A vary from 0 to 1, we meet the cases for
which 1 — A lies between (n +1 — A)a™" and (n — A\)n~". This shows that all four
cases are possible:

(iii1) the slope of SyA is minimal among these of SyA, SyL,, and SyL1, and (18.20)
is the linear function determined by Sy and A,

(iiig) the slope of SoL,, is less that that of SyA and not greater than that of SyLy,
and (18.21) has two linear pieces, with the knots Sp, L,, and A,

(iii3) we have three knots Sp, L1 and A (see (18.22)) if the slope of SoL; is minimal,
and, moreover, the slope of LA is not greater than that of LiL,,

(#ii4) bound (18.23) has three linear pieces with the ends at Sy, L1, L, and A, if
the slope of SpL; is less than either of SyL,, and SyA, and the same holds for
the pair L1 L,, and L1 A.

If 1 < a <2, then Ly = L,, and the problem reduces to two cases: we have (18.18)
if the slope of SyA does not exceed the slope of SyL;, and (18.19) otherwise. If
a < 1, then n = 0, and the lower envelope of H is SyA. When the support of X is
unbounded, it suffices to take a sequence of two-point distributions with the masses
1—mpa™" and m,.a™" at 0 and N Z a — +o00. Then Ef)(X) coincides with either
the right-hand side of (18.20) or the former formula in (18.21), which vanish as
a — +o0o and so (18.24) holds.

18.3 Comparison of Bounds for Random and Deterministic Round-
ing Rules

In order not to blur the general view, we concentrate on the problems of practical
interest for which the right end-point a is sufficiently large. If the rounded variables
take on one or two values only, we derive simple results, but usually completely
dissimilar to those for larger a. For the same reason, we rather confine ourselves
to indicating qualitative differences between the bounds of the random and de-
terministic roundings. The reader that will be interested in obtaining the precise
comparison of the bounds for a specific choice of parameters, is advised to find the
respective formulas in Section 18.2 and in Anastassiou (1993, Section 4.1),[20].
Fixing A, @ and r, set Ly = (k+ \)", k), U = (k+ A", k+ 1), k € NU{0},
A* = (a",n+ 1) and A, = (a",n). Note that A lies above A, and below A*.
We first recall the fact that the upper and lower bounds (denoted by U* and L*,
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respectively) for the expectation of the deterministic A-rounding rule are determined
by the upper and lower envelopes of the convex hull H* of the set

n—1

SoLyUUiZy UpLy, UUZA,  for a>n+ A\

o { SoLa U 2T T VT Ay, for a<n+ A,

Below we shall repeatedly make use of the facts that all Ly and L} belong to the
graph of the function ¢ — t'/" — \, and the same holds for Uj and Uf and the
function t — t*/" +1 — \. The shapes of the functions depend on the moment order
parameter 7 > 0. As in the previous Section 18.2, we study there cases.

18.3.1. Case r = 1. Taking a large enough, we can see that L = L* and U = U* in
some intervals of my. In particular, for a = 400, the domain of m; for which the
roundings are equivalent is an infinite interval. We present now some final results,
leaving the details of verification to the reader.

We first compare the upper bounds under the condition a > 1. It easily follows
that U(m1) > U*(m1), when 0 < my < A. Furthermore, U(my) = U*(m,) for
A <my <n+l-Awhena < n+), and for A < m; < notherwise. (Clearly, n = +o00
it @ = +00.) In the former case, we have U(mq) > U*(my) for n+1—-X <my < a,
and the reversed inequality for n < mj < a in the latter one.

We now treat L and L* in the case a > 1 + A\. For 0 < m; < 1 we have
L(mq) > L*(mq). If a < N+ A, then L(m) = L*(my) for 1 <m; < N—14A, and
otherwise the equality holds for 1 < m; < N. If m; is close to the upper support
bound, then L and L* are incomparable, except of the special cases a = N and
a= N+ X for which L < L*in (N +1— M\ a) and L > L* in (N, a), respectively.
If NZ%a< N+ )\, then L — L* changes the sign from — to + in (N +1— X a). If
a > N + A, then L — L* changes the sign from + to — in (N, a).

Observe that U dominates U* for all possible moment conditions iff either a <
n+ A or a = +oo, and L dominates L* iff a = N + X\ and a = +00. Generally, the
deterministic rule f; has a smaller expectation for small m;. For large ones, the
relations between the bounds strongly depend on the relation between the fractional
part of a and the rounding parameter .

18.3.2. Case 0 <r < 1. If 0 <m, < A", then 0 = L*(m,) < L(m,). Observe that
Lj, and L} belong to the graph of a strictly convex function. This implies that each
Ly and Lj lie under L} | Ly and LyLj41, respectively, and, in consequence, L(m,.)
and L*(m,) cross each other exactly twice in every interval (", (k+1)"). The former
function is smaller in neighborhoods of integers and greater for m,. ~ (k+\)", with
k € NU{0}. At the right end of the domain, if a < n+ A, then L} ¢ H* and
L* ends at A,, situated beneath A. It follows that ultimately L(m,.) > L*(m,), as
m, / a”. If a < n+ A, then the last linear piece of L* is L* A* and so L* is greater
in the vicinity of a”. Generally, the mutual relation of L and L* is similar to that

for r = 1 expect of that in the central part of the domain, where the equality is
replaced by nearly 2N crossings of the functions.
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We now examine the upper bounds. Suppose first that a € N. Then the upper
envelope of H is determined by Uy, A and possibly U,,, and that of H* by Sy, U}, A
and possibly Ug. Since Uy, Ug, U, and U} are points of the graph of a convex func-
tion, UgU, crosses UjU}. Also, the straight lines determined by Uy, U, and Uy, U}
run above the points Sy, Uy and U, A, respectively. Hence, if the upper envelopes
of H and H* actually contain U,, and U, respectively, they cross exactly once for
some m, € (A",n). If H does and H* does not, then the line running through
So, U} and under Uj crosses once the concave broken line joining Uy, U,, and A.
The same arguments can be used, when Uj is an extreme point of the respective
hull, and U, is not. Also, the line segments Uy A and SoU; have a crossing point.
In conclusion, U > U* for small arguments and U < U* for large ones.

The same holds true for noninteger a > n + A. Here U, is actually a point
generating H and we can drop two of four subcases in the above considerations. If
N Z a <n + A, the knots of U* are So,U;;_,, A« and possibly Ug. Now UsU;_; is
situated beneath UyU,,. Since, moreover, Sy lies under Uy and A, lies under A, we
immediately deduce that U > U* for all m, < a". Finally, for a = 400, we have
U=U"=+o0.

18.8.3. Case r > 1. We first study the upper bounds. Here Uy lies above U};_,U;!
and U} lies above UpU41 for arbitrary integer £, because the above points are
elements of the graph of a strictly concave function. In consequence, the intervals
in which U > U* contain m, = k", and are separated by the ones containing
my = (k+ A)", where U < U*. At the left end, U(m,) =1—X > U*(m,) \, 0, as
m, \, 0, like in the other cases. At the right one, we consider two subcases. For
a > n+ A (a — possibly integer), U*(m,) =n+1> U(m,), as m, is close to a”,
and the last crossing point of U and U* belongs to (n”, (n+A)"). If a <n+ A, then
Ump)=n+1—-X>U*(m,) =nfor n” <m, <a", and the last crossing point
liesin ((n—1)",(n— 14 A)"). This is also an obvious analogy with the cases r < 1.

It remains to discuss the most difficult problem of the lower bounds for r > 1.
There are various possibilities for the lower envelope of H. This may have four
knots Sp, L1, L, and A, merely the outer ones being obligatory. Assuming that
a > n + A, there are two possible envelopes of H*: one determined by So, L§, L},
and A*, and the other with L}, dropped. Since LiL, is located above L{L}, in
the former case Sy, L1 and L,, belong to the epigraph of L*, and A does not. This
implies that L and L* cross once in (0,a"), for all possible forms of L. The same
conclusion holds for the latter case, where the slope of L§A* is not greater than
that of L§L?, and Sp, Lo, Ly, remain still separated from A by m. Therefore for
a>n+ X L(m,) is less than L*(m,.) for small m,., and greater for the large ones.
In fact, the crossing point is greater than n” so that the former relation holds in an
overwhelming domain.

If a < n+ A, then the lower envelope of H* is determined by either
So, L§, LY _1, As or Sp, L§, A«. In the four-point case, we can check that Spy, L;
and A lie above the envelope and L, does not. Hence, if L, is an extreme
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point of H (see Theorem 18.6 (iiiz), (iii4)), then L — L* changes the sign from +
through — to +, and is positive everywhere otherwise. In the three-point case,
L, may also be located in the epigraph of L* as Sy, L; and A are. Therefore
an additional condition for the two sign changes of L — L* should be imposed.
This is (n — A)(a” — A") < n(n" — A"), which is equivalent with locating L, un-
der L§A.. Otherwise L dominates L* for all m, < a”. The final obvious conclusion
is L(m,) = L*(m,.) =0 for 0 < m, < 400 = a.
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Chapter 19

Moment Theory on Random Rounding
Rules Using Two Moment Conditions

In this chapter sharp upper and lower bounds are given for the expectation of
a randomly rounded nonnegative random variables satisfying a support constraint
and two moment conditions. The rounding rule ascribes either the floor or the
ceiling to a number due to a given two-point distribution.This treatment follows
[85].

19.1 Preliminaries

Let X be a random variable with a support contained in the interval [0, a] for a given
0 < a < 400 and two fixed moments EX = mj and EX" = m,. for some 0 < r # 1.
Assume that the values of X are rounded so that we get the floor

| X|=sup{keZ: k<X}
and the ceiling
[X]=inf{keZ: k> X}

with probabilities A € [0, 1] and 1—\, respectively. Our aim is to derive the accurate
upper and lower bounds for the expectation of the rounded variable

U\ a,r,mi,m,) =supEAX ]|+ (1 —XN)[X]), (19.1)
L\ a,r,mi,m,) =inf EQAX] + (1-N)[X]), (19.2)

respectively, for all possible combinations of the arguments of the left-hand sides
of (19.1) and (19.2). The special cases of the problem with A = 0 and A = 1, cor-
responding to well-known Adams and Jefferson rounding rules, respectively, were
solved in Anastassiou and Rachev [83] and Rychlik [313] (see also Anastassiou
[20,Chapter 4]). In fact, in the above mentioned publications there were exam-
ined more general deterministic rules that round down unless the fractional part
of a number exceeds a given level A € [0, 1], which surprisingly leads to radically
different bounds from these derived for the respective random ones. The latter were
established in the case of one moment constraint EX"™ = m,., » > 0, by Anastassiou

249
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and Rachev [83] for A = 0,1, and Anastassiou [23] for A = 1/2 and Anastassiou and
Rychlik [89] for general A.

A general geometric method of determining extreme expectations of a given
transformation of a random variable, say g(X) (here ga(z) = Az| + (1 — A)[z]),
with fixed expectations p ..., ur of some other ones f1(X),..., fr(X), say, (here
fi(x) =z, fa(x) = 2") was developed by Kemperman [229]. The crucial fact the
method relies on is that any random variable X with given generalized moments
Efi(X) =, t =1,...,k, can be replaced by one supported on k + 1 points at
most that has identical expectations of each f; (see Richter [307], Rogosinsky [310]).
Therefore it suffices to confine ourselves to establishing the extremes of the(k + 1)-
st coordinate of the intersection of the convex hull of (fi(x),..., fx(z),g(x)) for
all z from the domain of X, which is the space of all possible generalized moments,
with the line  — (u1,..., uk, ), representing the moment conditions. If X has
a compact domain, and all f;, i =1,...,k, are continuous and g is semicontinuous,
then either of extremes is attained (see Kemperman [Theorem 6, 229]). If g is
not so, the geometric method would still work if we consider the extremes of g in
infinitesimal neighborhoods of the moment points (see Kemperman [Theorem 6,
229]).

We use the Kemperman moment theory for calculating (19.1) and (19.2) in
case a < 4o0o. For a = +oo, we deduce the solutions from these derived for
finite supports with a — +o0o. We first note that the problem is well posed iff
m = (my,my) € M(a,r) = convF(a,r) with F(a,r) = {(t,t") : 0 <t < a},
i.e. m lies between the straight line m, = a" !
0 < m; < a. The bounds in question are determined by the convex hull of the
graph G(A,a,r) of three-valued function [0,a] > t — (¢,t", Alt] + (1 — A)[¢t]) for
fixed A\, a and r, which will be further ignored in notation for shortness. We easily
see that for n denoting the largest integer smaller than a,

my and the curve m, = mj for

n

g= U{(t7tr7k—|—l—)\): kE<t<k+1}U G{(k,kr,k)},

h=0 k=0
for a € N, and
n—1 n
=Lt k+1-N: k<t<k+1}U | J{(k K+ E)}
k=0 e

U{(t,t",n+1—-X): n<t<a},

for a ¢ N. Since gy is not semicontinuous for 0 < A < 1, we could use the
Kemperman method once we consider the closure G that arises by affixing points
Up = (k, k", k+1-)X),k=0,...,n,and Ly = (k, k", k=), k=1,...,|a]. Visually,
G consists of subsequent closed pieces of the planar curve ¢ — (¢,t") with integer
ends at k and k 4 1, located horizontally at the respective levels k 4+ 1 — A, denoted
further by [7;:Lk+b and separate points Cy = (cx, k) = (k, k", k) € LUy, standing
for the vertical line segment that joins Ly with Ug. On the left, we start from the
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origin Cy and U/OE, and at the right end we have either m and C, for a € N
and the trimmed curve U, A with A = (a,n+1—X) = (a,a",n+1— \) otherwise.
We adhere here to the convention introduced in Rychlik [313] of writing points of
two- and three-dimensional real space in bold small and capital letters, respectively.
Observe that the notation of a = ¢, and A = L, is duplicated for natural a. In the
sequel, we shall use a and A then.

In Section 19.2 we present analytic expressions for (19.1) and (19.2) and de-
scribe the distributions that attain the respective extremes. E.g., writing U(m) =
D(ty,...,tx), we indicate that {t1,...,%x} C [0,a] is the greatest possible support of
X with extreme Egy(X). The distribution of such an X is unique iff £ < 3, and then
the probabilities of all ¢, are easily obtainable. However, for some m € M we obtain
even infinite support sets, and we drop the formal description of all respective distri-
butions for brevity. If a bound is unattainable, we furnish some ¢; with the plus (or
minus) sign which would mean that the bound is approached by sequences of distri-
butions with support points tending to the respective arguments of D from the right
(or left, respectively). The formal presentation of the results will be supplemented
by a geometric interpretation, i.e. the description of the upper and lower envelopes
M={M=(m,Um)): me M}and M ={M = (m,L(m)) : m € M}, respec-
tively, of the convex hull generated by G = G(\,a,r). In fact, our proofs consist
in solving the dual geometric problems. These will be contained in Section 19.3,
together with some purely geometric lemmas whose statements will be repeatedly
applied in our reasoning.

19.2 Results

There is a magnitude of different formulas for (19.1) and (19.2) valid in various
domains of parameters. For the sake of clearness, we decided to present the upper
and lower bound for » > 1 and 0 < r < 1 in separate theorems. In each case, we
further choose specific levels of the support range condition a, and finally, for given
r and a, we analyze the moment conditions for different regions in M(a,r). Since U
and L are continuous in m, various formulas provide identical values on the borders
of neighboring regions. Below we apply the convention of presenting the formulas
on the closed parts of M.
It will be further useful to define t;, = tx(m,r) # k by the equation

(mr — k") (tx — k) = (mq — k) (£, — k") (19.3)

for some m € M(a,r) and k € [0,a]. Note that t; = (tx,t},) is the intersection of
the straight line running through (k, k") and m, and the curve ¢t — (¢,¢"). It is easy
to confirm that ¢ is a uniquely determined point in [0, a].

Theorem 19.1. (Upper bounds in case r > 1).

(a) Suppose that N % a < 4o0.
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(i) If for some k=0,...,n—1,
k<m; <k+1,

19.4
g < my < [(6+ 1) = K (my — ) + &, (194
then
U(m) = D(t k+1+)—k+2—)\—u (19.5)
= D(trt1, = P .
(ii) If
n <my < a,
"—n")(m1—n 19.6
mi < m, < Gl 4oy, (19:0)
then
U(m) = D((n,a]) =n+1-A\ (19.7)
(i) If for some k =0,...,n—1,
< <
ksm <kl (19.8)
[(E+1)" —k")(m1—k)+ k" <m, <n""tmy,
then
Um)=D0+,...,n+)=m3 +1— A (19.9)
(iv) If
0 S my S a,
g 19.1
max{n"~tmy, % +n"} <mp < a"rmy, (19.10)
then
U(m) = D(0+,n+,a)
—1—-\+ (ar—nT)ml—_(zlz—n)mT. (1911)
(b) Let N> a < +oo.
(i) If (19.6) holds, then
U(m) = D(tq,a) = a—Aa_Tl. (19.12)
a—1q
(i) If (19.10) holds, then
U(m) = D(0+, n+, a)
1=\ (" mi—m,) (19.13)

=mi+1-X+

ar—n""la

Otherwise the statements of (ai), (aiii) remain valid for the integer a as well.
(c) Leta=+oc.

(i) Condition (19.4) for some k € NU {0} implies (19.5).
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(i1) If for k € NU {0}

E<mi <k+1,

my > [(k+1)" — k"|(m1 — k) + k7, (19.14)

then

U(m) = D(0+,1+4,...) =mi +1 -\ (19.15)

Remark 19.2 (Special cases). If a < 1, then (19.6) is satisfied by all m € M and
so we find single formulas (19.7) and (19.12) for ¢ < 1 and a = 1, respectively.
For 1 < a < 2, considering (19.8) is superfluous, because it has no interior points.
However, as a increases, the upper constraint for m, in (19.8) tends to +oo for all
m1 so that in the limiting case we obtain two types of conditions only.

Remark 19.3 (Geometric interpretation). Suppose first that a is finite and non-
integer. If a > 2, none of conditions can be dropped, and the constraints space M
is divided into n + 3 pieces. Condition (19.4) states that m € convcgériy for some
k=0,...,n— 1, whereas (19.5) implies that the respective part of the upper en-
velope of convG coinci;des\ with the curved part of the surface of the cone with the
horizontal base convUy Li41 and vertex Ugyq. The part is spread among Uy and
Uml, and will be written co(Ugy1, Uml) for short (case (ai)). If m € conve,a
(see (19.6)), the respective piece of M is convC/'njél, i.e. loosely speaking, convc,a
lifted to n+1—Alevel (case (aii)). The convex polygon convcy . . . ¢, defined in (19.8)
corresponds to a fragment of plane slanted to one spanned by {(m,0) : m € M}
and crossing it along the line m; = A — 1 at the angle 7/4 (case (aiii)). Formula
(19.11) asserts that M is a point of the plane generated by Uy, U,,, and A (plUoU,, A,
for short). Since (19.10) describes the triangle Acgc,a with vertices cg, ¢, and a, it
follows that the respective part of M is identical with AUyU,, A (case (aiv)).

The case of natural a differs from the above in replacing A by C,, which is situated
at the higher level than A. In consequence, for convé,a we obtain co(Cl, ljn\A) (see
(19.12)) instead of the flat surface convCyr A as in (19.7). Also, for m € Acocpa, we
get AUU,C,, which is the consequence of (19.10) and (19.13). Note that the line
segment U, C, is sloping in contrast with the horizontal U,A. For the remaining
n + 1 elements of the partition of M, the shape of the upper envelope is identical
for integer and noninteger a. The shape of M for a = 400 can be easily concluded

from the above considerations.

Theorem 19.4 (Lower bounds in case r > 1).
(a) If 0 < a <1, then for allm € M
L(m) = D(0,tg) = (1 — XN)mq /to. (19.16)

(b) Suppose that 1 < a < +00.
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(i) Conditions
0 S my S ]-7
m"]j S my S my,
imply (19.16).

(i) If for some k=1,...,n—1,(19.4) holds then
t, —mq
tr—k
(ii) Under the condition (19.6), we have (19.18) with k = n.
(w) If fork=1,...,n—1,

L(m) = D(k—ty) =k — A —

E<m <k+1,
[(k+1)" = k7)(ma — k) + k7 < m, < DM g

then

Assume, moreover, that

m+1—a—-XN(n"—n)>An"—1)(a" —a).

(v’) If
0 S my S n,
max{mj, % +1} <m, <n""lmy,
then
L(m) = D(0,1—,n—)
—my + )\(nfl)mrf(nrfl)ml )
(oi?) If
0 S mi S a,
max{n"~tmy, 7(‘“_”;)7(771_”) +n"} <m, < a""imy,
then

L(m) = D(0,n—,a—) = (1 — %) my
+ [(nf)\)(afn)fn](nr_lnn7mr) ]

If the inequality in (19.21) is reversed, then the following holds.
(v”) For

0 S mi S a,
(a"=1)(m1—1) + 1} é my S arflml,

max{my, —

we have

L(m) = D(0,1—,a—)
_ (1=X)(a"m1—am,)+(n+1—X)(m,—m1) )

a”"—a

(19.17)

(19.18)

(19.19)

(19.20)

(19.21)

(19.22)

(19.23)

(19.24)

(19.25)

(19.26)

(19.27)
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(vi”) For
1 S mi S a,
max{ Ul g (o) oy (19.28)
a”"—1)(mi1—1
<m, < @ZD0ml) g
yields
L(m)=D(l1—,n—,a—)=1-A
4 @ =) =)= ("= Hn](m1 =)+ (n—1)(n+1=a)(m, 1) (19.29)
@D (n-D—(n"—D(a-1) :

(c) Let a =+c0.

(i) Condition (19.4) implies (19.16).
(i) If (19.4) holds for some k € N, then we get (19.18).

(iii) If
0= o § 717;1, (19.30)
then
L(m) = D(0,1—,+00—) = (1 — \)m. (19.31)
(iv) If some k € N the condition (19.14) is satisfied, then
L(m)=D(1=,2—,...) =m1 — A (19.32)

Remark 19.5 (Special cases). It suffices to consider the case (biv) for a > 3. If
1 < a < 2, neither of m € M satisfies the respective condition. If 2 < a < 3,
(19.19) determines a line segment that can be absorbed by neighboring elements
of partition. For 1 < a < 2, we can further reduce the number of subcases. First
note that (bii) can be dropped. Also, both the (19.22) and (19.28) describe linear
relations of m; with m,. and so (bv') and (bvi”) can be omitted. Furthermore,both
the (19.24) and (19.26) are equivalent, and result in the bound

£en) _ ﬂ%h%ﬁ—2mr>—<2—x><m1—mn (19.33)

identical with (19.25) and (19.27). Hence, for 1 < a < 2, it suffices to treat three
possibilities (bi), (biii), and (19.26) with (19.33). Observe that there is no need to
examine the integer and fractional a separately, because in the former case, unlike

to the supremum problem, we can always replace a € N by a— which does not
violate moment conditions and decreases the rounding. In fact, we can take the
minus away from « in describing the support of extreme distribution in (19.25),
(19.27), (19.29) and (19.33) unless a € N.

Remark 19.6 (Geometric interpretation). If a < 1, then M consists of the line
segments CoTy, with to(m) varying between 0 and 1, which constitute the curved

S —

conical surface co(Cy,UpA) of the cone with the vertex Cy and base convUjyA.
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Putting @ = 1, we obtain the case (bi). We have analogous solutions in the cases
(bii) and (biii), referring to m € convércrr1, k= 1,...,n — 1, and m € convc,a,
respectively. In these domains, M coincides with n — 1 surfaces co(Lg, Uk/Lk\H),
k=1,...,n—1, and co(Ly, 17,:4), respectively. The condition (19.19) determines
the polygon with n vertices ¢1, ..., ¢,, and L(m) is the equation of a plane parallel
to one including a part of the upper envelope (cf (19.9) and (19.15)). Note that one
lies the unit away from the other and all the moment points are situated between
them (cf Remark 19.7 below). This implies that the maximal range of the expected
rounding with given moments is 1 and this is attained iff the conditions of (biv) (or
(civ)) hold.

For finite a, it remains to discuss m of the tetragon convcgcicpa. Inequality
(19.21) states that A is located either in or above the plane plCyLqL,. If it is
so, then for m € Acocicp, (see (19.22)) M belongs to plCyLi Ly, (cf (19.23)), and,
in consequence, to ACyL1Ly. Likewise, formulas (19.24) and (19.25) assert that
M = (m,L(m)) € ACyL,A when m € Acocpa. If A lies on the other side of the
plane, we divide convcgcicpa along the other diagonal ¢ra. Similar arguments lead
us to the conclusion that m € Acgcia and m € Acyie,a imply that M € ACyL1 A
and M € AL,L, A, respectively.

We leave it to the reader to deduce from Theorem 19.4 that for a = +o00, M
is partitioned into the sequence co(Cy, (7031) (cf (ci)), co(Lg, Uk/L;rl), keN, (cf
(cit)) and two planar surfaces (see (ciii) and (civ)).

Remark 19.7. Note that the bounds (19.9) and (19.20) are the worst ones, and
follow easily from
X = A<[X] = A= MX] =D+ (1 -N[X]
<AX]+(1-N[X]
<AX|+QA-X)(X]+1)<X+1-A

Conclusions for the case r < 1 are similar and will not be written down in detail
for the sake of brevity. Instead, we merely modify Theorems 19.1 and 19.4.

Theorem 19.8 (Upper bounds in case 0 < r < 1). Reverse the inequalities for
my in (19.4), (19.6), (19.8), (19.10), and (19.14). Replace max by min in (19.10),
and suplement (19.14) with m, > 0. Under the above modifications of conditions,
the respective statements of Theorem 19.1 hold.

Theorem 19.9 (Lower bounds in case 0 <1 < 1). Reverse the inequalities for m,
in (19.4), (19.6), (19.17), (19.19), (19.22), (19.24), (19.26), (19.28) and (19.14),
adding m, > 1 to the last one. Substitute min for max in (19.22), (19.24), (19.26)
and (19.28). Then the respective conclusions of Theorem 19.4 hold. If, moreover,
we change the roles of my and m, in (19.30), then

L(m) = D(Ov ]-7 +OO_) =mi — /\mr~ (1934)
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19.3 Proofs

Lemma 19.10 can have wider applications in the geometric moment theory than for
the two moment condition problems. At the sacrifice of meaningfulness of three-
dimensional geometry arguments, we therefore decided to formulate the result and
employ arguments valid for the spaces of any finite dimension.

Lemma 19.10. Let M’ C M be open and not overlapping with F, and OM’
stand for its border. Then each M = (m,U(m)) € M (M = (m,L(m)) € M)
for m € M’ can be represented as a convexr combination of M; = (m;,U(m;))
(M,; = (m;)),U(m;) with m; € OM'. Accordingly, the subset of G generating the
part of the upper (lower) envelope for m € M’ coincides with that for m € OM’.

Proof. We only examine the upper envelope case. The other can be handled in
the same manner. Take an arbitrary M = (m,u) such that m € M’ and has a
representation

M=) oM, M;=(miju)€eg (19.35)

for some positive «; amounting to 1. The condition M’ N F = & implies that
none of m; € M’. We can partition all M; into three, possibly empty, groups:
the M; = (m;,U(m;)) with m; € OM’, the M; = (m;,w;) with m; € OM’ and
u; < U(m;), and the M; with respective m; ¢ OM’. Our aim is to modify (19.35)
so to preserve the moment conditions, despite of replacing some m; by border
points, and not to decrease the criterion functional. To this end, it is sufficient to
replace the elements of the second and third groups. In the former case, we simply
substitute M; = (m;, U(m;)) for each M;.

Less evident arguments are used for eliminating M; with m; ¢ OM’. To be
specific, suppose that so is My, and we rewrite (19.35) as

M=a1M1+(1—a1)Z

i#l

Note that m and m; lie on the other sides of OM’. Let m}j = Bmy + (1 — B)m,

0 < B < 1, be a crossing point of mym with M’ and M| = 8M; + (1 — B)M.
Then m € mim_, as well, and likewise

Q5

M; = o M7 + (1 — Ckl)Mfl.
1—0&1

_ o / B(l—a1)
M = s M+ arpaan M1

19.36
=yM{+ (1 —~)M_;. ( )

Substituting H; = (m},U(m})) € convG for M yields
M = ’yﬂll + (]‘ - ’Y)th

or equivalently

(m,u’) =y(mi, U(m1)) + (1 =) (m-1,u_1).
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This has two desired consequences: we replace My with m; & OM’ by Mll with
m} € OM’, and derive v’ > u. Repeating the procedure finitely many times, we
eliminate all M; from the third group, improving the approximation of M at every
step. O

Lemmas 19.11, 19.12 and 19.13 follow from Lemma 19.10 and will be applied
directly in the proofs of our original problems.

Lemma 19.11. Assume that M;M; C M (M), i,5 =1,2,3. Then AM;MsMs C
M (M) as well.

Proof. Project AM;MyMs onto the space of moment conditions. It is evident that
the respective projection Amimsomg has no interior points common with F. Since
each of the edge points of AM;MsM; is a convex combination of the vertices, and
belongs to M (M), then, by Lemma 19.10, for every M (M) with m € Amymams
we have

3
M (M) =) aiM; € M(M)
i=1
for some convex combination coefficients «;, ¢ = 1,2,3. All the combinations com-
pose AMlMgMg. O

Lemma 19.12. Suppose that all the edges M;M;11, i = 1,2,3, and MyM; of
the tetragon convMiMoMsMy are contained in M. Then we have AMyMsMs U
AM{MsM, C M if My does not lie beneath p | MyMsMs, and AMyMsMy U
AMsMsMy C M if My does not lie above p I My MoMs.

Proof. In the standard notation, m; stands for M; deprived of the last coor-
dinate. Analysis similar to that in the proof of Lemma 9.11 leads to the con-
clusion that (m,L(m)) is a convex combination of M,;, i = 1,2,3,4, for every
m € convmimaimsmsyg.

By the Richter-Rogosinsky theorem, one of M; is here redundant for a given
m. Let mg and My denote the crossing points of the diagonals of the respective
tetragons. Consider, e.g., the case m € Amimomg. The the respective M can
be written as a combination of either of the triples My, My, M3 and My, Mo, My.
The former occurs if My is located over plM,MsMs, i.e. AMyMsMs lies beneath
AMyMyM,. The latter is true in the opposite case. Noting that the former con-
dition is equivalent with locating Ms over plM;MsM,, we similarly analyze three
other triangular domains of moment conditions and conclude our claim. In partic-
ular, if M;, i = 1,2, 3,4, span a plane, then convMy MyMzM, € M. O

It is easy to obtain a version of Lemma 19.12 for M;M; C M. This was not
formulated here, because the result will be used for determining the lower bounds
only.

Lemma 19.13.(i) Consider Uml C G and Vi1 = (k+1,(k+1)",v) for some
v>k+1—\ IfU,Viy1 C M, then co (Viy1,UrLpy1) C M.
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(ii) Let 17;;,\5' C Uﬁk\ﬂ NG and Vi, = (k,k",v) for some v < k+1— \. Then
ViS € M implies co(Vy, 17;;9) c M.
The point Vi1 defined in Lemma 19.13(7) lies just above Ly11 and will be replaced
by either Uy 1 or Cy in the proof of Theorem 19.1. Also, Vj lies under Uy, and will
be further replaced by either Cy or L as well as S stands for either Ly, or A.

Proof of Lemma 19.13 (i) Since both the UxViss and ULri1 belong to M,
due to Lemma 19.10, every M with m € convégcry1 can be written as a mixture
of at most three points from Uk/Lk\H U {Vit+1}. Combining elements of the curve
only, we do not exceed k + 1 — A, while introducing Vi1, being possible for any
m € convcycyi1, enables us to rise above the level. Assume therefore that M =
(m,u) S AMlMQVk+1 for Ml,MQ S UkLk+1, or equivalently M € Mng+1 for
some M3 = (m3,k+1—\) € M1 M,. Note that the line running through m and ms
crosses F at cpy1 and tpy1 = (tp1, ), ) € Ckcrp (see (19.3)). Consider Tji1 Viya
for Tkq1 = (tg+1, k+1—A). It is easy to see that Tj41 Vit lies above M3Viy1 and,
consequently, it crosses the vertical line ¢ — (m,t) at a level u’ > u, say. In fact, the
construction is unique and so it determines M. Accordingly, for all m € convcyérii
the respective M € m C M, where T)+1 runs along the whole Uﬁ/\k;Jr]_ as
m varies. The Tjy41Viy1 compose co(Vi41, Uml).

(74) Analogous. O

Proof of Theorem 19.1 (a) It is obvious that the (possibly limiting) distribution
of X that attains the upper bound U(m1) = sup Egx(X) under the single moment
condition FX = my, and satisfies EX" = m,., provides also the respective bound
U(mi, m,) for the two moment problem. Therefore we directly apply the solution
presented in Anastassiou and Rychlik [89]. It follows that U(m1) = U(mq,m,) =
my + 1 — A for (mq,m,) € conveg...c, and U(my) = U(mq,m,) =n+1— X\ for
(m1,m,) € conveya which solve (aiii) and (aii), respectively. The latter can also
be derived by noting that n+ 1 — A is the greatest possible value of gy (X) attained
when n < X <a.

Assume now that m € conv ¢gcpyy for some k = 0,...,n — 1. Noticing that
UpUrs1 C M and applying Lemma 19.13(i) with Vj41 = U1, we conclude that the
respective part of the upper envelope is co(Ug1, Uk/L;rl) (case (ai)). It remains
to consider m € Acgcna. Observe that UgA ¢ M, because M € UpyA uniquely
determine limiting distributions supported on {0+,a}, and UyU,,U,A C M (cf
(aiii) and (aii)). By Lemma 19.11, AUyU, A C M (case (aiv)).

(b) From the solution of the single moment problem we derive some parts of M.
These are convly . ..U,, U,C,, and clearly all the Uk/Lk\H, and UyC,. The first
one provides the solution for m € convcy . .. c,, identical with that for noninteger
a, and allows us to repeat the arguments and conclusions of the proof of (ai) for
m € ércrr1, k=0,...,n — 1. In the similar way we use Lemma 19.13 and U,,C, C
M to deduce that M € co(C,, U, A) if m € convena (case (bi)). Finally, optimality
of UyU,, U,C, and UyC, and Lemma 19.11 enable us to complete M by adding
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AUWU, C, (case (bii)).

(¢) Let @ — +o00. Then extending the range of X does not affect the solution
for m € convépcry for a fixed integer & > 0 (case (ci)). On the other hand, the
polygons convcy . .. ¢, gradually appropriate the whole area above the broken line
Ui tkera (case (cii)). O

Proof of Theorem 19.4. (a) The assertion follows from the direct application of
Lemma 19.13 (i7) with Cy and A standing for Vi and S, respectively.

(b) A partial solution is inherited from the one moment problem. Its geo-
metric interpretation describes the following parts of the lower envelope: CoLq,
conle}.\Ln and L,A. Combining CoL; C M with Lemma 19.13(ii) implies
co(Co,UpL1) C M which is equivalent with (b7). The polygon with the vertices
Lq,..., L, describes the sol/uti\on of case (biv). Also, this allows us to deduce from
Lemma 19.13 that co(Ly, Uk Lx+1) C Mfork=1,...,n—1, (see (bii)). Yet another
application of Lemma 19.13 with V,.S = L,, A yields co(L,, ljn\A) C M (see (biii)).

Still remains the task of determining the lower bounds for m € convcgcicpa.
Knowing that dconvCyL, L, A C M, we can employ the assertions of Lemma 19.12.
If A is situated either on or above plCyL1 L,,, i.e., (19.21) holds, then ACyL1L,, and
ACyL,A are parts of M which correspond to the solutions in cases (bv’) and (bvi’),
respectively. Otherwise, we have ACyL1AUAL1L, A C M (see (bv") and (bvi”)).

(¢) Including arbitrarily large points to the possible support does not change the
solution for m € convégcry1 and a given k € NU{0}, which is identical with that for
any finite @ > k+ 1. Since ¢1¢, tends to the vertical halfline starting upwards from
c1 in the plane of M, the domain of the trivial lower estimate m; — A ultimately
covers the region above Jp—, CrCri1.

The only point remaining is establishing the shape of M for m situated above
Coc1- Take any finite-valued distribution satisfying the moment conditions and rep-
resent it as a mixture of ones supported on [0, 1] and (1, +00), respectively. The rel-
evant pairs of the first and rth moments satisfy m; € convéger and mo € convé cag,
and m € mimg. The respective M; M, runs above CoL; and the horizontal halfline
t— (1,t,1=M\), t > 1, both belonging to M. It can be replaced by MM} that joins
CoL, and the halfline, and is located below M;Ms. The family of all such MM
determines the inclined band of M = (mq,m,, L(m1,m,)) described by (19.30) and
(19.31). O

Remark 19.14. (Proofs of Theorems 19.8 and 19.9). The analogy between the
cases r > 1 and r < 1 becomes apparent once we realize that both the cases have
the same geometric interpretations (cf Remarks 19.3 and 19.6). The only exception
is Proposition 19.4 (ciii) and its counterpart (19.34) in Theorem 19.9. Since we use
only geometric arguments in the above proofs, there is no need to prove Theorem
19.8 and 19.9 separately. The reader is rather advised to follow again the proofs
of Theorem 19.1 and 19.4 as if » < 1 were supposed. Also, one can treat the
above mentioned difference slightly modifying the last paragraph in the proof of
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Theorem 19.4. For r < 1, we consider m lying right to ¢oc1, and replace the half
line ¢t — (1,¢t,1 —X) by t — (¢,1,t — ) for t > 1. The latter, together with CyL,
span the plane described by the equation (19.34).
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Chapter 20

Prokhorov Radius Around Zero Using
Three Moment Constraints

In this chapter we find exactly the Prokhorov radius of the family of distributions
surrounding the Dirac measure at zero whose first, second and fourth moments are
bounded by given numbers. This provides the precise relation between the rates of
weak convergence to zero and the rate of vanishing of the respective moments. This
treatment relies on [88].

20.1 Introduction and Main Result

We start by mentioning the concept of Prokhorov distance of two probability mea-
sures u,v, which is generally defined on a Polish space with a metric d. This is
given by
w(p,v) =inf{r > 0: u(A) <v(A")+r, v(A) < u(A") +r,
for every closed subset A},

where A" = {z : d(z,A) < r}. Note that in the case of standard real space with
the Euclidean metric, the Prokhorov distance of a probability measure p to the
degenerate one §y concentrated at 0 can be written as

7w(p,00) = inf{r >0: p(l,) >1—r} (20.1)

Here and later on I = [—r,r], and I¢ stands for its complement.
For a given triple of positive reals £ = (€1, €2, €4), we consider the family M(E)
of probability measures on the real line such that

M(E) ={p: |/ti du| < €, i=1,2,4}. (20.2)
Theorem 20.1 gives us the precise evaluation of the Prokhorov radius

D)= sup m(u,0)
HEM(E)

for family of measures (20.2).
Theorem 20.1. We have
D(ey,e2,€4) = min{eé/B, 6411/5}. (20.3)
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This is a refinement of a result in Anastassiou (1992),[19] where the Prokhorov
radius D(e, €2) = eé/ ® of the family with constraints on two first moments was
established. The problems of determining the Levy and Kantorovich radii under
two moment conditions were considered in Anastassiou (1987),[18], and Anastassiou
and Rachev (1992),[83],respectively. Anastassiou and Rychlik (1999),[86], studied
the Prokhorov radius of measures supported on the positive halfaxis which satisfy
conditions on the first three moments. Since the Prokhorov metric induces the
topology of weak convergence, formula (20.3) describes the exact rate of weak con-
vergence of measures from M (&) satisfying the three moment constraints to the
Dirac one at zero.

Though our question is stated in an abstract way, it stems straightforwardly
from applied probability problems in which rates of convergence of random vari-
ables to deterministic ones are evaluated. If we study how fast the random error
of a consistent statistical estimate vanishes, then zero is the most natural limit-
ing point. Convergence in probability is implied by that of the first two moments.
Adding the fourth one, which has a meaningful interpretation in statistics, allows
us to find refined evaluations. These three moments have natural estimates, and
so one can easily control their variability. Moreover, the respective power functions
form a Tchebycheff system. Convergence of integrals for elements of such systems
implies and provides estimates for integrals of general continuous functions. The
latter convergence is described by the weak topology, and the presented solution
gives a quantitative estimate of uniform weak convergence (expressed in terms of
equivalent Prokhorov metric topology) for a large natural class of measures deter-
mined by moment conditions.

Formula (20.31) is determined by means of a geometric moment theoretical
method of Kemperman (1968),[229], that will be used in Section 20.2 for calculating

LM)= inf ) (20.4)

with given M = (mq,mg, my) and

M(M) ={p: /tidu:mi, i=1,2,4}

for all possible mq,mo, my, and r > 0. In Section 20.3 we present the main result
of the chapter; having determined (20.4) for various M, we first evaluate respective
infima over the boxes in the moment space

L.(&) =inf{L.(M): |m;| < e, i=1,2,4} (20.5)
for every fixed r, and then, letting r vary, we determine
DE)=inf{r>0: L.(§)>1—r}. (20.6)

In the short last section we sketch possible directions for a further research.
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20.2 Auxiliary Moment Problem

Fixing r > 0, we now confine ourselves on solving moment problem (20.4). This is
well stated iff

M e W = {(m1,m2,m4) : m1 € Ryma > mi, my > m3}.

Note that W = convT = conv{T = (t,t?,t*) : t € R}, the convex hull of the graph
of function R 3 t — (¢,t2,t*). Geometrically, W is a set unbounded above whose
bottom W is a membrane spanned by 7. The membrane can be represented as
W= U= T Ty, where T_ = (—t,t%,t*), Ty = (t,t?,t*), and AB denotes the line
segment with end-points A and B. The side surface consists of vertical halflines 7'
running upwards from the points T' € 7. Consider the following surfaces in W:

AOR, R_ — the triangle with vertices 0 = (0,0,0), R, = (r,72,7%) and
R_ = (—rr%, 1),

mem(RJr,ﬁl\%Jr) = Up<t<, TR+, and mem(R,,ﬁl\%,) = U_,<t<o TR— the mem-
branes connecting R, and R_ with the points of the curves 6]\%+ = {(t,t?,tY) :
0<t¢<r}and 0R_ = {(=t,t23,t%) : 0 <t <7}, respectively,

R,RJFT, ORJFT7 and OR,T — the infinite bands above the line segments R_R.,
ORy and OR_, respectively.

They partition W into five closed subsets with nonoverlapping interiors:

Wi — the set of points situated on and above AOR L R_,

W, — the moment points on and above mem (R, 61\%+),

Ws — the points on and above mem(R_, 61\%,),

W4 — the points between AORLR_, mem(R,, 61\%+), mem(R_, 61\%,), and W' =
Uo<t<r T_T,, the last surface being a part of the bottom of the moment space,

Ws — the moment points lying on and above wh = UtZr T_T,.

The solution to (20.4) is expressed by different formulae for the elements of the
above partition.

Theorem 20.2. The solution to (20.4) is described by
1—m2/'r2, if M €Wy,
(r— |m1|)2/(7‘2 — 2|m1|r + ma), if M € Wy UWs,

(r? —m2o)?/(r* — 2mar? +my), if M € Wy,
0, if M e Ws.

L.(M) = (20.7)

One can easily confirm that the formulae for neighboring regions coincide on their
common borders. In particular, this implies continuity of L,..

Proof of Theorem 20.2. First notice that Wj5 is the closure of the convex hull of
T(I¢) = {(t,t2,#*) : |t| > r}. The inner elements of W5 are the moment points for
measures supported on I¢ and therefore L,.(M) = 0 for all M € Ws.
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The other formulae in (20.7) will be determined by means of the optimal ratio
method due to Kemperman (1968),[229], that allows us to find sharp lower and
upper bounds for probability measures of a given set (here: the lower one for those
of I,.) under the conditions that the integrals of some given functions with respect
to the measures take on prescribed values (here: [t‘du = m;, i = 1,2,4). The
method can be used under mild assumptions about the structure of probability
space and functions appearing in the moment conditions (cf Kemperman (1968,
Section 5),[229]). These are satisfied in the case we consider and therefore we
merely present a version adapted to our problem instead of the general description.
Given a boundary point W of W, W & Ws,we use a hyperplane H supporting W
at W, and another one H’ supporting Ws that is the closest one parallel to H. Then
for every moment point M in the closure of conv(W N'H) U (W5 N'H'), we have

d(M,H")

L.(M)= 7d(H,H’) , (20.8)
where the numerator and denominator in (20.8) denote the distances from the
moment point M and hyperplane H to H’, respectively.

We shall therefore take into account the hyperplanes H supporting points W &€
U‘t|<r TT UW!. First consider the vertical plane H : mg = 0 that supports W
at all points of 0T. Then H’ : ma — 72 = 0 is the closest and parallel to H plane
that supports Ws. Since HNW = 01, and H' N W5 = R,RJrT, then for every
M € conv0! U ]‘1’_]*1’4_T = W, we apply (20.8) to find L,(M) =1 —mgy/7?.

Consider now a side hyperplane H such that HNW = T for some 0 < t < 7,
described by the formula H : mo — 2tm; + t2 = 0. We can easily observe that H’
is the plane parallel to H that supports Hs along Rl_. This can be written as
H' :mg — 2tmy + 2tr — r?2 = 0. Applying the standard formula

n n 1/2
S+l (3242)
i=1 i=1
measuring the Euclidean distance between a point Y = (y1,...,¥y») and a hyper-
plane A : Y7  a;z; +b=0in R", we obtain
(M, H') = |mg — 2myt + 2tr — 2| /(1 + 4¢2)1/2,
d(H,H') = d(H, Ry) = (r —)*/(1+4£*)"/2,

d(Y, A) =

and, in consequence,

Imag — 2mat + 2tr — r?|
LT‘(M) = (7“ — t)2

(20.9)

for all M € coan_I U RL = T+R+T. Representing M as a point of the plane
containing T+R+T, we get mo = (7 +t)(my —r) +r2, which enables us to express t
in terms of m; and msy as

mir — msg

t:
r—"m
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This substituted into (20.9) yields

(r —mq)?

L.(M)= (20.10)

r2 —2mir +mo
Note that this is valid for all M € Wy = Jy<,e, T Ry -

The respective formula for M € Ws is obtained by replacing m; by —my in
(20.10). This is justified by the fact that the arguments of the optimal ratio method
are purely geometric, and both W and W; are symmetric about the plane m; = 0.

Consider now a plane H that touches the bottom side of W along T_T, for
some 0 < t < r. This is defined by the formula H : my — 2t>msy + t* = 0. Then
H : my — 2t2mg — r* 4+ 2t272 = 0 is the closest parallel hyperplane to H that
supports W5 along R_R,. Arguments similar to those applied in the analysis of
the side hyperplanes produce

d(M,H') = |myg — 2mat® + 2632 — r4| /(1 + 4t*)V/2, (20.11)
d(H,H') = (2 —t2)?/(1 + 4t)/2, (20.12)
where
2
2 mor- — My
= 2 .1
t i p— (20.13)

is determined from the equation m4 = (r? + t2)(mg — r?) + %, defining the plane
that contains both T_T and R_R,. Dividing (20.11) by (20.12) and substituting
(20.13) for ¢? gives the penultimate formula in (20.7). Observe that this is valid for
the moment points of the trapezoids convT_-Ty UR_R,, 0 <t < r, whose union
forms Wy. This ends the proof of Theorem 20.2. (]

20.3 Proof of Theorem 20.1.

We first confirm that fixing ms and my4 we minimize L,(m1, ma, my) at m; = 0.
Note that L,.(M) for M € W; UW4 U Ws does not depend on the value of my, and
(my, ma, mq) € W; implies (0, mz, myg) € W;, i = 1,4, 5. Differentiating the second
formula of (20.7) with respect to |my]|, we derive
OL, (M) _ 2(r — [my])(|mi|r — m2)
dmy| (12 = 2|my|r + mo)?

which is nonnegative for M € Wy U Ws, because |m1| < r and mao < |mq]|r there.
Therefore we decrease L,(M) moving M € W, U Ws perpendicularly towards the
plane m; = 0 until we reach the border. Then we can move further entering either
Wi or W, that would not result in change of L,(M) until we finally arrive at
(0,2, my).

Evaluating (20.5) we can therefore concentrate on the moment points from the
rectangular

Ro = {(0,m2,m4) : m; < e, i =2,4}. (20.14)
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The points of Ry N W may generally belong to any of Wi, W, and W5. However,
if some M € Ro N Ws, which is possible when €3 > r? and €4 > r4, then L, (M) =
L.(€) = 0, which is useless in determining (20.6). Otherwise the moment points
of Ry belong to either W; or Wy. In the former case L, is evidently decreasing in
mg and does not depend on my (20.7). In the latter, L, is decreasing in my, and
increasing in ms, because ms < 12, my < mar?, and so
OL.(M)  2(r? — ma)(mar? — my)
Oma (14 —2mar2 +my)?

for M € Rog N Wy.

We now claim that L, is minimized on (14) at E = (0,¢,er?) with e =
min{ey, e4/r%} so that

L.(&)=L.(E)=1-¢€/r% (20.15)

The last equation follows from the fact that £ € W;. We prove the former using
the following arguments. First see that if €4 > er?, we can exclude from con-
siderations all points situated above EoFE for Ey = (0,0,er?). Indeed, any point
M = (0,ms,my4) of this area can be replaced by M’ = (0,ms,er?) € EoE so that
L.(M") = L.(M). Then we exclude all points of R below 0F, which belong to Wj.
Keeping my fixed and decreasing mo until we reach OF, we actually decrease L.
What still remains to analyze is AOFyE. Without increase of L, we vertically raise
all M € ANOEE to the level EgE, and finally move them right to E which results
in decreasing L.

Now we are only left with the task of determining (20.6) which, by (20.15),
consists in solving the equation 1 — ¢2/r? = 1 — r, or, equivalently,

min{r?ey, €4} = 1. (20.16)
If 6411/5 < 65/3 then the graphs of both sides of (20.16) cross each other at level e4, and
the solution is 6411/ °. Otherwise they meet below e, for r = eé/ ®. These conclusions
establish the assertion of Theorem 20.1. (]

20.4 Concluding Remarks

A natural extension of the above problem consists in analyzing distributions tending
to points different from zero. However, by reference to Anastassiou and Rychlik
(1999),[86], in this case one can hardly expect obtaining final results in form of nice
explicit formulae. Another question of interest is the Prokhorov radius described
by other moments. Also, one can replace Tchebycheff systems of specific powers by
elements of general families of functions, e.g. convex and symmetric ones. A next
step of this study is determining radii of classes described by moment conditions
in other metrices which induce the topology of weak convergence (see Anastassiou
(1987),[18], Anastassiou and Rachev (1992),[83]). Comparing rates of convergence
of radii of given classes of measures in various metrices would shed some new light
on mutual relations of the metrices.



Chapter 21

Precise Rates of Prokhorov Convergence
Using Three Moment
Conditions

In this chapter we consider families of life distributions with the first three moments
belonging to small neighborhoods of respective powers of a positive number.For
various shapes of the neighborhoods, we determine exact convergence rates of their
Prokhorov radii to zero. This gives a refined evaluation of the effect of specific
moment convergence on the weak one. This treatment relies on [90].

21.1 Main Result

We start with mentioning the notion of the Prokhorov distance 7 of two Borel
probability measures pu, v defined on a Polish space with a metric p:

m(p,v) =inf{r >0: u(A) <v(A")+r, v(A) < p(A")+r

for all closed sets A}, (21.1)

where A" = {z : p(x,A) < e}. The Prokhorov distance generates the weak
topology of probability measures. In particular, if we consider probability measures
on the real axis with the standard Euclidean metric and v = §, is a Dirac measure
concentrated at point a, then (21.1) takes on the form

7(y 00) = inf{r > 0: p(l,) >1—r}

with I, = [a — r,a + 7]. For fixed positive a and €;, i = 1,2, 3, we consider the fam-
ily M(E), €& = (€1,€2,€3), of all probability measures supported on [0, +0c) with
finite first, second and third moments m; = f t'u(dt), i = 1,2, 3, respectively, such
that |m; — a’| < ¢;, i = 1,2,3. The probability distributions concentrated on the
positive half line are called the life distributions. The first standard moments pro-
vide a meaningful parametric description of statistical properties of distributions:
location, dispersion and skewness, respectively. Note that functions t?, i = 1,2, 3,
form a Chebyshev system on [0, +00). The Chebyshev systems are of considerable
importance in the approximation theory, because they allow one to estimate inte-
grals of arbitrary continuous functions by means of respective expectations of the
elements of the system (see Karlin and Studden (1966),[223]). The objective of this
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chapter is to establish the exact evaluation of the Prokhorov radius

II(e) = sup w(p,d,) (21.2)
HEM(E)

of the parametric neighborhood M(E) of the degenerate measure §,. We are moti-
vated by the problem of describing the rate of uniform weak convergence of measures
with respect to that of its several moments. We therefore suppose that all ¢; are
small in comparison with a. However, it is worth pointing out that our results
are not asymptotic and we derive precise value of (21.2) for fixed nonzero ¢;. Pre-
sentation of some asymptotic approximations will follow Theorem 21.1 containing
the main result. Note that ¢; — 0, ¢ = 1,2, implies that the respective measure
converges weakly to d,. Anastassiou (1992),[19], calculated the Prokhorov radius
of the class of measures satisfying two moment bounds |m; —a’| < €;, i = 1,2. The
Levy and Kantorovich radii of the class were determined in Anastassiou (1987),[18]
and Anastassiou and Rachev (1992),[83], respectively. In the last, the Prokhorov
radius problem for the Chebyshev system {sint, cost} on [0,27] was also solved.
Anastassiou and Rychlik (1997),[88], analyzed the Prokhorov radius of classes of
measures surrounding zero satisfying first, second and fourth moments conditions.
Below we give a refinement of the result by Anastassiou (1992),[19].

Theorem 21.1. If0 < II(€) < a* = min{a, 1}, then it can be determined by means
of one of the following algorithms:

(i) If
2a€; + €2 < 1, (21.3)
€3 > 3a’e; + 3aey — (2ae; + 62)2/361, (21.4)
then
(&) = (2ae; + €2)Y/3. (21.5)
(i) Assume that there is v = r(a, €1,€3) € (0,a*) such that
(3% +r%)er + e = ar(1+20) — 21— )(@ + /32—’ (216)
If
e + (1= 7)[(a® +77/3)"/? —a]| <17, (21.7)
€2 > |2ae1 + 2a(1 — r)[(a® +12/3)Y/2 —a] — (1 4 2r)r?/3], (21.8)

then II(E) = r(a, €1, €3).
(iii) Assume that there is v = r(a, €1,€3) € (0,a*) such that

(a—ar+71?—e)® =(1—7r)*a®—7r(a—1)°+es]. (21.9)

If
r2 — (1 =7)[(a® +7r2/3)V/2 —a] < e <72, (21.10)
e>|(a—ra+r?—e)/(1—r)+r(a—r1)*—d?, (21.11)
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then TI(E) = r(a, €1, €3).
(iv) Assume that there is v = r(a, €2, €3) € (0,a*) such that

(3a% + )€z + 2ae3 = 3a%r? — (14 2r)r /3 — (1 — r)r®/(27a2). (21.12)

If
le2 + (2 +7)r? /34 (1 —r)r* /(94?)| < 2ar?, (21.13)
2a€; > €o + 1% + (1 —r)rt/(9a?), (21.14)

then II(E) = r(a, €2, €3).
(v) Assume that there is r = r(a, €2, €3) € (0,a*) such that

[a—7r(a—7)2—e]?=(1-7)a®—r(a—7)+es)? (21.15)
If

2ar? — (2+7)r? /3 —1r1/(9a%) < €3 < 2ar% — 13, (21.16)

a>a—ra+r>—(1-r)2a? —r(a—r)?—eY?, (21.17)

then TI(E) = r(a, €2, €3).
(vi)Assume that there is v = r(a, €1, €2, €3) € (0,a™) such that

(1 —r)Y2[(3a® — 1%)e; + 3aes — €3] = (12 — 2ae; — €3)(2ae; + €2 — 1°)1/2. (21.18)
If

2a€1 + €9 < 12, (21.19)
[a® — 7% + 2a(a® + T‘2/3)1/2]61 + [2a + (a* + 7"2/3)1/2]62
—[(a® +12/3)Y? — a]r? < e3 < (3a® — r?)e1 + 3aey, (21.20)

then TI(E) = r(a, €1, €2, €3).
(vii)Assume that there is v = r(a, €1, €2, €3) € (0,a*) such that

(1 —7r)Y2[(3a% — 1%)e1 — 3aey — €3] = [r? — 2ae; + €3] (2ae; — 3 — 2)1/2. (21.21)
If
2a€; — 12 < €3
< [(a® +72/3)Y2 4 a — r]er — [(a® 4+ 72/3)Y2 — ar, (21.22)
(3a% —r?/3)e1 + [3a + 7%/ (3a)]e2 — r*/(3a)
< e3 < [a® — 1%+ 2a(a® 4+ r2/3)?)e; — [2a + (a® + 72 /3) ey
—[(a® 4 r?/3)Y/% — a]r?, (21.23)
then II(E) = r(a, €1, €2, €3).
We have only considered the Prokhorov radii that satisfy II(£) < min{a,1}
which is of interest in examining the rate of convergence. The conditions for II(£) =
1 < a can be concluded from the proof of Theorem 21.1. The case a < II(€) < 1 can

be analyzed by means of tools used in our proof. The solution has a simpler form
than that of Theorem 21.1, but we do not include it here. Although our formulas for
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determining the Prokhorov radius look complicated at the first glance, they provide
simple numerical algorithms. Case (i) has an explicit solution. In the remaining
ones, one should determine solutions of polynomial equations (21.6), (21.9), (21.12),
(21.15), (21.18) and (21.21) in r of degree from 6 in case (iii) to 9 in case (v) with
fixed a and ¢;, 1 = 1,2, 3, and check if they satisfy respective inequality constraints.
If the Prokhorov radius is determined by one of the polynomial equations, there are
no other solutions to the equations in (0, a*).

One can establish that (21.9) and (21.15) can be used in describing arbitrarily
small Prokhorov radii which is of interest in evaluating convergence rates iff a <
1/6 and 1/3, respectively. For 1/6 < a < 1 —3/3/8 and 1/3 < a < 37/64,
respectively, the formulae enable us to determine Prokhorov radii belonging to some
right neighborhoods of a that are separated from 0. For larger a, (21.9) and (21.15)
are useless. The remaining five cases allow us to determine II(€) in the whole
possible range (0, a*) for arbitrary a > 0.

In comparison with analogous two moment problems, Theorem 21.1 reveals
abundant representations of Prokhorov radius, depending on relations among €;,
i =1,2,3. Formula (21.5) coincides with the Prokhorov radius of the neighborhood
of ¢, described by conditions on the first and second moments only (cf Anastassiou
(1992),[19]). It follows that if the conditions on the third one are not very restric-
tive (see 21.4), then they are fulfilled by the measures that determine the Prokhorov
radius in the two moment case. One can also confirm that equations (21.6), (21.9),
and (21.12), (21.15) determine the Prokhorov radii for classes of measures with
other choices of two moment conditions. The former two refer to the first and third
moments case and the latter to that of the second and third moments, respectively.
Again, (21.8), (21.11), and (21.14), (21.17) indicate that admitting sufficiently large
deviations of the second and first moments, respectively, we obtain the Prokhorov
radii depending only on the remaining pairs. One can deduce from our proof that
cases (i74) and (v) refer to smaller values of €3/€; than cases (i¢) and (iv), respec-
tively. Using (21.10) and (21.16) we can find some lower estimates II(E) > 6}/2
and II(E) > (ez/2a)'/? for the Prokhorov radius determined by equations (21.9)
and (21.16), respectively. In the last two cases the radius depends directly on all
€i, 1 = 1,2,3, and the respective inequality constraints represent upper bounds for
the range of each ¢;. We can find some explicit evaluations of II(£) there making
use of the fact that all factors in (21.18) and (21.21) are positive. E.g., from (21.18)
and (21.21) we conclude that

(2ae1 + €)Y < () < (2aer + €2)'/3, (21.24)

(2ae; — )2 < () < (2aer — e2)'/3, (21.25)

(cf (21.5)).

In cases (i7) and (iv) there are no simple estimates of II(£) in terms of €; and eq
that could be compared with (21.5), (21.24) and (21.25), because either €5 or €; can
be arbitrarily large then. Nevertheless, assuming that the parameters ¢; are small
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and so is II(£), we can solve the approximates of (21.6) and (21.12) neglecting all
powers of r except of the lowest ones. This produces

3a2€1 + €3
1I ~ 1-——
(€) 403
1(E) ~ 3a%ey + 2aes 1/2
- 3a2 — €2 ’

respectively. Analogous approximations of (21.9), (21.15), (21.18), and (21.21)
derive

a+e3—(a—e€)?

1I(€) 6a2e; — 3ae? + 23’
(&) (@ tes) (@ o)
6ates — 3a2€3 + dades; — €3’
nE) ~ B (2ae; + €2)3
(3a2e1 + 3aez — €3)2’
H(g) - _ (2(161 — 62)3

(3a2e; — 3aez — €3)2’

respectively.
21.2 Outline of Proof
The proof of Theorem 21.1 is lengthy for full and complete details see,[86] and

Chapter 22 next. Below we only sketch the main ideas. A general idea of proof of
Theorem 21.1 comes from Anastassiou (1992),[19]. We first determine

L.(M) =inf{u(L,) : /m t'p(dt) =my, i =1,2,3} (21.26)
for fixed 0 < r < a and all i
M = (my,ma,m3) €W = {M : /Ootm(dt) =m;, i=1,2,3}. (21.27)
Thus O
(&) =inf{r >0: £.(§) >1—r}, (21.28)
where
L.(E) = inf{L.(M): M e B(E)NW}, (21.29)

B(E)= {M = (mi,ma,m3): |m; —a'| <e,i=1,2,3}.  (21.30)

Further rectangular parallelepipeds (21.30) will be called shortly boxes. The advan-
tage of the method is that having solved (21.26), we can further analyze function
L.(M) of four real parameters rather than the original problem (21.2) with an in-
finitely dimensional domain. We shall see that the function is continuous although
it is defined by eight different formulae on various parts of W. In particular, it
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follows that the infimum in (21.29) is attained at some M = M,¢ for every fixed 7.
Moreover, M, ¢ changes continuosly as we let r vary, which yields the continuity of

L,(€) = Ly(Mye) (21.31)
in r, and accordingly (21.28) is a solution to the equation
L.(M,e)=L,(E)=1—r. (21.32)

The proof of Theorem 21.1 consists in determining all M,¢ that satisfy both re-
quirements of (21.32) for all £ such that 0 < r = II(€) < a*. It occurs that the
problem has seven types of solutions, depending on mutual relations among €; and
r. These provide seven respective statements in Theorem 21.1. In Theorem 21.2
we solve auxiliary moment problem (21.26) for all M of the moment space (21.27)
and arbitrary fixed r < a. In the proof we use arguments of the geometric moment
theory developed in Kemperman (1968),[229], in a general setup and some results of
Rychlik (1997),[314], useful in examining three moment problems. The conclusions
of Theorem 21.2 are applied in Theorem 21.3 for determining all moment points
such that (21.31) holds for some r and €. Then the proof of Theorem 21.1 consists
in selecting the points that additionally satisfy (21.32).
It is widely known that (21.27) has the explicit representation

W ={M = (m1,ma,m3) : my >0, mg >m? mymz > m3} (21.33)

(cf e.g., Karlin and Studden (1966),[223]). Theorem 21.2 below states that (21.26)
has eight different representations in different subregions of (21.33). We define the
subregions using geometric notions. These are both more concise and illustrative
than analytic ones that involve complicated inequality relations in m;, ¢ = 1,2, 3.
We first introduce some notation. We shall use small letters for points on the line
and capital ones for those in the three-dimensional space, e.g., M = (mq,ma, m3) €
R3. Pieces of the graph of function t +— (¢,¢2,¢3), t > 0, will be denoted by
SV = {T = (t,t2,#3) : s <t < v}. We distinguish some specific points of
the curve: O, A, B,C, Ay, Ay, and D are generated by arguments 0, a, b = a — r,
c=a+r, a = (a®+7?/3)"% ay = a+r?/(3a) and d = [2a + (a® + 3r%)1/?]/3,
respectively. We shall write conv{-} for the convex hull of a family of points and/or
sets, using a simpler notation ST = conv{S, T} and ASTV = conv{S, T, V} for line
segments and triangles, respectively. The plane spanned by S, T,V will be written
as pl{STV}. We shall also use a notion of membrane spanned by a point and a
piece of curve

mem{V, @} = U TV.
s<t<u
Note that
cono{V,W,5U} = ] ATVW. (21.34)

s<t<u
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At last, for a set A we define the family A" of points lying above A by
Al = {(my1,ma,m3 +1t): (my,ma,m3) € A, t >0}.
Observe that (21.33) is alternatively described by
W = mem{O, 60\0}T = com;{é—o\o}. (21.35)

We can now formulate the solution to our auxiliary moment problem (21.26). In
some cases, when this is provided by a unique measure, we display the respective
representations.

Theorem 21.2. For fivred 0 < r < a and M = (m1,ma,ms3) € W, (21.26) can be
explicitely written as follows.

(i) If M €V, = mem{0,0B'} U AOBC! U mem {0, Coo}', then
L (M) =0. (21.36)
(ii) If M € AABC", then
L,(M)=1— (mgy — 2am; + a?)/r>. (21.37)
(iii) If M € mem{C,AC}!, then

(c—mq)?
L.(M)= ————""—. 21.38
(M) c2 —2cmy + mo ( )
() If M € mem{B,EZ}T, then
(m1 — b)?
L.(M)= ————. 21.39
(M) ma — 2bmy + b2 ( )
(v) If M € conv{O, B,D,C?}, then
—mg3 + (b4 ¢)ma — bemy
L.(M)= 21.40
(M) d(d—b)(c—d) ( )
This s attained by a unique measure supported on 0,b,d, and c.
(vi) If M € conv{O,C, DC}, then
cmy — Mo (emy1 —mg)3
L.(M)= = . 21.41
(M) t(c—1) (cma — m3)(c2my — 2cma + m3) ( )
This is attained by a unique measure supported on 0, c, and
p=02 78 g ). (21.42)
cmi — My
(vit) If M € com}{O,B,B/B}, then
mo — bm1 (m2 — bm1)3
L.(M)= = . 21.43
( ) t(t — b) (m3 — bmg)(m;; — 2bm2 + b2m1) ( )
This is attained by a unique measure supported on 0,b, and
—b
t= 22 ¢ 1p d]. (21.44)

mo — bm1
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(viii) If M € conv{B,C,Zb}, then
—mg + (b+ ¢)my — be
(t—=0)(c—1)
(—ma + (b+ ¢)my — be)?
[—ms + (2b+ ¢)ma — b(b + 2¢)my + b
1

LT’(M) =

. 21.45
" Tms — (b + 2¢)ma + c(2b + c)my — be?] (21.45)

This is attained by a unique measure supported on b,c, and
_ et o cma by [a, d]. (21.46)

—mgo + (b+ ¢)my — be

One can see that for every 0 < r < a* there exists M such that L, (M) = 1—r (cf
(21.32)) in each region of the partition of the moment space presented in Theorem
21.2, except of the first one. E.g., the equation holds true for M € AABCT iff
M e B;,“C';“T with BA = rB+(1—r)A and C2 = rC+(1—7)A. In conv{B, C, Zl\)},
this is fulfilled by M € J,;<, BFCT.

In Theorem 21.3 we describe all moment pints M,.¢ at which the minimal positive
value of function (21.26) over boxes B(&) is attained for arbitrary 0 < r < a* and
€ >0,i=1,2,3. Let Vi = (a — €1,a® + €2,a® + €3), Vo = (a — €1,a% — €2,a® + €3),
Vs = (a+ e, a’? — ey, a® + €3) denote three of vertices of the top rectangular side
R = {(m1,m2,a® +€3) : |m; —a'| < e, i =1,2} of B(E).

Theorem 21.3. For all 0 < r < a* and each of the following cases:

M,e = Vi€ AABCT, 21.47
{M,¢e} = WViVaNABA,C, 21.48
{M,e} = ViVanmem{B,AA,}, 21.49
{Mrf} =

(21.47)

(21.48)

(21.49)

VaVi N ABA,C, (21.50)
(Mye} = VoVsn mem{B, AAs}, (21.51)
Mye = Wi Econv{B7C’,m1}, ( )
M, = Vy Ecom}{B,C,ﬂz}, ( )

there exist ¢; >0, i =1,2,3 such that
L.(E)=L.(M,g) > 0. (21.54)

The proof of Theorem 21.1 relies on the results of Theorem 21.3. We consider
various forms (21.47)- (21.53)of moment points solving (21.31) and indicate ones
that satisfy (21.32) for some r < a*. Solutions to (21.32) with respect to r derive
values of Prokhorov radius for various combinations of ¢;, i = 1,2, 3.



Chapter 22

On Prokhorov Convergence of Probability
Measures to the Unit under Three
Moments

In this chapter for an arbitrary positive number, we consider the family of prob-
ability measures supported on the positive halfaxis with the first three moments
belonging to small neighborhoods of respective powers of the number. We present
exact relations between the rate of uniform convergence of the moments and that
of the Prokhorov radius of the family to the respective Dirac measure, dependent
on the shape of the moment neighborhoods.This treatment follows [86].

22.1 Main Result

We start with by mentioning the notion of the Prokhorov distance 7 of two Borel
probability measures p, v defined on a Polish space with a metric p:

m(p,v) =

inf{r>0:u(A) <v(A")+r, v(A) < pu(A")+r for all closed sets A}, (22.1)

where A" = {z : p(z, A) < €}. The Prokhorov distance generates the weak topol-
ogy of probability measures. In particular, if we consider probability measures on
the real axis with the standard Euclidean metric and v = §, is a Dirac measure
concentrated at point a, then (22.1) takes on the form

T (1, 0q) =inf{r>0:p(l)>1—r},

with I, = [a — r, a + r]. For fixed positive a and €;, i = 1,2,3, we consider the
family M(E), € = (e1, €2, €3), of all probability measures supported on [0, +00) with
finite first, second, and third moments m; = [ t* pu (dt), i = 1,2, 3, respectively, such
that |m; — a’| < €, i = 1,2,3. The probability distributions concentrated on the
positive halfline are called the life distributions. The first standard moments pro-
vide a meaningful parametric description of statistical properties of distributions:
location, dispersion, and skewness, respectively. Note that functions t%, i = 1,2, 3,
form a Chebyshev system on [0, +00). The Chebyshev systems are of considerable
importance in the approximation theory, because they allow one to estimate inte-
grals of arbitrary continuous functions by means of respective expectations of the

277
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elements of the system (see [223]). The objective of this chapter is to give the exact
evaluation of the Prokhorov radius

() = sup m(u,dq) (22.2)

HEM(E)

of the parametric neighborhood M(€) of the degenerate measure d,. We are inspired
by the problem of describing the rate of uniform weak convergence of measures with
respect to that of its several moments. We therefore, suppose that all ¢; are small
in comparison with a. However, it is worth pointing out that the results are not
asymptotic and we derive precise value of (22.2) for fixed nonzero ¢;. Presentation
of some asymptotic approximations will follow Theorem 22.1 containing the main
result. Note that ¢; — 0, ¢ = 1,2, implies that the respective measure converges
weakly to d,. Anastassiou [19] calculated the Prokhorov radius of the class of
measures satisfying two moment bounds |m; — a’| < ¢, i = 1,2. The Levy and
Kantorovich radii of the class were determined in [18,83], respectively. In the latter,
the Prokhorov radius problem for the Chebyshev system {sint,cost} on [0, 27] was
also solved. Anastassiou and Rychlik [88] analyzed the Prokhorov radius of classes of
measures surrounding zero satisfying first, second, and fourth moments conditions.
Below we give a refinement of the result by Anastassiou [19].

Theorem 22.1. If0 < II(£) < a* = min{a, 1}, then it can be determined by means
of one of the following algorithms.

(i) If
2a€1 + €3 < 1, (22.3)
€3 > 3a’e; + 3aex — (2ae; + 62)2/3 €1, (22.4)
then
. 1/3
II(E) = (2ae1 +€2) ' . (22.5)

(ii) Assume that there is r = r(a, €1, €3) € (0,a*) such that

<a2 + é)g/z — aB] : (22.6)

1/2
o3

2\ 1/2 2
(a2—|—%> —a] —(1+2r)%

(Ba2 + r2) €14+ e =ar’(142r) —2(1 —7r)

If

e+ (1—r) <77 (22.7)

€2 > |2ae1 + 2a(l —r) , (22.8)

then II(E) = r(a, €1, €3).
(i11) Assume that there is r =r(a, €1, €3) € (0,a*) such that

(a—ar+1r*— 61)3 =1 -r?[a®—rla—7)"+e;). (22.9)
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If
12\ /2
r?—(1—r) (a2 + 3) - a] <e <1 (22.10)
_ +r2 -
€9 > (a T((; _:) <) +7r(a—1)? —ad?|, (22.11)
then TI(E) = r(a, €1, €3).
(iv) Assume that there is v = r(a, €2, €3) € (0,a*) such that
4 6

(3a® +17) €2 + 2aes = 3a®r® — (1 + 2r)§ —(1—7) @ra?) (22.12)

If

2 A ,
€2+ (2+ T)E +(1-7) 9a7) < 2ar=, (22.13)
4
2a€; > e + 13 + (1 —7) 0 (22.14)
then II(E) = r(a, €2, €3).
(v) Assume that there is r = r(a, €2, €3) € (0,a™) such that

[a—r(a—1)? - 62}2 =(1-7)[a®—r(a—71)*+ 63}2 . (22.15)

If

2 4

2ar? — (2 + r)g " 0 < ey < 2ar% — 1P, (22.16)
e >a—rat+r:—(1—r)t/? [a® —r(a—71)* — €] 1/2 , (22.17)

then II(E) = r(a, €2, €3).
(vi) Assume that there is v = r(a, €1, €2, €3) € (0,a*) such that

(1- r)1/2 [(3@2 — 7‘2) €1 + 3aey — 63} = (7“2 — 2a€; — 62) (2a61 + €9 — 7‘3)1/2 .
(22.18)
If

2a€1 + €p < 12, (22.19)

2 1/2 2 1/2

[az—r2+2a<a2+§) €1+ 2a—|—<a2—|—§) ‘|€2
r2 1/2

- (a2 + —) - a] 2 <es< (3a2 — 7"2) €1 + 3aeq, (22.20)

3
then TI(E) = r(a, €1, €2, €3).
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(vii) Assume that there is r = r(a, €y, €2, €3) € (0,a*) such that

(1—r)t/? [(3a® — 1) €1 — 3aes — €3] = (r® — 2a€1 + €2) (2ae1 — €3 — r3)1/2 .

(22.21)
If

2&61 — T‘2 S €9

)2 1/2 2 1/2
(aQ + g) +a— T] €1 — (aQ + 3) - a}] Ty (22.22)
2 2 A
3 2 o 3 - —_—
(”’ 3)“[”(3@}” (3a)
2 2 2 r2\? 2 2\
<e3< |a®—1r°+2a a+§ 2a + a+§ €2

r2 1/2
<a2 + §> - a] 2, (22.23)

<

€1 —

then TI(E) = r(a, €1, €2, €3).

We have only considered the Prokhorov radii that satisfy II(£) < min{a,1}
which is of interest in examining the rate of convergence. The conditions for II(€) =
1 < a can be concluded from the proof of Theorem 22.1. The case a < II(£) < 1 can
be analyzed by means of tools used in our proof. The solution has a simpler form
than that of Theorem 22.1, but we do not include it here. Although the formulas for
determining the Prokhorov radius look complicated at the first glance, they provide
simple numerical algorithms. Case (i) has an explicit solution. In the remaining
ones, one should determine solutions of polynomial equations (22.6), (22.9), (22.12),
(22.15), (22.18), and (22.21) in r of degree from 6 in Case (iii) to 9 in Case (v) with
fixed a and ¢;, i = 1,2, 3, and check if they satisfy respective inequality constraints.
If the Prokhorov radius is determined by one of the polynomial equations, there are
no other solutions to the equations in (0, a*).

In comparison with analogous two moment problems, Theorem 22.1 reveals
abundant representations of Prokhorov radius, depending on relations among e;,
i =1,2,3. Formula (22.5) coincides with the Prokhorov radius of the neighborhood
of §, described by conditions on the first and second moments only (cf. [19]). It
follows that if the conditions on the third one are not very restrictive (see (22.4)),
then they are fulfilled by the measures that determine the Prokhorov radius in the
two moment case. One can also confirm that equations (22.6), (22.9) and (22.12),
(22.15) determine the Prokhorov radii for classes of measures with other choices of
two moment conditions. The former two refer to the first and third moments case
and the latter to that of the second and third moments, respectively. Again, (22.8),
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(22.11) and (22.14), (22.17) indicate that admitting sufficiently large deviations of
the second and first moments, respectively, we obtain the Prokhorov radii depending
only on the remaining pairs. One can deduce from our proof that Cases (iii) and (v)
refer to smaller values of e3/€; than Cases (ii) and (iv), respectively. Using (22.10)
and (22.16) we can find some lower estimates II(€) > e1/? and TI(E) > (ez/2a)'/?
for the Prokhorov radius determined by equations (22.9) and (22.16), respectively.
In the last two cases, the radius depends directly on all ¢;,7 = 1, 2, 3, and the respec-
tive inequality constraints represent upper bounds for the range of each ¢;. We can
get some explicit evaluations of II(€) there making use of the fact that all factors in
(22.18) and (22.21) are positive. For example, from (22.18) and (22.21) we conclude
that

(2ae; + 62)1/2 <TI(€) < (2ae1 + 62)1/3 , (22.24)

(2ae; — 62)1/2 <TI(€) < (2ae1 — 62)1/3 (22.25)

(cf. (22.5)).

In Cases (ii) and (iv) there are no simple estimates of II(£) in terms of € and ez
that could be compared with (22.5), (22.24) and (22.25), because either e5 or €; can
be arbitrarily large then. Nevertheless, assuming that the parameters ¢; are small
and so is II(£), we can solve the approximates of (22.6) and (22.12) neglecting all
powers of r except of the lowest ones. This yields

3a%e1 + €3

InE)~1- P

3a2€2 + 2aes 1/2
3a2 — ey ’

IE) ~ <

respectively. Analogous approximations of (22.9), (22.15), (22.18), and (22.21) give

1(E) ~ ad+es—(a—e)’
~ 6a2e; — 3a€e? + 2¢3”

(a3 + €)= (a2 =€)’
~ 6atey — 3a2€3 + 4ades3 — €3’

B (2ae; + 62)3
(3a%€1 + 3aeg — 63)27

3
H(g) ~1— (20,61 — 62)

(3a%e1 — 3aeg — 63)27
respectively.
A general idea of proof of Theorem 22.1 comes from [19]. We first find

L.(M) = inf{u(lr) : /OOO thp (dt) =my, i = 1,2,3}, (22.26)
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for fixed 0 < r < a and all

M = (m1,ma,m3) €W = {M : / thp(dt) = my, i = 172,3} : (22.27)
0
Then
&) =inf{r >0: L,.(£) >1—r}, (22.28)
where
L,(E) = inf {L.(M) : M € B(E) "W}, (22.29)
B() = {M = (m1, ma, m3) : |mi - a,i| <e€, 1= 1,2,3}. (22.30)

Further rectangular parallelepipeds (22.30) will be called shortly boxes. The ad-
vantage of the method is that having solved (22.26), we can further analyze func-
tion L,(M) of four real parameters rather than the original problem (22.2) with
an infinitely-dimensional domain. We shall see that the function is continuous al-
though it is defined by eight different formulae on various parts of W. In particular,
it follows that the infimum in (22.29) is attained at some M = M,.¢ for every fixed 7.
Moreover, M,¢ changes continuously as we let r vary, which yields the continuity
of

Lr(€) = Ly (Mre) (22.31)
in 7, and accordingly (22.28) is a solution to the equation
L. (Myg)=L(E)=1—r. (22.32)

The proof of Theorem 22.1 consists in determining all M,¢ that satisfy both re-
quirements of (22.32) for all £ such that 0 < r = II(£) < a*. It occurs that the
problem has seven types of solutions, depending on mutual relations among ¢; and
r. These provide seven respective statements in Theorem 22.1.

In Section 22.2, we solve auxiliary moment problem (22.26) for all M of the
moment space (22.27) and arbitrary fixed r < a. In Section 22.3, we analyze
variability of the solution over different subregions of the moment space. The results
are applied in Section 22.4 for determining all moment points such that (22.31) holds
for some r and €. In Section 22.5, we choose those that additionally satisfy (22.32).

22.2 An Auxiliary Moment Problem

It is widely known that (22.27) has the explicit representation
W = {M = (mq, ma, ms) : mq >0, mag > m%, mims > m%} (22.33)

(cf., e.g., [314]). Theorem 22.2 below states that (22.26) has eight different represen-
tations in different subregions of (22.33). We define the subregions using geometric
notions. These are both more concise and illustrative than analytic ones that in-
volve complicated inequality relations in m;, ¢ = 1,2,3. We first introduce some
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notation. We shall use small letters for points on the line and capital ones for those
in the three-dimensional space, e.g., M = (my, m2, m3) € R3. Pieces of the graph of
function ¢ — (¢,12,¢3), t > 0, will be denoted by SV = {T = (t,t2,t3) : s < t <w}.
We distinguish some specific points of the curve: O, A, B, C, A1, As, and D are gen-
erated by arguments 0, a, b= a—7, c = a+7, a; = (a> +72/3)"/?, ay = a+1%/(3a)
and d = [2a + (a® + 3r2)'/2]/3, respectively. We shall write conv{-} for the convex
hull of a family of points and/or sets, using a simpler notation ST = conv{S, T}
and ASTV = conv{S, T, V} for line segments and triangles, respectively. The plane
spanned by S, T,V will be written as pl{STV}. We shall also apply a notion of
membrane spanned by a point and a piece of curve

mem{V,@}: U TV.

s<t<u
Notice that
conw {V, W,§(7} - |J arvw. (22.34)
s<t<u

Finally, for a set A we define the family A" of points lying above A by
Al = {(my1,ma, m3 + 1) : (m1,ma,m3) € A, t >0}.
Observe that (22.33) is alternatively described by
W = mem{O, 50\0}T = conv {50\0} . (22.35)

We can now formulate the solution to our auxiliary moment problem (22.26). In
some cases, when this is provided by a unique measure, we display the respective
representations, because they will be further used in our study.

Theorem 22.2 For fited 0 < r < a and M = (mi,mg,m3) € W, (22.26) can be
explicitly written as follows.
(i) If M € V, = mem{O,0B}' U AOBCT Umem{O,Coo}!, then

L.(M) =0. (22.36)
(ii) If M € AABCT, then

(mg —2amq + a2)

L(M)=1- . (22.37)
(i) If M € mem{C,ZE}T, then
Lo (M) = Z(c_—ml)? (22.38)
c? —2cmq + mo
(iv) If M € mem{B, BA}!, then
Lo(M) = — (M= b’ (22.39)

mo — 2bmy + b2’
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(v) If M € conv{O, B,D,C}, then

—mg + (b + ¢)ma — bemy

L.(M)= 22.40
(M) d(d—b)(c—d) ( )
This is attained by a unique measure supported on 0, b, d, and c.
(vi) If M € conv{O,C, DC}, then
3
cmi — Mo (cm1 - m2)
L.(M)= = . 22.41
(M) t(c—1t) (cmo — mg) (c?m1 — 2cma + m3) ( )
This is attained by a unique measure supported on 0, c, and
p=12 78 g . (22.42)
cmi — My
(vii) If M € conv{O,B,be}, then
mo — bmy (mg — bm1)3
L.(M) = = . 22.43
( ) t(t — b) (m3 — bmg) (m3 — 2bm2 + bgml) ( )
This is attained by a unique measure supported on 0,b, and
ms — bmg
t=——7—¢€[bd. 22.44
e — by € 00 d] (22.44)
(viti) If M € conv{B,C,E}, then
Lo(M) = —mg + (b+ ¢)my — be
(t—0)(c—1)
B (—ma + (b+c)my — be)?
~ [=ma + (2b+ ¢)ma — b(b + 2¢)m1 + b2(]
y ! (22.45)
[ms — (b+ 2¢)ma + ¢(2b+ ¢)my — be?]’ '
This is attained by a unique measure supported on b, ¢, and
— b —b
_ZmaF (bt cjme —bem (22.46)

—mg + (b+ ¢)my — be

In order to simplify further analysis of (22.37)-(22.46), we represented them so
that all factors of products and quotients are nonnegative there. Also, we defined
the subregions of the moment space as its closed subsets. One can confirm that the
formulae for L,(M) for neighboring subregions coincide on their common borders.
Because each formula is continuous in M in the respective subregion, so is L,(M)
in the whole domain. Observe also that letting r vary, we change continuously
the shapes of subregions. Combining this fact with the continuity of each above
formulae with respect to r, we conclude that L, (M) is continuous in r as well.

The proof is based on the geometric moment theory developed in [229] in a
general setup. The theory provides tools for determining extreme integrals of a
criterion function over the class of probability measures such that the respective
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integrals of some other functions satisfy some equality constraints. Kemperman
[229] used the fact that each measure with given expectations of some functions has
a discrete counterpart with the same expectations such that its support contains
at most one more point than the number of conditions, and replaced the original
problem by analyzing the images of integrals which coincide with convex hulls of the
respective integrands. E.g., in view of the theory the latter representation in (22.35)
is evident. For the special case of indicator criterion function that we examine here,
Kemperman [229] described an optimal ratio method for solving respective moment
problems. A version of the method directly applicable in the problem is presented
in Lemma 22.3. It is obvious that L,(M) = 0 iff M € V, which denotes here the
closure of the family of moment points com){O/E , éo\o} for the measures supported
on the complement of I,.. The optimal ratio method allows to determine L,.(M) for
other elements of the moment space (22.27).

Lemma 22.3. Let H be a hyperplane supporting the closure of the moment space
and let H' be the closest parallel hyperplane to H supporting V.. Then for all
M € conv{WNH, V., "H'}, yields
p(H', M)
L.(M)=—+""=, 22.47
(M) p (M, H) (32.41)
where the numerator and denominator stand for the distances of hyperplane H' from
moment point M and hyperplane H, respectively.

Since explicit determining the supporting hyperplanes poses serious problems
especially in multidimensional spaces, we also apply some other tools useful for
studying three moment problems. Lemmas 22.4 and 22.5 give adaptations of aux-
iliary results of Rychlik [314] to our problem.

Lemma 22.4. Let 0 < t; < ty < t3 < t4. Then T; = (t;,12,t3) lies below (above)

177

the plane spanned by T, j # i, iff i =1 or 3 (2 or 4, respectively).

Lemma 22.5. A measure attaining L,.(M) for a moment point M of an open
set W C W, W' N Ooco = 0, is a mizture of measures attaining L. (M;) for some
moment points M; of the border of W'. Accordingly, the subset of support points of
the measures attaining L, (M) for border moment points contains that for the inner
ones.

In the rest, we shall repeatedly use analytic representations of moment points
as combinations of image points T; € Ooco. A four-point representation M =
Z?:l «;T; has the coefficients

m3—mag y ti+m1 >, titp—[]t;
Jj#i JFiIFEk J#i
[T (ti —¢)) ’

J#

a; = 1<ij k<4 (22.48)



286 PROBABILISTIC INEQUALITIES

3
Also, M = " o, T; € pl{T1, Tz, T3} with coefficients
i=1

3

my —my )t + [Tt
iF i

a; = , 1<4,5 <3, (22.49)
[T (t: —t5)
J#i
iff it satisfies the equation
ms3 — Mo (tl +ts + tg) + my (tltg + tits + tgtg) — t1tats = 0. (2250)

If the left-hand side of (22.50) is less or greater than 0, then M lies below or above
the plane. Generally, formulae (22.48) and (22.49) represent coefficients of linear
combinations. If all a; > 0, then the combinations are convex.

Proof of Theorem 22.2. We first determine V, = conV{O/E7C/o\o}, where L,
vanishes. We claim that

V, = mem{O, O/E}T UAOBCT Umem{O, 50\0}T

One can easily check that all M € V, satisfy m1 > 0 with ma > max{m?, (b+c)m;—
bc}, and we determine the range of the third coordinate. We start with showing
that this is unbounded from above. If either m; < b or m; > ¢ and mqg > m%, then
(m1, mso) has a convex representation

m1 = ot + (1 —a)s, (22.51)

me = at® + (1 — a)s?, (22.52)

for ¢t — oo and s — my from the left. Substituting s = (m1 — at)/(1 — @) from
(22.51) into (22.52), we obtain

at? =my —m? +2(tm; —ma)a >mg —m? >0
and
3 2
m3 > ot >(m2—m1)t—>oo, as t — oo.

If b < mq < cand mg > (b+ c)mi — be, then (mq,mz) is a convex combination
of (b,b?), (c,c?), and (t,t2) for sufficiently large ¢t. By (22.49), the coefficient of ¢ is

mg — (b+ ¢)mq + be
(t—"0)(t—c)
and so m3 > at3 — 0o, as t — o0o. Since V), is a convex body, we need to show that
mem{O, 51\3}, AOBC and mem{O, 50\0} form its bottom. The surfaces consist of
moment points generated by 0,¢ € (0,b], and 0, b, ¢, and 0,¢ € [c, 00), respectively,
which belong to [0,b] U [¢,00). Moreover, the membranes are parts of the lower
envelope of W. Consequently, it suffices to prove that no moment point of a measure
supported on [0, ] U[c, 00) lies beneath AOBC. We can confine ourselves on three-
point distributions. Due to Lemma 22.5,if 0 < t; < bort; > ¢, i =1,2,3, then the
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respective T; lie above AOBC' and so do all M € AT T>T3. This completes the
proof of Part (i).

The next three parts are proved by means of the optimal ratio method. Consider
the vertical hyperplane H, : ms — 2am; + a’>=0 supporting W along halfline AT,
Then H,, : ma — (b + ¢)m1 + be = 0 obeys the requirements of Lemma 22.3, and
H. NV, = BC'. Therefore, for M € CODV{AT,B—OT} = AABCT, we have
p(H, M) |mo— (b+c)my +be| L M2 — 2amy + a?

p(H.,,A) r? r2 ’
as stated in (22.37). For proving (22.38), we consider H; : mg — 2tm + t2 = 0 for
some t € (a,c). Then H;NW =TT, and H} : ma — 2tm; +2tc—c? = 0 is the closest

parallel plane to H; that supports V, along CT. Then for M € conv{T!,C"} = WT,
we obtain

Ly (M)

~ p(H, M) |mg — 2tmy + 2tc — ¢

L) =y = 1)

(22.53)

Condition M € TC' implies mg = (t + ¢)my — te. This allows us to replace ¢ with
(emq —mg)/(c —my) in (22.53) and leads to (22.38). Note that the formula holds
true for all M € Ua<t<cT_C'T = mem{C, AC}. In the same manner we can prove
part (iv) by studying H; for ¢t € (b, a) with H} : mg — 2tmy + 2tb—b? = 0 that touch
V, along BT.

We are left with the task of determining L, (M) for conv{O, B, C, EE’} that
is bounded below by mem{O, EE'}, and above by AOBC, AABC, mem{C, ZE}
and mem{B, 31\4} Observe that the optimal convex representations for M from the
border surfaces are attained for the support points 0 with ¢ € (b, ¢), and 0, b, ¢, and
b, a, ¢, and ¢ with ¢t € (a,c), and b with ¢ € (b, a), respectively. Due to Lemma 22.5,
examining L, (M) for the inner points, we concentrate on the measures supported
on 0, b, ¢ and some ¢; € (b,c).

We claim that the optimal support contains a single ¢ € (b,c). To show this,
suppose that M € PQ for some P € AOBC and Q € conv{T; : b < t; < c}. All
T; lie below pl{OBC} (see Lemma 22.4), and so do @ and M. The ray passing
from P through M towards @) runs down through conv{Ea'} 5> . We decrease
the contribution of ¢ which is of interest once we take the most distant point of
conV{EE'}. This is an element of the bottom envelope mem{B, EE'} of conv{EE’}
(cf. [314]). Accordingly, an arbitrary combination of T; € BC can be replaced by a
pair B and T € EE’, which is the desired conclusion.

For given M € conv{O, B, C, EE’}, we now aim at minimizing

at) =

—mgz + (b+ ¢)ma — bemy
t(t —b)(c—t)

(22.54)

(cf. (22.48)) which is the coefficient of T € BC in the linear representation of M
in terms of O, B, C, and T. If b < t < ¢, both the numerator and denominator
of (22.54) are positive, the former being constant. By differentiating, we conclude
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that the denominator has two local extremes: a negative minimum at d’ < b and
a positive maximum at d = [2a + (a® + 372)'/2]/3 € (a,c), which is the desired
solution. We complete the proof of part (v) by noticing that L,(M) = «a(d) iff the
representation is actually convex, i.e., when M € conv{O, B, C, D}.

Moment points of conv{O, C, 55’} with borders mem{O,EE’}7 AODC and
mem{C, DCY are treated in what follows. The solutions of the moment problem
on the respective parts of the border are provided by combinations of 0 with some
t € [d,c], and 0, d, ¢, and ¢ with some ¢ € [d,c], respectively. Referring again
to Lemma 22.5, we study combinations of 0, d, ¢ and some ¢t € (d,c) when we
evaluate (22.26) for the inner points. We showed above that combinations with
a single ¢t reduce p(I;). Analyzing (22.54) for t > d we see that decreasing ¢
provides a further reduction of the measure. However, we can proceed so as long
as M € conv{O,D,T,C} and stop when M € AOTC. By (22.50), the condition
is equivalent to mgs — (t + ¢)mg + tcmy = 0, which allows us to determine (22.42).
Combining (22.42) with (22.49), we conclude (22.44) for M € |J c;c, AOTC =
conv{0, C, DC} (cf. (22.34)).

What remains to treat is the region situated above mem{O, Eb}, ABDC, and
below mem{C, ZB}, AABC, mem{B, EZ}, and AOBD. Analysis similar to that
in the proof of the previous two cases leads to minimization of (22.54) with respect to
t € (b,d). Forafixed M, we can reduce (22.54) by increasing ¢ until M belongs to the
border of the tetrahedron conv{O, B, T, C'}. There are two possibilities here: either
M € conv{O, B, EB}, and then M € AOBT ultimately, or M € conv{B, C, Zl\)},
and then M becomes a point of ABCT. Analytic representations of M € pl{OBT'}
and M € pl{BCT} (cf. (22.50)) makes it possible to write (22.44) and (22.46),
respectively. Final formulae (22.43) and (22.45) are obtained by plugging respective
support points into (22.49). Verification of details is left to the reader. O

One observes that for every 0 < r < a* there exists M such that L, (M) =1—r
(cf. (22.32)) in each region of the partition of the moment space presented in
Theorem 22.2, except of the first one. E.g., the equation holds true for M €
AABCT iff M € BACA' with BA = rB+ (1 —r)A and CA = rC + (1 — r)A. In
conv{B, C, ZB}, this is satisfied by M € J,«,;<, BI CT. A more difficult problem
that will be studied in next two sections is determining M that minimize L, over
boxes (22.30). The moment points that obey both the conditions are needed for
the final determination of the Prokhorov radius.

22.3 Further Auxiliary Results

Lemma 22.6. L,(M) is nonincreasing in ms as mi, mg are fized and M € W.

Proof. We prove the property for every element of the partition of the moment
space presented in Theorem 22.2 and refer to continuity of the function for justifying
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the claim. The result is trivial for moment points in the first five subregions.

Consider M € conv{O, C, DC}. Note that (22.42) is decreasing in msg, and
examine the former representation in (22.41). This is the ratio of two positive values:
the numerator is constant, and the denominator decreases for t € [¢/2,¢c] D [d, c].
Hence, by increasing ms we decrease t, and increase the denominator, and decrease
the ratio, as required.

In conV{O,B,B/b}7 increase of mg implies that of ¢ (see (22.44)). Ast > b
increases, so does the denominator of the first representation in (22.43). Since
the numerator is a positive constant, the result follows. Likewise, from (22.14) we
deduce that ¢(mg) is decreasing in conv{B, C, 715}, and (22.13) is increasing in ¢
as t € [a,c] D [a,d]. O

Lemma 22.7. L,.(M) is nondecreasing in my as ms, ms are fized, and nonincreas-
ing inms asmi, ms are fived, when M € AABCTUmem{C, AC}'Umem{B, BA}'.

Proof. Glancing at (22.37)—(22.39), we immediately verify the latter statement.
The former is also evident for M € AABC'. Differentiating (22.6), we get
OL.(M)  2(c—mq)(cm1 —mz) >0
omi (2 =2emy +mo)?

in mem{C, AC }1, because both factors of the numerator are nonnegative there. In
the same manner we conclude the statement for M € mem{B, BA}!. O

Lemma 22.8. L,.(M) is nonincreasing in m1 as ma, ms are fized, and nondecreas-
ing in me as my, ms are fized, when
M € conv{O, B,D,C} U conv{O, C, 1/)5} U conv{O, B, El\)}

Proof. By (22.40), the assertion is obvious for conv{O, B, D, C}. Assume now that
M € conv{O, B, El\)}7 and let first my vary and keep mimo fixed. Increase of my
implies that of ¢ and t(t — b) (cf. (22.44)). Therefore, the central term of (22.43) is
the ratio of two nonnegative factors: the former is decreasing in m1, and the latter
is increasing. Also,
ot o b2m1 — ms

Ome (mg — bml)Q.
Observe that mg — b?m; = 0 is the plane supporting conv{O, B, B/b} along OB,
and the rest of the region lies above the plane. Therefore, (22.55) is nonnegative,

(22.55)

and both t and t(¢ — b) are nonincreasing in ms. Using (22.43) again, we confirm
the opposite for L,.(M).

The last case requires a more subtle analysis. Expressing (22.41) and (22.42) in
terms of B = B(M) = ecmge —ms > 0 and v = yv(M) = ¢my — mg > 0, we obtain
L.(M) = ¥3/[B(cy — B)] and t = /v, respectively. Differentiating the former
formally, we find
v2 (2¢8yy + 288"y — 362y — ¢f'7?)

Ly (M) = By = )2

(22.56)
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o8 __
Since Py = 0 and am =c,

L(M) _ ey —30) _ 3ev°(2e/3 1) 225

aml Bley — B)? Bley — B)?
The sign of (22.57) is the same as that of (2/3)c —t. We shall see that (2/3)c < t
for all t € (d,c). It suffices to check that (2/3)c < d = (1/3)[2a + (a® + 312)'/?],
and a simple algebra shows that this is equivalent to r < a. Therefore, (22.57) is

negative, and L, actually decreases in m;. Combining (22.56) with 86752 = c and
68—77;72 = —1, we have
OL, (M) ~* (382 —c*y?) 3y (* —¢%/3) =0
omy — Pey=p0)2  Pey-0)2 77
because ¢t > (2/3)c > ¢/+/3, as we checked above. This ends the proof. O

Analyzing variability of L,.(M) in conv{B, C, @}, we split the region into three
parts.
Lemma 22.9. Set a < a; = (a® +72/3)'/2 < ay = a+r?/(3a) < d.

(i) L.(M) is nondecreasing in mi as ma, mg are fized, and nonincreasing in mo
as my, mg are fized, when M € conv{B, C’,A/Xl}.

(it) L.(M) is nondecreasing in in_my as mgz, mz are fized, and in mq as my, ms
are fized, when M € conv{B,C, A1A2}

(iii) Ly(M) is nonincreasing in my as ma, mg are fived, and nondecreasing
in ma as my, ms are fized, when M € conv{B, C, AgD}

Proof. Rewrite (22.45) and (22.46) as t = (/v € [a,d] and L.(M) = +3/[(8 —
by)(ey — B)] for
B=pM)=—-mz+ (b+c)mz—bem; >0,
v=vM)=—mg+ (b+c)m; —bc > 0.
Therefore
+0)Byy 288"y — (b+¢)B'y* — bey*y' — 35%]
(B = b7)*(cy = B)? '

ryon - 220
9

Because 7~ = —bc and 87 =b+ec,
OL.(M) By [2 (b +be+ )y — 3(b+ )]
dmq (8 = by)*(cy = B)?
3(ag —t
- T e (2255
Similarly, due to 8—75 =b+cand 8‘9—7;1’2 = —1, we derive
OL,(M) _ 7 [35° — (P +bet )] 3t (P —af) (22.59)
dm (8= b7)*(cy = B)? (B —=b7)*(cy = B)?

Accordingly, if M € ABCT for some t € [a,d], then (22.58) and (22.59) hold.
Analyzing the signs of the formulae, we arrive to the final conclusion. 0
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22.4 Minimizing Solutions in Boxes

In Theorem 22.3, we describe all moment pints M,¢ at which the minimal positive
value of function (22.26) over boxes B(£) is attained for arbitrary 0 < r < a* and
€, >0, ¢ =1,2,3. In contrast with Lemmas 22.6-22.9 proved by means analytic
techniques, we here use geometric arguments mainly. Let Vi = (a — €1, a® + €3,
a+e3), Vo = (a—e€1, a® — €2, a® + €3), V3 = (a+ €1, a® — €2, a® + €3) denote three
of vertices of the top rectangular side R(E) = {(m1,ma,a® + €3) : |m; — a*| < ¢,

i=1,2} of B(E).

Theorem 22.10. For all 0 < r < a* and each of the following cases:

M,e = Vi€ AABCT, (22.60)
{Mye} = ViVanABAC, (22.61)
{Mye}y = ViVanmem{B,AA}, (22.62)
{M,e} = WV3NABASC, (22.63)
{M.e} = VaVanmem{B,AA}, (22.64)
M,e = Vi€ conv {B, O,A/A\l} , (22.65)
M,e = V€ conv {B, O,A//TQ} , (22.66)

there exist ¢; > 0, ¢ = 1,2, 3 such that
L(E)=L,(Myg)>0. (22.67)

Proof. By Lemma 22.6, £,(€) is attained on the upper rectangular side R(E)
of B(E). We consider all possible horizontal sections W = W(e3) = {M € W :mg =
a® + €3}, €3 > 0, of the moment space and use Lemmas 22.7 - 22.9 for describing
points minimizing L, (M) over all M € R(E) N W. We shall follow the convention
of denoting by A the horizontal section of a set A at the level ms = a® + €3. Also,
we set A = (a,a?,a® + €3), and define O, B, C analogously. By (22.33), every
section W is a convex surface bounded below and above by parabolas my = m?
and mo = (m3m1)1/2, 0<m < mé/?’, respectively. The last belongs to a vertical
side surface of W, and the latter is a part of its bottom. On the right, they meet
at P = (my/®,m2/®, ms) € Occ.

We start with the simplest problem of analyzing high level sections, and then
decrease €3 to include more complicated cases. We provide detailed descriptions of
the sections for three ranges of levels ms > ¢2, d® < ms < 3, and a® < m3 < d° that
contain different number of subregions defined in Theorem 22.2. For each range,
we further study shape variations of some subregion slices caused by decreasing the
level in order to conclude various statements of Theorem 22.10. We shall see that
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the number of cases increases as €3 — 0, and these which occur on higher levels
are still valid for the lower ones. Since arguments justifying the particular cases for
different levels are in principle similar, we present them in detail once respective
solution appear for the first time and omit later.

Suppose first that mz = a® + €5 > ¢3. Only point of first four elements of
partition of Theorem 22.2 attain the level. Moreover, no bottom points of AABCT,
mem{C, ZE’}T, and mem{B, B?l}T belong to W. It follows that the shapes of the
sections AA B C, conv{@ I3 conv{B\A} coincide with the projections of respective
sets onto (my, me)-plane. By Lemma 22.7, L, decreases as we move left and up
in each subregion on the level (here we refer to directions on the horizontal plane,
but no confusion should arise if we use the same notions for describing movements
in the space). The minimum over R(€) is so attained at its right upper corner V.
Excluding cases V1 € V, and Vi € W that imply £,.(£) = 0, we see that (22.60) is
the only possibility.

If d® < m3 < ¢, all regions except of conv{O, B, B/b} should be examined. It
is only mem{B, 31\4} whose shape remains unchanged with respect to the previous
case. The section of AABCT, formerly triangular, is now deprived of its upper
vertex C, being cut off by a line segment QS, say, with Q € BC and S € AC.
The upper part of the linear border of mem{C, ZE}T is replaced by a curve SP

mem{C, ZE’} There is a point U, say, such that {U} = SPNDC. Lines SP, and
QS € ANABC, and QU C ABDC are the borders of conv{B, C, @} The last one,
together with X@Q and XU for some X € OC form the borders of the respective
triangular section of the tetrahedron conv{O, B, D,C}. Note that X is a bottom
point of W and belongs to the upper parabolic bound of W. Also, XU ¢ AODC
and UP C mem{C, l/)b} separate the points of conv{O, C, 1/)5} from the rest of
the section. Finally, V, is located below conv{O, B, D,C} and right to AABCT,

among @27 @7 and BQ € B_CT and XQ € AOBC. It can be verified that the
slopes of all curved and straight lines mentioned above are positive. Also, writing
T T and m, we adopted the convention that 77 has the first two coordinates less
than T5.

A crucial fact for our analysis is the mutual location of A € A' and Q € BC.
We consider a more general problem replacing @Q € BC by M € BT for some t > a.
Two-point representation of M gives

ms +bt(b+1t) (b+t)mg + b*t?
M = M{ms) = ( bt +t2 0 bRAbtte 3)
As ms3 varies between b and t3, then all m; increase, and M slides up from B to T
along BT. It follows that M is above and right to A for sufficiently large ms and
below and left for small ones. For ms = a® + €3, we can check that m; < a and
mq < a? are equivalent to

(22.68)

es<rt—a)la+b+1), (22.69)
ab+ at + bt

e3 <r(t—a) b1

: (22.70)
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respectively. The right-hand side of (22.70) is smaller than that of (22.69). It follows
that as e3 decreases from > — a® to 0, M is first located above and right to A, then
moves to the left and ultimately below A. These changes of mutual location occur
on higher levels for larger ¢.

In particular, we show that @ € BC is left and above A on the section msz = d°.
To this end we set e3 = d®> — a® and ¢ = ¢ and check that (22.69) is true and
(22.70) should be reversed. Indeed, the former can now be written as a3 + 3ar? >
d3, and further transformed into (t — 1)(t> — 20t — 8) < 0 under the change of
variables t = (1 4+ 3r2/a?)'/2 € (1,2). The cubic inequality holds true for t €
(—00,10 — 6+/3) U (1,10 + 6+/3) D (1,2). Negation of (22.70) is equivalent to each
of the following:

3
2 [2 +(1+ 3t)1/2} > 54+ 81t — 2712,

(26 4 6t)(1 + 3t)1/2 > 26 + 45t — 2712,

27t% (13 + 94t — 27t%) > 0,

for t =72 /a® € (0,1), and the last one is obviously true.

It follows that for ms = a3 + €3 varying from ¢® to d® there are two possi-
ble locations of @ with respect to A. For ez > 3ar?, @ is right and above, and
(22.67) enforces (22.60) like in the previous case. Otherwise this is only one of three
possibilities. For the other we should assume that V;V5 lies right to Q. Let S;,
i = 1,2, stand for the intersections of SU and A;C, respectively. Each element of
the sequence A A, S, 51, S and U lies above and rlght to the preceding. Consider
conv{B, C, AAl} located among QS, QS; and SS. IV, belongs there, then

R(E)NW € AABCT Umem{C, AC}T

Umem{B, BA}! U conv {B, C, A/Zl} . (22.71)

By Lemmas 22.7 and 22.9(i), L, is increasing in m; and decreasing in mg in this
part of the horizontal slice, and (22.65) can be concluded.

Assume now that V) is right to @ and above QS;. Then V;V; and QS; C
ABA;C cross each other, because V; lies below A. We establish that (22.61)
holds. If R(€) contains any points of the sets conv{O, C, DC} conv{O, B, D, C?},
and conv{B, C, AQD} i.e., ones lying above OSy and SQP then by Lemmas 22.8
and 22.9(iii) they can be replaced by ones of R(£)N(0OS, US,P ), and the minimum
of L, will not be affected. Similarly, by Lemmas 22.7 and 22.9(i), all points of R(S )
located below QS; and SlP can be replaced by some of R(£) N (QS7 U S.P ). W
could exclude points of SQP from consideration once we show that L, increases along
SP. Indeed, the points of SP have a parametric representation M = oT + (1-a)C
with mg = a3 + e3 < ¢ fixed and t € (a,my’*), and so all

03 — ms

L,(M)=a= pE—

(22.72)
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3

Cc” — Mg
—e— ST M8 92.73
= 2 +ct+t2 ( )
3
- ¢
g = 2 (& —ma) (et ). (22.74)

2+ ct + t2
are decreasing. Accordingly, it suffices to restrict ourselves to analyzing L, (M) in
R(E) Nconv{B,C, m}, which by Lemma 22.9(ii) is minimized at the lowest left
point of the surface, i.e., the one defined by (22.61).

Suppose now that ms = a® + €3 < d3. The most apparent difference from
the previous case is presence of conv{O, B, El\)} This contains bottom moment
points including P and is located along the upper border of W. Precisely, this
is separated from conv{O, B, D,C} and conv{B,C’,Zl\)} by a line segment Y Z,
say, with Y € OD and Z € BD, and a curve ﬁ, respectively. Writing P, we
refer to the notion introduced above, although now the point is defined for a dif-
ferent level ms. It will cause no confusion if we use it and some other intersection

points of horizontal sections with given segments in the new context. Furthermore,
appearance of conv{B,C, AD} changes radically. Now its border has four parts:

two linear QS and QZ and two curved ones SP and ZP. These are borders with
AABC', conv{O, B, D,C}, mem{C, AC}', and conv{O, B, BD}, respectively. On
this level, the region is spread until the upper right vertex P of YW. We can also ob-
serve that the slice of conv{O, B, D, C'} has four linear edges with vertices @, X, Y,
and Z. On the left to the tetrahedron,behind XY, we can find conv{O, C, @}7

which is the convex hull conv{XY} of the piece of parabola my = (msmy)'/2 be-
tween X and Y. In contrast with the last case, the region is separated from P

here. The remaining regions look in much the same way as above. There are
Y, = conv{Q, 0X, 0 B} below conv{O, B, D,C}, and AABC'! = conv{B, 4, Q, S}
below conv{B, C, 715}7 with the common border BQ € BC'. Beneath A B, there
is mem{B, BA} with the lower border B A. The right part of parabola mo = m2,
a < m < mé/B, is contained in mem{C, AC}! that borders upon AABC! and
conv{B, C, @} through AS and SP, respectively.

Finally we examine slices of three parts /of\conv{B, C, Zb} described in
Lemma 22.9. conv{B,C, AA;} and conv{B,C, A1 A} are separated by QS; if A
is below the slice. The latter borders upon conv{B, C, @} along Q.S;. If we go
down through and below As, and A;, then S;, i = 2,1, are consecutively identical
with P and then are replaced by some Z; € BA; N Z P, respectively, that move left
and down so that for sufficiently small €5 they become situated below and right to
A (see(22.69) and (22.70)). Note that for M = oT + (1 — «)B, formulae (22.72)-
(22.74) hold with ¢ replaced by b. These decrease in t as well, and therefore, L,.(M)
becomes smaller as we slide M along ZP down and left.

The above observations are essential for detecting solutions to (22.31) for the case
Vi ¢ AABCT Uconv{B,C, AA;}. Otherwise we could use previous arguments for
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obtaining (22.71) and concluding either (22.60) or (22.65). Under the assumption,
we study possible locations of M,.¢ for three ranges of levels of horizontal slices.

If a3 < m3 < d3, then there are some moment points in R(£) located above
QS; U S P. Ones that are below can be eliminated by Lemmas 22.7 and 22.9(1),
and this will not increase minimal value of L,. If there are any M € R(E) located
above and right to QS and Sy P, we reduce them using Lemmas 22.8 and 22.9(iii).
It follows that M,z € conv{B,C, A1 A3} U 57273 Note that ,57273 lies above and
right to A, has a positive direction, and L, increases as M moves along ,57273 to
the right. We can therefore, eliminate S, P from the further analysis. Referring
to Lemma 22.9(ii), we assert that M,¢ is the point of conv{B,C,m} NR(E)
with the smallest possible m; and ma. For af < ms < a3, we use arguments
of Lemmas 22.7-22.9 agam for eliminating all points 51tuated below QS; U 51
and above QZy U ZQP What remains is conv{B, C, A1A2} and we eventually
arrive to the conclusion of the previous case. Similar arguments applied in the case
a® < m3z < a$ enable us to assert that M,¢ € conv{B, C, m} U Z/JD Generally,
the curve cannot be eliminated here, because Z; may lie left to A, and there exist
rectangles containing a piece of Z; P and no points of conv{B, C, m} See that in
either part of the union function L, is increasing in m; and my. ( Consequently, the
minimum is attained at the left lower corner of (conv{B,C, A1 A3} U Z,P YNR(E).

Note that the borders of conv{B, C, A; Ag} consist of lines with positive slopes and

so is that of Z/JD Therefore, in all three cases it makes sense indicating the lowest
and farthest left point of respective intersections with rectangulars whose sides are
parallel to m1- and meo-axes.

Now we are in a position to formulate final conclusions, analyzing possible lo-
cations of V5. Assume that V5 lies either below or on m in the case ms > aif.
Then V,V, and QS; cross each other at the lowest and farthest to the left point
of conv{B, C, A/;LE} NR(E), and (22.61) follows. The same conclusion holds if V5

lies either below or on QZ; in the case ms < aif. If V5 is below Z/JD that is only
possible when Z; lies left to A for some ms3 < a}, then (22.62) holds, because R(€)
does not contain any points of conv{B, C, A/lA\2}7 and one that is the farthest left
element of Z/JD is that of intersection with V7 V5.

Assuming that V3 € conv{B, C, A/lA\2}a which is possible for @ lying below A,
we obtain (22.67). Indeed, V3 is the left lower vertex of R(E), and so this is also
the left farthest and lowest point of the respective intersection with the domain
of arguments minimizing L, for every level between a® and d3. For mz > a3, it
suffices to consider V3 lying right to QS5. Like in the other cases considered below,
this is only possible when @ is located below A. It is clear to see that the lowest
and farthest left point of conV{B C, A/lA\Q} NR(E) is that at which V5V3 and QS,
intersect each other. If ms < a2 and V5 lies right to QZQ, the same conclusion holds
with S, replaced by Zs. Since QS2,QZs C ABAyC, we can summarize both the
cases by writing (22.63).
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The last possible solution (22.64) to (22.31) occurs when m3 < a3 and Va lies
rlght to ZQP In fact the points M € ZgP with my < a? are of interest. If
3 < mj3 < a3, then ZQP is a part of the left border of conv{B, C, A1A2} and the
other QZ, is 1ocated below the level of VaVs. Therefore, L, is minimized at the
intersection of ZQP and VoVa. If mg < a} and Z; lies below A, then it is also
possible that M,¢ € ZlP NR(E). O

22.5 Conclusions

Proof of Theorem 22.1. This relies on the results of Theorem 22.10. We consider
various forms (22.60)—(22.67) of moment points solving (22.31) and indicate ones
that satisfy (22.32) for some r < a*. Solutions to (22.32) with respect to r provide
values of Prokhorov radius for various combinations of ¢;, ¢ = 1,2,3. However,
only (22.60) enables us to determine an explicit formula for the radius. In this
case, evaluating (22.37) at Vi = (a — €1,a® + €3,a® + €3), we rewrite (22.32) as
1 — (2a€; + €)/r? = 1 — r, and easily determine (22.5). Relation (22.3) expresses
analytically the fact that V7 lies on the same side of the vertical plane mo — (b +
¢)mi + be = 0 containing BC' as BC does. Condition (22.4) is equivalent to
locating V4 above pl{ ABC?} (cf. (22.50)). Both, combined with positivity of all €;,
ensure that V; € AABCT.

If M,e € ViV, then M,e = (a — €1,ma,a> + €3) for some |my — a?| < €.
Conditions (22.32) and (22.61) enforce the representation

M,e =(1-r)A1 +ar(C — B) +rB,

for some 0 < a < 1, that gives

2\ 1/2
(I—-7) (a2 + %) +2ar? +r(a—71) =a— e, (22.75)
22\ 3/2
(I—7) <a2 + E) +2ar? (3a® +1°) +r(a— 1) = d® + €3, (22.76)

in particular. By (22.75),
2

20 =a—r(a—r)—(1—7) (a2+%

enables us to describe the range of €; by (22.7). Plugging (22.77) into (22.76), we
obtain (22.6). Furthermore, we apply

1/2
) — €1 € [0,2r7] (22.77)

2
(I—1) (a2 + %) + daar® +r(a —1r)? = my,

combine it with (22.77) and |ms — a?| < €3, and eventually obtain (22.8).
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Under (22.62), M,¢ = (a — €1,m2, a® + €3) fulfills

I-—r)t+r(a—r)=0a—e€, (22.78)
(1 =7t +7(a—7)* = ma, (22.79)
1=t 47r(a—71)> =a®+es, (22.80)
for some
12\ /2
a<t< (aQ + 3) : (22.81)
[ms — a?| < es. (22.82)

We determine ¢ from (22.78) and substitute it into (22.79)- (22.81). Then the
first one combined with (22.82) yields (22.11). Condition (22.80) provides (22.9)
defining a relation among €1, €3, and the Prokhorov radius. The last one coincides
with (22.10).

Cases (iv) and (v) can be handled in much the same way as (ii) and (iii), re-
spectively. For the former, we use the relations

(1=7) [a + %} +ar (¢ =b) bt =mi,  i=1,2,3, (22.83)

with 0 < a <1, m1 > a — €1, ma = a®? — €2, and mz = a® + 3. In the latter, we
put the same m;, i = 1,2, 3, in the equations

(1 —r)t' 4+ rb* = my, i=1,2,3, (22.84)

with a <t < a+1r?/(3a). Here we use the second equations of (22.83) and (22.84)
for determining parameters « and t, respectively. Geometric investigations carried
out in the proof of Theorem 22.10 make it possible to deduce that mo < a? implies
my < a for both (22.83) and (22.84). Therefore, M,¢ is actually located on the left
half of V5 V5.

For the proof of last two statements we need a formula defining r in (22.31) for
M, ¢ € conv{B,C, 1@} Direct application of (22.45) leads to more complicated
one than that derived from equations

2ar? + (1 —r)t +r(a —r) = my, (22.85)
4ar?a+ (1 —r)t* +r(a —7r)* = ma, (22.86)
2012 (3a2 + 7“2) + (1 =)t +r(a—7)° =ms3 (22.87)

for 0 < a < 1andt € [a,a +r?/(3a)]. Subtracting (22.85) multiplied by 2a
from (22.86) and adding (1 — 7)a?, we find

(1—7)(t —a)? = mg — 2amy + a* — 1.
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Since t > a, we can write it as

_9 2 .3\ 1/2
t:a+(m2 o + a T) —a+r, (22.88)

1—7r
say. Using the formula and a representation of 2ar? derived from (22.85), we can
transform (22.87) as follows:

ma = (36 + 1) [my — a4 7%~ (1—r)r] + (1 r)(a+ 7
(30 )i — (3 ) 0= )+ (- e — (1)
+(3a+71) (m2 — 2am; + a? — r3)

= 3amy — (3a® —r%) m1 +a® — ar® + (m2 — 2amy +a® —1%) 7.

Referring again to (22.88), we ultimately derive

—ms + 3amg — (3@2 - r2) my + a® — ar? _ (m2 — 2amy +a* — 13 > v . (22.89)

—mg + 2amy — a® + r? 1—r

Observe that for all M € conv{B, C, @}, the denominator of the left-hand side is
positive and so is the numerator. If (22.65) holds, we can further simplify (22.89)
and conclude (22.18). For asserting that V; € conV{B7C’,EE1}, it suffices to as-
sume that it is located in the halfspace mq — 2am; + a® —r? < 0, above pl{ BA;C}
and below pl{ABC}. The first requirement coincides with (22.19), and the oth-
ers, by (22.50), represent conditions (22.20) on the range of es. If M,ge = Vo,
then (22.89) implies (22.21). Condition V5 € conv{B, C, m} can be equivalently
expressed by saying that V5 lies right to BT between the planes containing WT,
mT, ABAsC and ABA;C. Analytic descriptions of the conditions are presented
in (22.22) and (22.23). This completes the proof of Theorem 22.1. O

It is of interest if all representations of Prokhorov radius given in Theorem 22.1
are possible for arbitrary a > 0 assuming various shapes of moment boxes B(E).
Applying statements of Theorem 22.10, we assert that for all 0 < r < a* there
are €;, 1 = 1,2,3, such that II(£) = r in each of Cases (i), (ii), (iv), (vi), and
(vii). It follows from the fact that there are moment points M that belong to any
of AABC', ABA;C, conv{B,C, AA;}, i = 1,2, which are convex combinations of
points situated above and right to A. Therefore, for every 0 < r < a* it is possible to
construct a box such that M = M,.¢ satisfies conditions of (22.60), (22.61), (22.63),
(22.65), or (22.66).

The remaining two cases need a more thorough treatment. Formulae (22.9)
and (22.15) can be used in describing the Prokhorov radius of moment neighbor-
hoods of some §, iff (1—7)A; +rB, i = 1,2, respectively, lie above the level m3 = a3
for some 0 < r < a*. The conditions coincide with positivity of

RREL 3 o
ﬁi(r):(l—r){H@} +r(1—a) -1, 0<r<a, i=1,2. (22.90)
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We can check that 51 < (2, £;(0) = 3(0) = 0 for all @ > 0, and B/(0) > 0 iff
a < i/6, i = 1,2. Accordingly, (22.9) and (22.15) are applicable in evaluating
convergence rates for a < 1/6 and 1/3, respectively. A numerical analysis shows
that these are sufficient conditions for positivity of (22.90) on the whole domains.
On the other hand, 3;, i = 1,2, are nonpositive everywhere if a > 1 — (3/4)%/? ~
either 0.3505 or 0.5781, respectively. For intermediate a, the functions are negative
about 0 and positive about a* = a, which means that (22.9), (22.15) are of use for
sufficiently large boxes. For example, for a = 0.25, 31 changes the sign at r ~ 0.1196
(B2 > 0), and so does (2 at r & 0.1907 (81 < 0) for a = 0.45. If a = 0.34, then
r1 ~ 0.3162 and ro ~ 0.01004 are the roots of 5;, i = 1, 2.
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Chapter 23

Geometric Moment Methods Applied to
Optimal Portfolio
Management

In this chapter we start with the brief description of the basics of Geometric Moment
theory method for Optimization of integrals due to Kemperman [229], [232], [234].
Then we give solutions to several new Moment problems with applications to Stock
Market and Financial Mathematics. That is we give methods for optimal allocation
of funds over stocks and bonds at maximum return. More precisely we describe
here the Optimal Portfolio Management under Optimal selection of securities so to
maximize profit. The above are done within the models of Optimal frontier and
Optimizing concavity. This treatment follows [44].

23.1 Introduction

The main problem we deal with and solve here is: the optimal allocation of funds
over stocks and bonds and at the same time given certain level of expectation, best
choice of securities on the purpose to maximize return. The results are very general
so that they stand by themselves as “formulas” to treat other similar stochastic
situations and structures far away from the stock market and financial mathe-
matics. The answers to the above described problem are given under two mod-
els of investing, the Optimal frontier and Optimizing concavity, as being the most
natural.

There are presented many examples all motivated from financial mathematics
and of course fitting and working well there. The method of proof derives from
the Geometric Moment theory of Kemperman, see [229], [232], [234], and several
new Moment results of very general nature are given here. We start the chap-
ter with basic Geometric Moment review and we show the proving tool we use
next repeatedly.

The continuation of this material will be one to derive algorithms out of this
theory and create computer software of implementation and work with actual nu-
merical data of the Stock Market.

301



302 PROBABILISTIC INEQUALITIES

23.2 Preliminaries

Geometric Moment Theory (see [229], [232], [234], of J. Kemperman). Let
J1,---,9n and h be given real-valued (BN .A) (Borel and A)-measurable functions
on a fixed measurable space T' = (T, .A). We also suppose that all 1-point sets {t},
t € T are (BN A)-measurable. We would like to find the best upper and lower
bounds on the integral

(k) = [ nieyuta)
given that u is a (with respect to .4) probability measure on T with given moments

i) =y,  J=1....n
We denote by m™* = m™(T) the collection of all A-probability measures on T such
that u(|lgj]) < oo (j =1,...,n) and u(|h|) < co. For each y = (y1,...,yn) € R,
consider the bounds L(y) = L(y | h) = inf u(h), U(y) = U(y | h) = sup u(h), such
that
pem™(T); pwlg) =y,  J=1...,n
If there is not such measure p we set L(y) = oo, U(y) = —oo. Let MT(T) be the set

of all probability measures on T that are finitely supported. By the next Theorem
23.1 we find that

L(y | h) = inf{pu(h): p € M*(T),p(9) =y}, (23.1)
and

U(y | h) =sup{u(h): p € MT(T), u(g) = y}- (23.2)
Here pu(g) = y means u(g;) =vy;, j=1,...,n.
Theorem 23.1. (Richter [307], Rogosinsky [310], Mulholland and Rogers [269)]).
Let f1,..., fn be given real-valued Borel measurable functions on a measurable space
Q= (2, F). Let u be a probability measure on Q such that each f; is integrable with

respect to u. Then there exists a probability measure u' of finite support on
satisfying
W (f5) = u(fy) forall j=1,...,N.

One can even attain that the support of u' has at most N + 1 points.

Hence from now on we deal only with finitely supported probability measures
on T'. Consequently our initial problem is restated as follows.

Let T # (@ set and g: T — R™, h: T — R be given (BN .A)-measurable functions
on T, where g(t) = (g1(¢), ..., gn(t)). We want to find L(y | h) and U(y | h) defined

by (23.1) and (23.2).
Here a very important set is

V = conv ¢(T) CR",
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where “conv” means convex hull, and the range
g(T) ={z € R": z=g(t) for some t € T'}.

Clearly g is a curve in n-space (if 7' is an one-dimensional interval) or a two-
dimensional surface in n-space (if T' is a square).

Lemma 23.2. We have y € V iff there exists p € M1(T) such that u(g) = y.
Hence, by (23.1),

Ly|h) <oo iff ye V.
Similarly, from (23.2),
Ulylh)>—c0 iff yeV.

We get easily that the interior of V, nt(V) # 0 ¢f 1, g1,...,gn are linearly inde-
pendent on T.

So without loss of generality we suppose that {1,¢1,...,9,} is a linearly in-
dependent set of functions on T, hence int(V) # (. Also clearly we have
Ul | h) = —L(y | —h), and L(y | h) is a convex function for y € V, while

U(y | h) is a concave function for y € V. We consider V* = conv g*(T) C R"+!,
where ¢*(t) = (g1(t),...,gn(t),h(t)), t € T. By Lemma 23.2 we have that
(Y1, YnsYnt1) € V* iff there exists p € M T (T') such that p(g;) =yj,j=1,...,n
and p(h) = yny1. Clearly L(y | h) equals to yn4+1 € RU {—occ} which corresponds
to the lowest point (in the infimum sense) of V* along the vertical line through
(Y1,92, -+ Yn, 0).

Similarly U(y | h) equals to 7, ,; € RU {oco} which corresponds to the highest
point (in the supremum sense) of V* along the vertical line through (y1,...,yn,0).
Clearly the above optimal points of V* could be boundary points of V* since V* is
not always closed.

Example. Let T be a subset of R™ and g(¢) =t for all t € T. Then the graphs of
the functions L(y | h) and U(y | h) on V = conv(T') correspond to the bottom part
and top part, respectively, of the convex hull of the graph h: T — R.

The analytic method (based on the geometry of moment space) to evaluate
L(y | h) and U(y | h) is highly more difficult and complicated and not mentioned
here, see [229]. But it is necessary to use it when it is much more difficult to describe
convex hulls in R™, a quite common fact for n > 4. Still in R? it is already difficult
but possible to describe precisely the convex hulls. Typically the convex hull V*
decomposes into many different regions, each with its own analytic formulae for
L(y | h) and U(y | h).

So the application of the above described geometric moment theory method is
preferable for solving moment problems when only one or at the most two moment
conditions are prescribed. Here we only use the geometric moment theory method.
The derived results are elegant, very precise and simple, and the proving method
relies on the basic geometric properties of related figures.
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Claim: We can use in the same way and equally the expectations of random
variables (r.v.) defined on a non-atomic probability space or the associated integrals
against probability measures over a real domain for the standard moment problem
defined below.

Let (o, F, P) be a nonatomic probability space. Let X be r.v.’s on o taking
values (a.s.) in a finite or infinite interval of R which we call it a “real domain”
denoted by J. Here E denotes the expectation. We want to find iI)l(fE(h(X))7 and

sup E(h(X)), such that
X
Egi(X)Zdz, 1=1,...,n, d; ER, (233)

where h, g; are Borel measurable functions from J into R with E(|h(X)]),
E(lgi(X)]) < oo. Clearly here h(X), ¢;(X) are F-measurable real valued func-
tions, that is r.v.’s on 0. Naturally each X has a probability distribution function
F which corresponds uniquely to a Borel probability measure p, i.e., Law(X) = p.
Hence

Egi(X):/Jgi(x)dF(x):/gi(a:)du(x):di, i=1,....n

T
and

Eh(X) = / h(z) dF(z) = / h(z) du(z). (23.4)
J J
Next consider the related moment problem in the integral form: calculate

it [ n(Odu(®), s [ 1ie) duto),

wJg woJJ
where p are all the Borel probability measures such that

/ gi(t) du(t) = d;, i=1,...,n, (23.5)

J

where h, g; are Borel measurable functions such that

/ Ih(8)] du(t), / 19:(8) dpu(t) < o
J J

We state
Theorem 23.3. [t holds
inf FEh(X) = inf /h t) du(t). 23.6
(sup) ( ) (sup) all p as in (23.5), J ( ) ’u( ) ( )
all X as in (23.3) Borel probability measures
Proof. Easy. U

Note. One can easily and similarly see that the equivalence of moment problems
is also valid either these are written in expectations form involving functions of
random vectors or these are written in integral form involving multidimensional
functions and products of probability measures over real domains of R*, k > 1. Of
course again the underlied probability space should be non-atomic.
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23.3 Main Results

Part I.
We give the following moment result to be used a lot in our work.

Theorem 23.4. Let (o, F,P) be a non-atomic probability space. Let X, Y be

random variables on o taking values (a.s.) in [—a,a] and [—(, 5], respectively, a, 5 >

0. Denote v := E(XY). We would like to find sup 7, )i(n}f/’y such that the moments
XY ;

EX = M1, EY = Vi, M1 S [—CL, a]a v € [_676]

are given.
Consider the triangles

Ty == {(=a,=p), (a,=0), (a, B)}),
Tz = ({(=a,=0), (—a, B), (a, 5)}),
T; == {(a, =p), (a, ), (=a, B)}),
Ty := ({(a, =f), (=a, ), (=a, =F)}).

Then it holds (Here X\, p,o > 0: X+ p+ ¢ =1.)
D If (p1,v1) € Th N Ty, ice. 1 = a(=A+p), v1 = B(p — 1), then

SUPV = —Bu1 +avy +apf,

Y

;{n}f}’y = —pu1 — avy — ap. (23.7)

) If (pa,11) € Ti Ny, dee. pn = a(l — ), v1 = B(=A+ p), then
supy = —Bu1 + avi + af,
XY
}(n)f/’y = Bu1 + av1 — ap. (23.8)
D) If (p1,v1) € ToNTs, dee. p1 = a(A—p), v1 = B(1 — ), then
supy = fu1 — av1 +af,
XY

s

;{n}ff’y = Buy + avy — ap. (23.9)

V) If (p1,11) € Ta N Ty, dce. pn = a(p — 1), v1 = B(A — p), then
supy = Bu1 — avy + af,
}(n}f/’y = —fu1 —avy — af. (23.10)
Proof. Here v := EXY, such that
_aSXSa7 _ﬂSYSﬂa a7ﬁ>07
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and the underlied probability space is non-atomic. That is,

= / xy di, (23.11)
[—a.a]x[-B5,8]

where p is a probability measure on [—a,a] X [—0, 3]. We suppose here that

/ xdp = p, / ydu = vy, (23.12)
[7a7a]><[76,,6] [7a7a]><[76;ﬂ]

where 1 € [—a,a], v1 € [-f,0]. Clearly we must have always —a < p; < a,
-B8<1 <6

Here we consider and study the surface S: z = ay, || < q, |y| < 8. We
consider also the tetrahedron V' with vertices A := (a, 8,a8), B := (—a,—f,a0),
C :=(a,—B,—apf), D = (—a,,—af). Notice (0,0,0) € V and we establish that V'
is the convex hull of the surface S.

Clearly we have

1) Line segment (¢1) through points B and C:

T = —a+ 2at
y=—0 , 0<t<1. (23.13)
z=af — 2aft

Notice that xy = 2z so that (¢1) is on surface S.

2) Line segment (¢2) through points A, C"

r=a
y=—-p0+26t , 0<t<1 (23.14)
z=—af +2apft

Notice that zy = z so that (¢2) is on surface S.

3) Line segment (¢3) through points A, D:

T = —a+ 2at
y=p0 , 0<t<1. (23.15)
z=—af + 2apt

Notice that zy = z so that (¢3) is on surface S.

4) Line segment (¢4) through points B, D:

T =—a
y=—-0B+26t ,, 0<t<1. (23.16)
z =af — 2a0t

Notice that xy = 2z so that (¢4) is on surface S.
We consider also the following line segments.
5) Line segment (¢5) through the points C, D:
z=a—2at
y=—-0+4+20t, 0<t<1. (23.17)
z=—af
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6) Line segment ({g) through the points A, B:
r=a—2at
y=8-28ty, 0<t<l. (23.18)
z=af
A
Therefore the surface of V' consists on the top by the triangles: (A B D) and

(A 1A3 (), and in the bottom by the triangles (B é’ D) and (A é* D).

In one case we have (u1,v1) € triangle Th := ({(—a,—0), (a,—0), (a,5)}),
and in another case (u1,11) € triangle Ty := ({(—a,—8), (—a, ), (a,0)}). Thus
(p1,v1) € Ty iff 3N p, 0 > 0: A+p+ @ =1 with g1 = a(1—2X) and 11 = 8(2¢ —1).
Also (p1,v1) € To iff IN*, p*, " > 0: A" 4 p* + ¢* = 1 with 3 = a(2¢* — 1) and
Vv = ﬂ(]. — 2)\*)

Description of the faces of V:
1) Plane P, through A, B, C has equation
z=—Fr+ay+ af, (23.19)

and it corresponds to triangle 77.
2) Plane P, through A, B, D has equation

z = px —ay+ af, (23.20)
and it corresponds to triangle T5.
3) Plane P; through A, C, D has equation
z = pzr+ay—af (23.21)
and it corresponds to triangle T3. Here
Ts := ({(a, =P), (a, ), (=a, B)}).
In fact (p1,v1) € T3 iff 3N p,0 > 0: A+ p+ ¢ =1 with
w =a(l—2p), v =p(1-2N).
4) Plane P, through B, C, D has equation
z=—fx—ay—af (23.22)
and it corresponds to triangle Ty. Here
Ty := ({(a, =), (=a, B), (=a,=P)}).
In fact (p1,v1) € Ty iff IN*, p*, 0* > 0: X* + p* + p* =1 with
pr =a(2X\* —1) and vy = p(2p* - 1).
The justification of V is clear.

Conclusion. We have seen that the tetrahedron V is the convex hull of surface
S: z = xy over [—a,a] x [-3,5]. Call O := (0,0), A1 := (a,0), Az = (—a, ),
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Asz = (—a,—0), As := (a,—3). Clearly (A1 A2 A3A4) is an orthogonal parallelogram
with sides of lengths 2a and 20.
We notice the following for the triangles

(23.23)
That is

A A
TiNTy= (A3 A4 O), TiNTs= (A4 0 A1),
A A
ToNTs = (A1 0 Az), TonTy= (4350 A2). (23.24)

Also we see the following;:

A
1) Let (z,y) € (A3 A4 O) iff (z,y) e iINTy iff z = a(-A+p), y = B(p — 1),
where

Appz0:A+p+e=1

A
2) Let (z,y) € (A4 19 Al) iff (z,y) e INT5iff 2 =a(l — ), y=0(—X+p),
where

App >0 A+p+po=1

A
3) Let (z,y) € (A1 A2 O) iff (z,y) € ToNT5 iff & = a(A— p), y = B(1 — ¢), where
Appz0:A+p+e=1

A
4) Let (z,y) € (A2 A3 O) iff (z,y) € TbNTy iff x = a(p— 1), y = B(A — p), where
App >0 A+p+eo=1

Finally applying the geometric moment theory method presented in Section 23.2
we derive

I) Let (,Uq, Vl) € Ty NTy, then

su p/ xydp = —Pu1 + avy + af,
[—a,a]x[-5,0]

in f/ xydu = —Buy —avy — ap. (23.25)
a,a] X [—f3,6]

IT) Let (p1,v1) € Th N T3, then

Sp/

[—a

‘).
[—a

xydp = —0Buy + avy + af
alx[—B,]

)

i

=E

xydp = Bui + avy — af. (23.26)
a]x[~B,5]

)
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IIT) Let (p1,v1) € To N T3, then

sup / rydp = Bur — avy + af,
w J[~a,a]x[-B,0]

inf/ xydu = Bu1 + avy — af. (23.27)
#J[=a,a)x[-8,8]

IV) Let (u1,v1) € To N1y, then

sup/ xydp = Buy —avy + af
# J=a,a]x[-B,8]

inf/ xydp = —Pur —avy — af. (23.28)
#Jl~a,a]x[-8,6]

23.3.1. The Financial Portfolio Problem

Let the r.v.’s X giving the annual return of one risky asset (say a stock) and
Y giving the annual return of another risky asset (say a corporate bond) such that
EX =y, EX? = o, EY = vy, EY? = vy are known, and EXY = v may not be
known. Here X,Y are not necessarily independent.

Denote by R the return of a portfolio of the stock and bond R = wX +(1—-w)Y,
where w is the fraction of funds allocated to the stock. Here we would like to find
the optimal w* such that the utility function

u(R)=FER—AVar R (23.29)

is maximized, where A > 0 is the risk-avertion parameter which is fixed.

The above is the optimal frontier problem. Notice that X,Y are not necessarily
normal random variables, typically they have variances much larger than means.
So the not short selling case is

maxu(R): 0 <w < 1. (23.30)

In general may be £ < w < u, —oo < £ < u < oo. If £ <0, it means one can sell
the stock and put it all in the bond.
In Part IT of the chapter we deal in the same manner with another utility function

u(R) = Eg(R), (23.31)

where g(x) is a strictly concave function. This is the Optimizing concavity problem.
However typically we deal with many random variables X;, Y;, i« = 1,...,n that are

the annual returns of n stocks and bonds, respectively. Thus in general in portfolio
N

we have the return R, = > w;X;, where X, is the annual return from stock i or

=1
bond 1.

Therefore we need to calculate

max u(Rp), suchthat w; <w; <¥¢;, i=1,...,N, (23.32)
w wN
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and u;, ¢; are fixed known limits. To maximize u(R),) is not yet known even if § = 2
and 0 < w < 1. We present these for the first time here.

Typically here the distributions of X; are not known. We work first the special
important case of

R=wX+(1-w)Y, 0<w<1lor {<w<u, (23.33)
and
u(R)=FR—AVarR, A>0. (23.34)
One can easily observe that
u(R) = wEX + (1 —w)EY — MN(E(R?) — (ER)?)
=wp1 + (1 —w)ry — Mw?EX? 4+ (1 = w)*EY? + 2w(l — w)EXY
—w?pf — (1 —w)’vf —2w(l — w)pyvr }.

So after calculations we find that

f(w) :=u(R) = Tw? + Mw + K, (23.35)
where A\ > 0,
T := — Mg — Ao + 2\y + At + M\? — 2 v, (23.36)
M = py — v1 + 2\ — 20y — 2007 + 2\ vy, (23.37)
and
K :=v; — A + Avi. (23.38)

To have maximum for f(w) we need T' < 0.

To find max u(R) is very difficult and not as important as the following modifi-
w,y
cations of the problem. More precisely we would like to calculate

max <maxu(R)> ) (23.39)
w ¥
the best allocation with the best possible dependence between assets, and
max <min u(R)) , (23.40)
w ¥

the best allocation under the worst possible dependence between the assets. Accord-
ing to Theorem 23.4 we obtain

“Yinf S Y S Ysup> ie. — Ysup S - S —Yinf- (234]—)

So in the last modified problem 7 could be known and fixed, or unknown and variable
between these bounds. Hence for fixed v we find max u(R), and for variable v, using
Theorem 23.4, we find tight upper and lower bounds for it, both cases are being
treated in a similar manner.
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Denote
A(w) = (=g — g + A\ud 4+ W? — 2 vy )w?
+ (p1 — v1 + 2w — 2007 4+ 20 v )w + (v — Ae + Avd). (23.42)
Therefore from (23.35) we obtain

u(R) = A(w) + 2 w(w — 1)7. (23.43)
In case of 0 < w < 1 we have
min u(R) = A(w) + 2Aw(w — 1) (max fy) ) (23.44)
ie.
min u(R) = A(w) + 2 w(1l — w) (— <sup ’y)) . (23.45)
max inf

~

Using Theorem 23.4 in the last case (23.45) we find tight upper and lower bounds
for max u(R).

Proposition 23.5. Let 7y be fized and w € [0,1] or w € [{,u], —00o < { < u < 0.

Suppose T < 0 and — 3% € [0,1] or —3%L € [¢,u]. Then the mazimum in (23.35) is

f <—%> = mtzumxu(R) = _]\424# (23.46)

Eg A=1,v=6, us=5,1,=10, uyy =2, 11 =3. ThenT =-2<0, M =1,

K =2, -2£=0.25€0,1], and mgxu(R) =1
In another example we can take

)‘:17 M1:—107 v = =20, ,LL2:47 ve =6, 7:27
then "= 94 > 0.

Proposition 23.6. Let 7y be fized and w € [0,1] or w € [{,u], —00o < £ < u < 0.
Here T > 0 or T < 0 and —3% ¢ [0,1] or T < 0 and —2% & [¢,u]. Then the
mazimum in (23.35) is

o u(R) = max{f(0). f()} = max{ KAt =) + ). (2347)
and
max u(R) = max{f(u). /() (23.48)

Application of y-moment problem (Theorem 23.4) and Propositions 23.5
and 23.6. Let 0 < w < 1, from (23.43) we find

u(R) = A(w) + 2 w(l — w)(—7), (23.49)
where vy = EXY and A(w) as in (23.42). Then
u(R) < A(w) + 2 w(1 — w)(—7int) =: O(w), (23.50)
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and
u(R) > A(w) + 22w (1l — w)(—sup) =: L(w). (23.51)
Hence one can maximize #(w) and L(w) in w using Propositions 23.5, 23.6. That

is finding tight estimates for the crucial quantities (23.39) and (23.40). That is, we
obtain

max (m]?.x u( )) max (U})7 ( )
a.nd
i R > 1/ . 3.53

Notice that in expressing u(R) we use all moments p1, v1, o, va.

23.3.2. The Portfolio Problem Involving Three Securities (similarly one
can treat the problem of more than three securities).

Let X7, X2, X3 be r.v.’s giving the annual return of three risky assets (stocks
or bonds).

Let R := w1 X7 +woXo+w3Xs, £; < w; <wuy,i=1,2,3 the return of a portfolio,
and the wtility function u(R) = ER — A Var R, A > 0 the risk-avertion parameter
being fixed. Again we would like to find the optimal (w1, w2, ws) such that u(R) is
maximized. Clearly

u(R) = w1 EX1 + waEX> + w3EX3 — A(E(R?) — (ER)?).
Set p; := EX;, po; := EX?,i=1,2,3. We have y;; < uéfz, 1 =1,2,3. Hence we
obtain
u(R) = wip1 + wapi12 + wap1z — A[M%EXf +wiEXZ +wiEX?
+ 2w we EX 1 Xo + 2wowz EXo X3 + 2wsw; EX3 X1 — wipd, — wiply — wipis
— 2wiwafin1 a2 — 2WaWs k213 — 2WIW3 11 K13

Call Y1 = EXng, Y2 = EX2X3, Y3 = EX3X1, then

1/2 1/2 1/2 1/2 1/2 1/2
71§M2{ M2év 72§M2£ M2éa 73§N2§ Mzé'

Therefore it holds
u(R) = w11 + wapne + wapt1z — wiAa — w3 Aoz — wiA23
— 2wiwaNy1 — 2waw3\Ys — 2wawi A3 + WIAUT + WAy + WIS
+ 2wiwaAp11 p12 + 2wow3Ap12 413 + 2wW1wW3A 11 (13-
Consequently we have
g(wi, wy, w3) = w(R) = (=Apar + Apfy)wi + (—Apaz + AMpfo)w)
+ (=23 + MiTz)w3 + (pr1wr + przws + pizws)
+ (=2My1 + 2Ap pa2 )wiwg + (—2My2 + 2 12 p13) wows
+ (—2X\y3 + 2 11 13 )wrws. (23.54)
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Here we would like first to study about the absolute maximum of g over R3. For
that we set the first partials of g equal to zero, etc. Namely we have
Dig(wy, wa, w3) = (=221 + 2\u3; )wr + paa
+ (=2My1 + 2 pr1pi2)wa + (—2My3 + 2 a1 paz)ws = 0,
(23.55)
Dag(wy, we,ws) = (=22 + 2\uly)ws + fi12
+ (=21 + 2Ap1 pa2)wr + (=2Xy2 + 2Ap1ap13)ws = 0,
(23.56)

and

Dsg(wy, wa, ws) = (—2\ 23 + 2Ap33)ws + 13
+ (=2 2 + 2 p12p13)we 4 (=293 + 2Ap11p13)wr = 0.

(23.57)
Furthermore we obtain
Di1g(wr, wa, ws) = (—2\po1 + 2Mp2)), (23.58)
Daog(wy, wa, ws) = (—2Apaz + 2Au35), (23.59)
and
Disglwn, we, ws) = (—2\jiag + 20i3y). (23.60)

Also we have
Diag(wri, w2, w3) = Darg(wi, wz, w3) = (=2 y1 + 2 11 p12), (23.61)
D31g(wy, w2, w3) = Di3g(wy, wo,w3) = (=2 y3 + 2Ap114113), (23.62)
and
Dozg(wi, w2, w3) = Daag(wy, w2, w3) = (=2 y2 + 2Ap124413). (23.63)
Next we form the determinant of second partials of g
=221 + 2Au3y, —20y1 + 2 11 12, =23 + 211 13
Ag(w) := | =2 71 + 2A 11z, —2A22 + 2Auds, —2My2 + 2 pazps |, (23.64)
—2M3 + 2011 pas, —2Xy2 + 2\ paps, —2Mes + 2Mpi;
where w = (w7, wg, w3) € R3.
One can have true Az(w) # 0. So we can solve the linear system over R3

(=221 + 2)\/1%1)101 + (=221 + 2 11 p12)wa
+ (=2Ay3 + 2Ap11p3)ws = — a1,

(=2X71 + 2A 1 paz)wr + (—2Apg2 + 2Auds )ws
+ (=2Ay2 + 2Ap12p3)ws = — 12,

(=23 + 2 11 paz)wr + (—2Xy2 + 2Ap12p13) w2
+ (=223 + 2 \u33)wz = — 3.

(23.65)
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Here Az(w) is the basic coefficient matrix of system (23.65).

Given that As(w) # 0 the system (23.65) has a unique solution w* :=
(w}, w3, w}) € R3. That is, w* is a critical point for g.

Assuming that g is a concave function (it is also differentiable) then it has an
absolute mazimum at w* over R3 (see [196], p. 116, Theorem 3.7 and comments of
“Functions of several variables” by Wendell Fleming). If w* € ]§[ [€i, u;] then the

=1
global mazimum of g there will be g(w*).

Note. In general let Q(z,h) := . gij(z)h;h;, where g € C?)(K), K-open convex
ig=1
CR™ h:=(h1,...,hn), x=(21,...,Zn).
We need

Theorem 23.7 (p. 114, [196], W. Fleming).

(a) g is convex on K iff Q(x,-) > 0 (positive semidefinite), Vo € K,

(b) g is concave on K iff Q(x,-) <0 (negative semidefinite), Vo € K,

(c) if Q(z,-) > 0 (positive definite), Vo € K, then g is strictly convex on K,
(d) if Q(z,-) < 0 (negative definite), Vo € K, then g is strictly concave on K.

Let A(z) := det[gi;(x)] and A,,_g(z) denote the determinant with n — k rows,
obtained by deleting the last k rows and columns of A(x). Put Ag(x) = 1. For our
particular function (23.54) we do have

That is Q(z,-) is a symmetric form. From the theory of quadratic forms we
have equivalently that Q(z,-) is positive definite iff the (n + 1) numbers Ag(z),
Aq(z),...,An(z) > 0. Also Q(z, *) is negative definite iff the above (n+ 1) numbers
alternate in signs from positive to negative.

In our problem we have

Ag(w) =1, (23.66)
Ap(w) = =291 + 223, (23.67)
_ —2/\N21 + 2)\#%1, —2/\’}/1 + 2)\/141/112

Ag(w) = N
—2X\y1 + 2Apa1 12, —2A a2 + 2Aus

(23.68)

and Az(w) as before, all independent of any w € R3. We can have examples of
Aq(w) < 0, Ag(w) > 0, Az(w) < 0, Vw € R3, see next. Therefore in that case
Q(w, -) is negative definite, i.e. Q(w,-) < 0, Vw € R®. Thus (by Theorem 3.6, [196])
g is strictly concave in R3.

Note. Let f be a (strictly) concave function from R into R. The easily one can
prove that g(wi,we,ws) := f(wy) + f(w2) + f(ws) is (strictly) concave function
from R? into R.
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Example. Clearly f(z) := —0.752% + 0.5z is strictly concave. Hence
glw, wa, w3) == (—0.75)(wi + w3 + w3) + (0.5)(w1 + w2 + w3) (23.69)

is strictly concave too. This function g is related to the following setting.

Take A =1, 11 = pr12 = pi3 = 1/2, po1 = pro2 = pas = 1, p = 2 = y3 = 1/4.
Then Ag(w) =1, Aj(w) = —1.5 < 0, Ax(w) = 2.25 > 0, Asz(w) = —3.375 < 0. The
linear system (23.65) reduces to —1.5w; = —0.5, 4 = 1,2,3. Then w} = w; = 0.33,
i =1,2,3. That is, (0.33, 0.33, 0.33) is the critical number of g as above (23.69).
Hence

max [(—0.75)(wi + w3 + w3) + (0.5)(w; + ws + w3)] = 0.249975,

and wf € [-1,1] or in [0,1], ¢ = 1,2, 3, etc.
Comment. By Maximum and Minimum value theorem since y := ]§[ [0i,u],
l;i,u; € R is a compact subset of R3 and since g(w) = u(R) is a COIltiIlZlTCtuS real
valued function over x, then there are points w* and w, in x such that
o(w*) = sup{g(w): w e v},
g(wy) = inf{g(w): w € x}. (23.70)
Remark 23.8. Let here w; € [0,1], ¢ = 1,2, 3. Then one can write
u(R) = B(w) + 2Awiw2)(—71) + 2Awaws)(—72) + 2Awiws)(—73),  (23.71)
where
B(w) 1= (=Az1 + Mif )i + (= Apzz + Aufp)w
+ (=A23 + Mits)w3 + priwy + piows + pizws
+ 2\ p11 12w we + 2o p13Wews 4+ 211 13w W3- (23.72)
By Theorem 23.4 again we find that
—Yisup < =i < —Yiint, i=1,2,3. (23.73)
Consequently we get
u(R) < B(w) + (2 w1w2)(—71int) + (2Aw2w3)(—V2inf)
+ (2 wiw3z)(—y3inf) =: O(w), (23.74)
also we obtain
u(R) = B(w) + 2 Awiw2) (=71 sup) + (2Aw2ws ) (—y2sup)
+ (2Awiws) (—y3sup) =: L(w). (23.75)

Now we can maximize 8(w), L(w) over w € [0, 1]3 as described earlier in this Section
23.3.2. That is finding tight estimates for the crucial quantities (23.39) and (23.40).
That is, we find

max < max u(R)) < max_6(w), (23.76)
wel0,1]3 \ (v1,72,73) wel0,1]3
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and

max < min u(R)) > max_ L(w), (23.77)
we[0,1]% \ (v1,72,73) we(0,1]?

Notice that in expressing u(R) we use all moments p14, po;, i = 1,2, 3.

23.3.3. Applications of v-Moment Problem to Variance
Let —a < X <a,-0<Y <fBberwv’s,a,>0. Set y:= EXY, uy .= EX,
vy := EY, v, p1, v1 € R. The covariance is

cov(X,Y) =~ — 11 (23.78)
and in our case it exists as it is easily observed by
Var(X) < 2¢%, Var(Y) < 26%
Then by Theorem 23.4 we have

sup cov(X,Y) = supy — piv4, (23.79)
XY XY

and
;{n}f/ cov(X,Y) = }(n)f/'y — . (23.80)

We need to mention
Corollary 23.9 (see [235], Kingman and Taylor, p. 366). It holds
Var(X +Y) = Var(X) + Var(Y) + 2 cov(X,Y). (23.81)
Thus we obtain

sup Var(X +Y) < sup Var(X) + sup Var(Y) 4+ 2sup cov(X,Y)

XYy XY XY XY
< sup Var(X) + sup Var(Y) + 2sup cov(X,Y). (23.82)
X Y XY

And also we have
inf Var(X +Y) > inf Var(X) + inf Var(Y) + 2 inf cov(X,Y)
XY XY XY XY
> inf Var(X) +inf Var(Y) + 2 inf cov(X,Y).  (23.83)
X Y XY
Above we have FX = u;, EY = v; as prescribed moments. Notice that
Var(X) = EX?—p? and Var(Y) = EY? —vf. So we would like to find gllg [* 2 dp
”w
such that
/ €z d,U, = M1, a >0,

—a
where 1 is a probability measure on [—a,al, etc. Applying the basic geometric
moment theory one derives that

sup Var(X) = a? — 2,
X

sup Var(Y) = % — v3, (23.84)
Y
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and
i%f Var(X) =0, i{l/f Var(Y) = 0. (23.85)
We have proved

Proposition 23.10. Let the r.v.’s X, Y be such that —a < X <a, - <Y <[,
a,B >0 and EX = p1, EY = vy are prescribed, where p1,v1 € R. Set v:= EXY.
Then

sup Var(X +Y) < a® + 8% — (1 + v1)? + 2%sup, (23.86)
XY
and
i > inf — . .
;{r}}f/ Var(X +Y) > 2(Yint — p1v1) (23.87)

Here vysup and ~ins are given by Theorem 25.4.

(A) Next we generalize (23.86) and (23.87). Namely let X1, Xo,..., X, ber.v.’s
such that —a; < X; < a;, a; > 0,7 =1,...,n. Thus E|X;| < a; and EX? < a?.
We write v;; := cov(X;, X;) which do exist. Let 0 < 4; < w; <wg, t=1,...,n,
usually w; € [0, 1] be such that Z w; = 1. Here w;’s are fixed, they could be the

=1
percentages of allocations of funds to bonds and stocks.

Set
Z = i wiX;. (23.88)
i=1
Then by Theorem 14.4, p. 366, [235], we obtain
Var(Z i i Wi W; V45 (23.89)
i=1 j=1

That is, we have

n

Var(Z Zw Vi + z": w;w; cov(X;, X;)
i=1
j

n

j=1
= Zw Var(X;) + Z > wiw; cov(X;, X;). (23.90)
iz T
Set
M1 = EX“ Yij = EXZ‘XJ', i,j = ]., ceey N (2391)

Proposition 23.11. We obtain

Var(Z) < Zw a - uh + Z Zwle < sup vij — uliulj) , (23.92)

i=1 j=1 H1iy 15
i#]
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and
V. inf  ~; — g ) - 23.93
w2 3 Y (g o). @
#J
(B) Let again Xi,...,X, be r.v.’s such that —a; < X; < a4, a; > 0, i =
1,...,n.Set v;; := cov(X;, X;). Let fixed w; be such that ¢; < w; < u,, £, u; € R,
1=1,...,n

Set .
Z =Y wX,. (23.94)
Then by Theorem 14.4, p. 366 of [235] z;el get
Var(Z) = i iwzwﬂ}”
i=1 j=1
= zn:w Var(X;) + Z Zwlecov Xi, X). (23.95)
i=1 i=1 j=1

i#]
Furthermore we obtain

Var(Z Zw Var(X;) + Z Z wiw; cov(X;, Xj)

i,j€{1,...,n}
i # ]
W; Wy Z 0
+ Y > wiw; cov(Xy, X;). (23.96)
i,je{l,....,n}
i F ]
’LUi’LU]‘<0

Here we are given FX; = py;, EX; = pyj;, we set also v;; := EX;X;. By Theorem
23.4 we have

Vijinf < Vij < Vigsup- (23.97)
Obviously we derive
inf cov(X;,X;) < cov(X;, X;) < sup cov(X;, X;). (23.98)
M1, Mg M1i,H15

We get
Proposition 23.12. It holds

Var(Z Zw — ,ufz) + Z Z W;W; < Sup  Vij — ,uuulj)
}

H1i,H15
i,je{l,...,n
i
W;Wj 2 0
+ Z Z Wiw; (u inlf Vij — Nliﬂlj) , (23.99)
1isM1g
i,j€{1,...,n}

w,iwj<0
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and
Var(Z) > > > wiw; <min£1_”ﬁj - MliMlj)
1y H1j
i,j€{1,...,n}
i

W; Wy Z 0

+ Z Z WiW;j ( sup  vij — Mliﬂlj) . (23100)
.. Hiis 1
i,7€{1,...,n}
i FJ
wiw; < 0
Part 11
Here we treat the utility function
u(R) = Eg(R), (23.101)

where g: K € R — RT, K is an interval, g is a concave function, e.g. g(z) =
m(2+z),z>—1,and g(x) = 1+ 2)* 0<a <1,z >—1. Also again

R:=wX + (1 —w)Y, 0<w<1, (23.102)

and X, Y, r.v.’s as in Section 23.3.1.
That is, it is

u(R) = Eg(wX + (1 —w)Y). (23.103)
Here the objectives are as in Sections 23.3.1, 23.3.2, etc.
Lemma 23.13. Let g: K C R — R, K interval, be a concave function. Then
G(z,y) := glwz + (1 — w)y), 0 <w<1 fized, (23.104)
is a concave function in (x,y).
Proof. Let 0 < A <1, then we observe
GMz1,y1) + (1 = M)(22,92)) = G(Az1 + (1 — A)z2, Ayr + (1 = A)y2)
gw(Azy + (1= Naz) + (1 — w)(Ayr + (1 = N)yz))
= gAwzy + (1 —w)yr) + (1 = A)(wzz + (1 — w)y2))
> Ag(wzy + (1 —w)yr) + (1 = Ng(wzz + (1 — w)y2))
AG(z1,51) + (1 = A)G(x2, 42)- O

V

So in our case G(z,y) is concave and nonnegative. We would like to calculate
inf u(R), i.e. to find

sup

inf | g(wz + (1 —w)y) du(z,y) (23.105)
w JK2
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such that the moments

/xdu(w,y)=u1, /ydu(xyy)=l/1 (23.106)
K2 K2

are prescribed, p1,v; € R. Here p is a probability measure on 2.
We easily obtain via geometric moment theory that

supu(R) = g(wpy + (1 —w)ry), ¢ >0, (23.107)
I
and
wnel[%),(l] (&ug) u(R)) = wnel[%)’i} glwpr + (1 — w)ry). (23.108)
Examples

(i) Let g(x) = ¢n(2 + x), x > —1, then

supu(R) = n(2 +wpr + (1 — w)vy). (23.109)

Suppose here u1 > v > —1. Then wpy + (1 —w)ry > —1, 0 < w < 1. We would
like to calculate

max <supu(R)> = max ({n(2+wp + (1 —w)ry).
we(0,1] m we(0,1]

We notice that

max (wpr + (1 —w)rn) = atw=1.
we(0,1]

Consequently, since #n is a strictly increasing function, we obtain
max [ sup uw(R) | =n(2+ p1). (23.110)
wel0,1] (X,Y)
(ii) Let g(z) = (1+2)*, 0 < a <1, x > —1. Then
supu(R) = (1 + wpq + (1 —w)ry)“. (23.111)
n

Suppose again p1 > v > —1, then wyuy + (1 —w)r; > —1, 0 < w < 1. The function
(1 4+ x)« is strictly increasing. Therefore, similarly as in (i), we get

max | sup u(R) | = (1+ p1)*. (23.112)
we0,1] \ (X,Y)
Next we give another important moment result.

Theorem 23.14. Let a,3 > 1 and T := conv{{(0,3), (a,—1), (—a,—1)}), and the
random pairs (X,Y) taking values on T, i.e.

X=alp—p), Y=AXOB+1) -1, \pp>20:A+p+e=1. (23.113)
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Let g: R — RT be a concave function and 0 < w < 1. We would like to find

(}i{r)l}f/) u(R) = (}i{I)l}f/) EgwX + (1 —-w)Y) (23.114)
such that
Ex = pq, EY =, (23.115)
where (p1,11) € [—1,1]? is given. Also to determine
wnel[%))(” <()1(n}f/)u(R)) . (23.116)

We prove that

inf u(R)= {g(w(l —a)—1)

(X,Y)
(29((1 —w)B) —g(w(a+1) —1) —g(w(l —a) — 1))
i 208+ 1) < +1)}'

One can apply max} to both sides of (23.117) to get (23.116).

wel0,1

Proof. Let a, > 1 and the triangle T with vertices {(0, ), (a, —1), (—a,—1)}.
Thus (x,y) € T iff (z,y) = A0,08) + p(a,—1) + p(—a,—1), where X\, p,¢ > 0:
Adpt+p=1 i x=pa—wypa,y=A3—p—¢. Thatis, (z,y) € T iff x = a(p — )
and y = A(8+1) — 1. For example, if a = 2 then 8 = 3 by similar triangles. Clearly,
1,12 C T.

Let g: R — RT be a concave function, then G(z,y) := g(wz + (1 — w)y),
0 <w <1 is concave in (x,y) and nonnegative, the same is true for G over T. We
would like to find

infu(R) = inf/ gwz + (1 — w)y) du(z, y) (23.118)
K "o
under
/ rdu(z,y) = p, / ydu(z,y) =11, (23.119)
T T

where (u1,v1) € [—1,1]? is given, and p is a probability measure on 7. Call V the
convex hull of G ‘T. The lower part of V' will be the triangle

T = conv({(—a7 -1,G(—a,-1)),(a,—1,G(a,-1)), (0, 5, G(0, ﬂ))})
= conv({4, B,C}), (23.120)
where
A= (—a,-1,g(w(l —a) — 1)),
B:=(a,—1,9(w(a+1)—1)),
C:=(0,8,9((1 —w)p)).
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We can find that the plane (ABC) has an equation

2= glw(l—a) 1) + (g(w(aﬂ)_ 1)2_ag(w(1 —) _1)) (z +a)
29((1 —w)B) —g(wla+1) = 1) —g(w(l —a) - 1)
o 0+ ) )+
(23.121)

Applying the basic geometric moment theory we get

(g(w(a+1)—1) —g(w(l —a) —1))
2a

infu(R) = {g(w(l —a)—1)+ (p1 +a)

m

(29((1 —w)f) —g(wla+1) = 1) — g(w(l —a) — 1))
+ 206+ 1) (1/1-1—1)}.
(23.122)
Then one can apply nel%xl] to both sides of (23.122). O

Application 23.16 to (23.117). Here 0 < w < 1. Take a = 2 then we get § = 3.
We consider g(x) = n(3 + z) > 0 for > —2. Notice g(—w — 1) = ¢n(2 —w) > 0,
and g is a strictly concave function.

Applying (23.117) we obtain

. _ (In(2 + 3w) — In(2 — w))
welo] (()lfl?fo)u(R)) B wrg[%}ﬁ]{m@ w)+ 4 (b +2)
L (23 (2 - qg) — tn(2 + 3w)) -t 1)}' (23123)
Let py = v1 =0, then
9 1/2
max ( inf u(R)) = max {@ +n(2 —w) +4n ( + Bw)
wel0,1] \(X,Y) wel0,1] 4 2—w
2w \"® n3
= — 23.124
+€n<2+3w> } wnel[%),(l]{ 1 —l—én(r(w))}, (23.124)
where
T(w) = (2 -w)®32+3w)¥¥ >0, 0<w<l. (23.125)
We set

' (w) = (2 —w) %32+ 3w) 81 — 3w) = 0.

Here w = 1/3 is the only critical number for 7(w).
If w < 1 then 7/(w) > 0.
If w > 1 then 7/(w) < 0.
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Thus 7(w), 0 < w < 1 has a local maximum at w = 1/3. Notice 7(0) = 2,
7(1) = (125)'/8 = 1.8285791 and

1
T <§) = (347.22222)"/® = 2.077667.

Thus the global maximum over [0, 1] of the continuous function 7(w) is 2.077667.
That is, 7(w) < 2.077667, for all 0 < w < 1. Since ¢n is a strictly increasing
function we obtain that

Inr(w) < fn(2.077667) = 0.7312456,

for all 0 < w < 1, with equality at w = 1/3. Consequently we have

max < inf u(R)) = 1.0058987, where p1 =11 = 0. (23.126)
wel0,1] \ (X,Y)

Application 23.16 to (23.117). Hereagain0 <w < 1l,a=2,8=3,u1 =v1 =0.
We consider g(z) := (2+ )%, 0 < a < 1, x > —2. Notice g is strictly concave and
nonnegative. Also g(—w —1) = (1 — w)®* > 0. Thus

max ( inf u(R)) - max]{(l Cw) ((1+3w)a - (1—w)a>

wel0,1] \(X,Y) we[0,1 2
<2(5 —3w)* — (1+3w)* — (1 — w)a>}
_|_
8
_ ! (w) (23.127)
~ Bueion '

where
X(w) :=2(5—-3w)*+3(1+3w)*+3(1—-w)*, 0<w<1, 0<a<l1, (23.128)

is strictly positive and continuous.
We have

X (w) = —6a(5 — 3w)* 1 + 9a(1 + 3w)* ! — 3a(l —w)*~ 1, (23.129)
which does not exist at w = 1, that is a critical point for y(w). Also we obtain
X (w) = 18a(a — 1)(5 — 3w)* % + 27 — 1)(1 + 3w)* 2
+3a(a—1)(1—w)*? <0, 0<w< 1. (23.130)
That is x/(w) is strictly decreasing on [0,1), i.e. x'(1-) < x’(0). Also x(w) is
strictly concave on [0,1]. We rewrite and observe that

o= [ <
(23.131)

if % < w < 1. That is, x(w) is strictly decreasing over [%, 1). Notice that
X' (0) = 6a(1 — 571 > 0. (23.132)
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That is, x at least close to zero is strictly increasing. Clearly there exists unique
wg € (0,1) such that x'(wg) = 0, the only critical number of y there.
We find x(0) = 2(5%* + 3),
x(1)=2-2%+3-4% (23.133)

Consequently we found

1
inf w(R)|=-< 2(5%+43),2%(2+3-2¢ . 23.134
Joax (&I}Y)u( )) S J?%fi]{ (5% +3),2%(2 + )ix(wo)}. ( )

Next we present the most natural moment result here, and we give again appli-
cations.

Theorem 23.17. Let 8 > 0, and the triangles

Tl = COHV<{(5, ﬂ)’ (ﬁa _ﬁ)7 (_ﬂa _ﬂ)}>7
T = COHV<{(5, ﬂ)a (_ﬁy _ﬂ)a (_ﬂaﬂ)}>
Let the random wvariables X, Y taking values in [—(,0]. Let g: [-3,0] — R*
concave function and 0 < w < 1. We suppose that
9(B(1 = 2w)) + g(B(2w — 1)) = (9(=pB) + 9(83)), (23.135)
for all0 < w < 1. We would like to find
(g{r})f/) u(R) = (;{I}}f/) EgwX + (1 —-w)Y) (23.136)
such that
EX = M1, EY = 1 (23137)
are prescribed moments, p1,v1 € [—0, B]. Also to determine
max < inf u(R)) (23.138)
wel0,1] \(X,Y)

We establish that:

If (p1,11) € Th (iff pn = BA+p—), v1 = BA—=p—@), A, p, > 0: AMp+p =1)
then it holds

f () = {gw) 4 lPen = D = 9CON - )
L (9(8) - g(fﬂ@w L)) I 6)}. (23.139)

If (p,n) €T (iff 1 = BA—p—¢), 1 = BA—p+¢), A, p,p > 0: A+p+p =1)
then it holds

(9(B) — g(B(1 = 2w)))

(n1 —B)

J 080 —2w) —g(-B) 5)}' (23.110)

(X,Y)

inf u(R) = {gw) +
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One can apply m[%xl to both sides of (23.139) and (23.140) to get (23.138).
we |0,
Proof. Let g: [-3, 3] — R be a concave function, 3 > 0. Then G(z,y) := g(wz+
(1—-w)y) >0,z,y€[-303],0<w<1,is concave in (z,y) over [-(, 5]%. We call
R = [_ﬂa ﬂ]Q the square with vertices (57 5)7 (_ﬂaﬂ)a (_ﬂa _ﬂ)7 (ﬂ7 _6) Clearly
(0,0) € R. On the surface z = G(x,y) consider the set of points 0 := {A, B,C, D},
where

A= (ﬂaﬂag(ﬂ))7 B = (ﬁ? _ﬂag(ﬁ(2w - 1)))7
C:=(=6,=0,9(=0)), D:=(=5,06,9(8(1 -2w))). (23.141)

These are the corner-extreme points of this surface over R.

Put V := conv 0. The lower part of V is the same as the lower part of V*—the
convex hull of G(R). We call this lower part W, which is a convex surface made
out of two triangles. We will describe them.

We need first describe the line segments ¢, := AC, ¢; := BD. We have for
1 := AC that

x=[0-20t
y=0-26t
z=gB)+ (9(=8) —g(B)t, 0<t<1L (23.142)
And for ¢5 := BD we have
r=—F+20t
y=0-26t

z=g(B(1 —2w)) + (g(B2w — 1)) — g(B(1 — 2w)))t, 0<t<1(23.143)

When ¢ = 1/2, then x = y = 0 for both 1, {5 line segments. Furthermore their z
coordinates are

) = SO TID)
() = 12w 1) ;g(ﬁ(l —2v) (23.144)
Since G is concave, 0 < w < 1, it is natural to suppose that

Thus the line segment BD is above the line segment AC.
Therefore the lower part W of V* consists of the union of the triangles

A A
P:=(ABC) and Q:=(ACD,).

A
The equation of the plane through P = (A B C) is

9(B2w —1)) — g(—p)) (9(8) — g(B2w —1)))
23 28

z=g(B)+ (z—pB)+ (y—p), (23.146)
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and the equation of the plane through @ = (A (Aj' D) is
(9(8) — g(B(1 — 2w)))) (9(BQ — 2w)) — g(—p))

z=g(B)+ % (- B)+ % (y—B).
(23.147)
We also call
Ty := proj,, (A B C) = conv({(8, 3), (8, =B), (=B, =B)}),
A

T, := proj,, (A C D) = conv({(8, B), (=8, —8), (=8, 8)}).  (23.148)
We see that
(z,y) €Ty Hf INp,p>0:A+p+p=1
with (z,y) = A(8, 8) + p(8, =B) + (=5, =) iff
z=p(1-2p), y=p2r—1). (23.149)
And we have
(r,y) €Ty iff IN,p,p>0: A+p+e=1
with (z,y) = A(8,8) + p(=8,=0) + ¢(=3,8), iff

=B A=1), y=p5(1-2p). (23.150)
We would like to calculate
L:= inf/ glwz + (1 —w)y) du(z,y) (23.151)
woJ1-8.02
such that
/ rdu(x,y) = p, / ydu(z,y) = v, (23.152)
[-8.8]2 [-8.8]2
where (p1,v1) € Tt iff 11 = B(A +p — o),
m=BA-p—v), ,p,o>0: A+p+p=1, (23.153)

or (ui,v1) € To iff uyp = BN —p — ), v1 = B(A — p+ @), are prescribed first
moments. Here 1 is a probability measure on [—3, 3|2, 3 > 0.
The basic assumption needed here is

9(B(1 = 2w)) + (82w — 1)) > (9(~B) + 9(8)), forall0<w<1.  (23.154)
Using basic geometric moment theory we obtain: If (uq,11) € 71 we obtation

(9(BC2w —1)) — 9(=p))) (9(8) —9(B(2w —1)))

L=yg(B)+ 23 (11— B) + 23 (11— B).
(23.155)
When (p1,11) € To we get

2p 2p

(23.156)
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At the end one can apply wrg[%ﬁ to both sides of (23.155) and (23.156) to find
(23.138). 0
Application 23.18 to (23.139) and (23.140). Let

glx)=1+2)% 0<a<l, z>-1, 0<w<l1,

which is a nonnegative concave function. Take 8 = 1 and see g(1) = 2%, g(—1) = 0.
If (11,v1) € Th then from (23.139) we obtain

()i(n%u(R) = 2% 42 L (g — 1) + 2711 — w®) (v, — 1). (23.157)

If (u1,v1) € To we get from (23.140) that

(}i(r,l}f/)u(R) =242 M1 — (1 —w)*) (1 — 1) +2°7 (1 —w)*(vy — 1). (23.158)

Notice that assumption (23.135) is fulfilled:
It is

(14 (1=2w)+ (14 (2w —1))* = 2%((1 —w)*+w*) > 2% 0<w<1, (23.159)
true by
1-—w)*+w*>((1-w)+w)=1.
Next take p1 =11 =0, i.e. (0,0) € Ty NT. Then

inf =2% 207! 23.1
(;(I}Y)U(R) ; (23.160)
and
max ( inf u(R)> =2% 2071 (23.161)
we0,1] \(X,Y)

Application 23.19 to (23.139) and (23.140). Let
glz):=m2+z), z>-2, 0<w<1

which is an increasing concave function. Take 3 = 3. Clearly g(z) > 0 for —% <
x < 4. If (u1,v1) € Ty we obtain via (23.139) that

. 1
(;{n}f})(u(R)) = In(2.5) + (In(w + 1.5) — In(1.5)) (,ul - 5)

+ (n(2.5) — n(w + 1.5)) (m - %) . (23.162)
If (u1,v1) € To we obtain via (23.140) that

(;{n}f/)(u(R)) ={n(2.5) + (n(2.5) — {n(2.5 — w)) (ul - %)

+ (n(2.5 — w) — In(1.5) < - %) (23.163)

We need to establish that ¢ fulfills (23.135).
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That is, that it holds
(2.5 —w)+In(1.54+ w) > €n(1.5) + {n(2.5), (23.164)

as true.
Equivalently we need to have true that

n(3.75+w(l —w)) > n(3.75), 0<w<1. (23.165)

The last inequality (23.165) is valid since ¢n is a strictly increasing function. So
assumption (23.135) is fulfilled.
Next take p1 =11 =0, i.e. (0,0) € Ty NT. Then we find

inf u(R)=0.6608779, (23.166)
(X,Y)
and
max < inf u(R)) = 0.6608779. (23.167)
we0,1] \(X,Y)

23.3.4. The Multivariate Case
Let X; be r.v.’s, w; > 0 be such that sz—landR = Zle Let g be a
=1 =1
concave function from an interval X C R into R, and
u(R) := Eg(R).
‘We need

Lemma 23.20. Let g: K — R be a concave function where K is an interval of R,
and let

G(mlv .. '73:11) =g <Zwlxz> .
i=1

Then G(x1,...,zy) is concave over K.
Proof. Indeed we obtain (0 < A < 1)
G\, ...,z))+ (1 =N (f,...,2)))
= Gy + (1 =Nz!,... 02l + (1= N)zl)))

g (Z wi(Aaf + (1 - A)x;’>>

()\ <Z wwi) - ) (Z wm’{))
Ag szx ) - Mg <Z wm:é’)

= M\G(z], + (1= XNG(Y,..., ).

n

v
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O
We would like to determine

sup u(R)= sup Eg <Z wiXi> = sup/ g <Z wixi> du(zy, ..., Tn),
K i=1

(X1, Xn) (X1, Xn) P} I
(23.168)

such that
EX; = i dp(zr, ..., xn) = €K, i=1,...,n, (23.169)
’C’n.
are given first moments.
Here p is a probability measure on K". Clearly the basic geometric moment
theory says that

sup u(R)=g <Z w¢m> , (23.170)

where g > 0 is concave.
We further would like to find

_, max < sup u(R)) = maxg <Z w”u) , (23.171)

where w; > 0 and > w; = 1.
i=1
Examples 23.21.
i) Let g(z) := n(2+ z), x > —1, then

sup  u(R)=4{n (2 + iwim) ) (23.172)

(X1 Xn) e

n
where gy > pg > -+ > p, > —1, that is giving > w;u; > —1. Notice that

i=1

> wip; < py. Hence
i=1

max <Z wmi> =pu1, whenwy =1, w; =0, i=2,...,n. (23.173)

Y \i=1
Since ¢n is strictly increasing we obtain
max sup  u(R) | =In(2+ p1). (23.174)
(w17'“)wn) (X17...,Xn)

ii) Let g(z) .= (14+2)* > —-1,0 < a < 1. Then

sup  u(R)= <1 + Zwiui> , where pq > po > -+ > pup, > —1, (23.175)
(X150 Xn) i=1
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giving > w;pu; > —1, where w; > 0 such that Y w; = 1.
i=1 i=1
Thus

max sup  w(R) | =max |1+ Zwmi . (23.176)

T\ (X1, X0) w P

Since (1 + x)® is strictly increasing we get that
max sup  u(R) | =14 wm)7, (23.177)
(wlr"'7wn) (Xl,...,Xn)

atwy =1, w; =0,1=2,...,n.



Chapter 24

Discrepancies Between (eneral Integral
Means

In this chapter are presented sharp estimates for the difference of general integral
means with respect to even different finite measures. This is accomplished by the
use of Ostrowski and Fink inequalities and the Geometric Moment Theory Method.
The produced inequalities are with respect to supnorm of a derivative of the involved
function. This treatment follows [48].

24.1 Introduction

This chapter is motivated by the works of J. Duoandikoetxea [186] and P. Cerone
[123]. We use Ostrowski’s ([277]) and Fink’s ([195]) inequalities along with the
Geometric Moment Theory Method, see [229], [20], [28], to prove our results.

We compare general averages of functions with respect to various finite measures
over different subintervals of a domain, even disjoint. The estimates are sharp and
the inequalities are attained. They are with respect to the supnorm of a derivative
of the involved function f.

24.2 Results

Part A
As motivation we mention

Proposition 24.1. Let py, po finite Borel measures on [a,b] C R, [¢,d], [€,9] C
[a,b], f € C'([a,b]). Denote ui([c,d]) =my >0, pa([é,g] =ma > 0. Then

1[4 1 [9

— dypy — — d
m1/C f(z)dp m2/é f(z)dps
Proof. From mean value theorem we have

[f (@) = FW < [ f'lloc(b—a) =27, Va,y € [a,b].

< 1l (b= a). (24.1)

331
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That is,

—y < f(x) = fly) <7, Va,y € la,b],

and by fixing y we obtain

The last is true Vy € [¢, g]. Thus

d g
—7 < mil/ f(x)dps — m%/ f(x)dpa <7,

proving the claim. O

As a related result we have

Corollary 24.2. Let f € C'([a,b]), [c,d], [¢,9] C [a,b] C R. Then we have

d g
= [ f@e—— [ fayis

We use the following famous Ostrowski inequality, see [277], [21].

Theorem 24.3. Let f € C’l([a, b)), = € [a,b]. Then

< Moo
=50

< f oo - (b= a). (24.2)

3—a) ((z —a)®*+ (z —b)?), (24.3)

and inequality (24.3) is sharp, see [21].
We also have

Corollary 24.4. Let f € C'([a,b]), x € [¢,d] C [a,b] CR. Then

‘ ) b—a/ I ‘ |f’”°°)MaX{ a)’*+(c=b)*), (d—a)* +(d—b)*)}.
(24.4)
Proof. Obvious. -

We denote by P([a,b]) the power set of [a,b]. We give the following

Theorem 24.5. Let f € C'([a,b]), p be a finite measure on ([c,d], P([c,d])), where
[e,d] C [a,b] CR and m := p([c,d]) > 0. Then
)
1 I
m . f(@)dp — m/ﬂ f(z)dx

[c,d]
< z'lﬂii) Max{((c — ) + (¢ = b)), ((d — @) + (d = 1)*)}.(24.5)

2) Inequality (24.5) is attained when d = b.
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Proof. 1) By (24.4) integrating against p/m.
2) Here (24.5) reduces to

L @du- L/bf(a;)dx < Wllee gy . (24.6)
m [e,b] b—a a - 2
We prove that (24.6) is attained. Take
2z — (a + b)
* = - <z<
Fa) = 2210 <b
Then f*(z) = 7% and || f*||c = 72, along with
b
/ [ (z)dz = 0.
Therefore (24.6) becomes
1
— fr(x)du| < 1. 24.7
w e (24.7

Finally pick £ = ¢y the Dirac measure supported at {b}, then (24.7) turns to
equality. O
We further have
Corollary 24.6. Let f € C*([a,b]) and [c,d] C [a,b] CR. Let M(c,d) := {p: p a
measure on ([c,d], P([e,d])) of finite positive mass}, denoted m := p([c,d]). Then
1) It holds

1 / I
sup |— fxd,u——/fa:dz
ueM(c,d)| M Jc,d] ( ) b—a a ( )
/
< 2|(£|_°2) Max{((c—a)? + (¢ —b)?),(d—a)* + (d - b)*)}  (24.8)
_ e fd=a)?+(@d=b)? ifd+c>a+d
 2(b—a) (c—a)?+(c—b)?, ifd+c<a+b
I
< Hf%(b —a). (24.9)
Inequality (24.9) becomes equality if d =b or ¢ = a or both.
2) It holds
. 1 I [/l
sup sup |— f@)dpy — —— | flz)dz| | < (b—a). (24.10)
alle,d pneEM (c,d) m [e,d] b—a a 2
a<ce<d<b

Next we restrict ourselves to a subclass of M(c,d) of finite measures p with
given first moment and by the use of the Geometric Moment Theory Method, see
[229], [20], [28], we produce a sharper than (24.8) inequality. For that we need

Lemma 24.7. Let v be a probability measure on ([a,b], P([a,b])) such that
/ xdv =d; € [a,b] (24.11)
[a,b]

is given. Then
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v sw [ @eaar-0-a@-a, @)
v as in (24.11) /[a,b]

and
ii)

Us = sup / (z —b)%dv = (b—a)(b—dy). (24.13)
v as in (24.11) J[a,b]

Proof. i) We observe the graph
G1={(z,(z —a)®): a <z < b},
which is a convex arc above the z-axis. We form the closed convex hull of G; and
we name it (G; which has as an upper concave envelope the line segment ¢; from
(a,0) to (b, (b—a)?). We consider the vertical line z = d; which cuts ¢; at the point
Q1. Then U is the distance from (d1,0) to Q1. By using the equal ratios property
of related here similar triangles we find
dl —a U1

b—a (b—a)?’
which proves the claim.
ii) We observe the graph
Gy = {(a:, (x—0)*:a<z< b},
which is a convex arc above the z-axis. We form the closed convex hull of G2 and
we name it @2 which has as an upper concave envelope the line segment /5 from
(b,0) to (a, (b—a)?). We consider the vertical line x = d; which intersects /3 at the
pOiIlt QQ.
Then Us is the distance from (d1,0) to Q2. By using the equal ratios property
of the related similar triangles we derive
Uz  b—d
(b—a)2 b—a’
which proves the claim. O

Furthermore we need

Lemma 24.8. Let [c,d] C [a,b] C R and let v be a probability measure on ([c,d],
P([e,d])) such that

/ xdv =d; € ¢, d] (24.14)
[e.d]

is given. Then

(i)

Uy = sup / (x —a)?dv = dy(c +d — 2a) — cd + a?, (24.15)
v as in (24.14) J[c,d]

and
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(i)

Uy := sup / (x —b)%dv = di(c+d — 2b) — cd + b, (24.16)
v as in (24.14) J[c,d]

(iii) It holds

sup / (& = a)® + (& = b)*]dv = Uy + Us. (24.17)
v as in (24.14) J[c,d]

Proof. (i) We notice that
d d
/ (x —a)?dv = (c—a)®> +2(c—a)(dy — ¢) + / (z — ¢)%dv.
Using (24.12) which is applied on [¢, d], we find

d
sup / (x —a)?dv = (c — a)® +2(c — a)(d1 — c)
v as in (24.14) /¢

d
su z—c)’dv
i v as in (Pé4.14)/c ( )
=(c—a)*+2(c—a)(d; —c) + (d—c)(dy —¢)
=di(c+d—2a)—cd +a?,

proving the claim.
(ii) We notice that

d d
/(x—b)zdu:(b—d)2+2(b—d)(d—d1)+/ (x — d)*dv.

Using (24.13) which is applied on [e, d], we get

d
sup / (x —b)?dv = (b—d)* +2(b—d)(d — dy)
v asin (24.14) /¢

+ sup /d(x —d)%dv
v asin (24.14) /¢
=b-—d)?+20b—d)(d—dy) + (d—c)(d—dy)
=dy(c+d—2b) — cd + b,
proving the claim.

(iii) Similar to Lemma 24.7 and above and clear, notice that (z — a)? + (z — b)?
is convex, etc. O

Now we are ready to present

Theorem 24.9. Let [c,d] C [a,b] CR, f € C'([a,b]), u a finite measure on ([c,d],
P(le,d])) of mass m = u([e,d]) > 0. Suppose that

1 d
E/ cdp=di, c¢<d; <d, (24.18)
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18 given.
Then
1 [ 1t
. a;tzr;me E/c f(@)dp — m/a f(@)dx
/ 2 2
< (”bf_|(;°) {dl((c—k d) = (a+10b)) —cd + o th } : (24.19)
Proof. Denote
Ba) = i (o= )+ (2 = 0)?).

then by Theorem 24.3 we have

1
b—a

b
—0B(z) < f(x) — / f(z)dx < B(x), Yz €le,d].

Thus

d d b d
—%Lﬁ@ws%[fww—ﬁglfmmsélﬁww

and

d b d
%/C f(x)dﬂ—ﬁ/a f(z)dz| < %/C B(x)du =: 6.

Here v := £ is a probability measure subject to (24.18) on ([¢,d], P([c,d])) and

1 d d
0 = Z%EOZ) (/c (x—a)zcjn—u—i—/c (x—b)2cjn—u>

/ d d
- ([ amaran [a-ora).

Using (24.14), (24.15), (24.16) and (24.17) we derive
U
6 < 2|(£ |°°) {(di(c+d—2a) — cd+ a®) + (dy(c + d — 2b) — cd + b*)}
—a
_ s a® + b
(T di((c+d)—(a+b)) —cd+ )
proving the claim. O
We make

Remark 24.10. On Theorem 24.9.
1) Case of c+d > a+ b, using d; < d we get

a? + b2 < (d—a)?+ (d— b)?
5 < .

di((c+d)— (a+b)) —cd + 5

(24.20)
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2) Case of ¢ +d < a+ b, using d; > ¢ we find that

2, 32 2 AV
di((c+d)— (a+b) —cd+ 2 ;Lb <leza) ;(C b”
Hence under (24.18) inequality (24.19) is sharper than (24.8).

We also give

(24.21)

Corollary 24.11. All assumptions as in Theorem 24.9. Then
1 I
E~/c f(f)d/i—m ; f(a)dx
/
17
~ (b—a)
By Remark 24.10 inequality (24.22) is sharper than (24.5).

Part B
Here we follow Fink’s work [195]. We need

a® + b?

[dl ((c+d)—(a+b)) —cd+ (24.22)

Theorem 24.12 ([195]). Let f: [a,b] — R, f"=1 is absolutely continuous on [a,b],
n>1. Then

. b nl b FED®BY (2 —b)F — fED(a)(x — a)*
f(m)zm/tlf(t)dt+;< k! )( b—a )

1

' -1 (n)
m-Db-a /a (@ — )" k(t, ) f (t)dt, (24.23)

+

where
t—a, a<t<z<b,

k(t, ) ;:{t_b’ e eiot (24.24)

Forn =1 the sum in (24.23) is taken as zero.

We also need Fink’s inequality

Theorem 24.13 ([195]). Let f"=1 be absolutely continuous on [a,b] and f™) €
Loo(a,b), n>1. Then

1 s 1t
— | fl@)+ ) _F (f)) - f(@)dz
n ( ]; k b—a /a

[RARA

S DI e @ e Ve e fat], (24.25)
where
n— k=1 () (x — a)* — FED(p)(z — bk
Fi(x) ::( k!k) (f (a)( )b_f: (b)(z — b) ) 12

Inequality (24.25) is sharp, in the sense that is attained by an optimal f for any
x € [a,b)].
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We get

Corollary 24.14. Let {1 be absolutely continuous on [a,b] and f™) € Lo.(a,b),
n>1. Then Yz € [c,d] C [a,b] we have

! <f<a:> Y ka)
k=1
(n)
s e IO RN R

< I Wee gy (24.27)
n(n+1)! ' '

Also we have

Proposition 24.15. Let f("=Y be absolutely continuous on [a,b] and fm e
Loo(a,b), n > 1. Let p be a finite measure of mass m > 0 on

(le,d), P(le,d)), [e,d) C [a,b] C R.

Then
11 =1 10
= — d — F; d - — d
K= (m REIEDY m/M (@) u) = | sy
(AR 1 / +1 1 / +1
< —= = b—x)" T Hdu + — x—a)" " du
nn+ DI(b—a) |m [c)d]( ) R [c)d]( )
(AR
< == (b—a)™. 24.2
~ n(n+ 1)!(b @) (24.28)
Proof. By (24.27). O

Similarly, based on Theorem A of [195] we also conclude

Proposition 24.16. Let f("=Y be absolutely continuous on [a,b] and fm e
Ly(a,b), where 1 < p < oo, n > 1. Let p be a finite measure of mass m > 0

n ([e,d], P([e,d])), [e.d] < [a,b] CR.
Here p' > 1 such that l + l =1. Then

l(% d,u—l—z chk d,u)——/f

n [e.d]

B((n—1)p' + 1,9 + 1)) | £,
- nl(b — a)

(o [ (@ - a
M Jle,d)

)n71+%

B((n—1)p/ +1,p' + 1)) (b—
- n!

1F - (24.29)
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We make the following
Remark 24.17. Clearly we have the following for

g@):=b—2)"" +(x—a)"T < (b—a)"T, a<ax<b, (24.30)
where n > 1. Here x = “T*b is the only critical number of g and
a+b (b—a)" !
g// <T) = n('I’L —+ 1)2117_2 > 07
giving that g(“T*b) = (b7§2n+1 > 0 is the global minimum of g over [a,b]. Also g is

convex over [a, b]. Therefore for [¢,d] C [a,b] we have

L _ n+1 _ n+1
M = Cgl;téd{(a: a)"tt (b —z)" Y

= max{(c—a)""' + (b—¢)"", (d—a)"T + (b—a)""'}. (24.31)
We find further that

_ {(d—a)"“ +(b—d)"t, ifc+d>a+b (24.32)
(c—a)" P+ (b—c)"*t, ifc+d<a+b.
If d = b or ¢ = a or both then
M= (b—a)". (24.33)

Based on Remark 24.17 we present

Theorem 24.18. All assumptions, terms and notations as in Proposition 24.15.
Then

1)
(n)

= n(n |4f1)!|(go— a) max{(c — a)"*" + (b — )",

(d—a)" ™+ (b—d)"t'} (24.34)
I (P AR P (d—a)" 4+ (b—d)"*!, ifc+d>a+b,
n(n+1DI(b—a) (c—a)"*'+(b—c)"?, ifc+d<a+b
< w(b —a)" (24.35)
~ nn+1)! ’ .

where K is as in (24.28). If d =10 or ¢ = a or both, then (24.35) becomes equality.
When d = b, £ = oy and f(x) = %, a < x < b, then inequality (24.34) is
attained, i.e. it becomes equality, proving that (24.34) is a sharp inequality.

2) We also have

sup K <R.H.S.(24.34), (24.36)
HEM (c,d)
and
sup ( sup K) < R.H.S.(24.35). (24.37)
all ¢,d nEM (c,d)

a<c<d<b
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Proof. It remains to prove only the sharpness, via attainability of (24.34) when
d = b. In that case (24.34) reduces to

11 1 I
E <E [c,d] f(m)d‘u i ]; E /C,b] Fk (m)d‘u> - m /a f(x)dx

< X (p—a)". (24.38)

The optimal measure here will be £ = §g;,, and then (24.38) becomes

1 S e
- (f(b) + kZ_le(b)> - —/ f(z P S(b—a)". (24.39)
The optimal function here will be
=T aca <

Then we observe that
n—k+1
#(k—1) _ (z —a)
e =
and f**=1(a) = 0for k—1=0,1,...,n—2. Clearly here Fi(b) =0,k =1,...,n—1.

Also we have
oo = 1
L[ e = 8 ana )

Putting all these elements in (24.39) we have
‘w—aw (b-a)"|_ (b-a)"

k—1=0,1,...,n—2,

b—a

nn! (n+D!' nn+1)’

proving the claim. O

Again next we restrict ourselves to the subclass of M (¢, d) of finite measures p
with given first moment and by the use of Geometric Moment Theory Method, see
[229], [20], [28], we produce a sharper than (24.36) inequality. For that we need

Lemma 24.19. Let [¢,d] C [a,b] C R and v be a probability measure on ([c,d],
P(le,d])) such that

/ xdv =d; € [c,d] (24.40)
[e.d]

is given, n > 1. Then

Wi = sup / (z —a)" v
v as in (24.40) J[c,d]

= <i(d —a)" *(e~ a)’“) (dy — d) + (d — a)" . (24.41)

k=0
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Proof. We observe the graph
Gi={(z,(x —a)"): c <z < d},

which is a convex arc above the z-axis. We form the closed convex hull of G; and
we name it @1, which has as an upper concave envelope the line segment ¢; from
(c,(c—a)"1) to (d, (d — a)™*1). Call £; the line through ¢;. The line ¢; intersects
z-axis at (¢,0), where a <t < c¢. We need to determine ¢: The slope of ¢; is

_an+1_c_an+1 n
(d ) d_i ) ZZ(d—CL)n_k(C—a)k.

k=0

Th:

The equation of line ¢; is
y=m- x4+ (d—a)""" —md.
Hence mt + (d — a)"*! — md = 0 and

o n+1
t:d—w,

m
Next we consider the moment right triangle with vertices (¢, 0), (d,0) and (d, (d—
a)"*1). Clearly (dy,0) is between (¢,0) and (d,0). Consider the vertical line z = d,
it intersects £, at Q. Clearly then Wy = length((dy,0), Q), the line segment of which
length we find by the formed two similar right triangles with vertices {(¢,0), (d1,0),
Q} and {(t,0), (d,0), (d,(d — a)"*1)}. We have the equal ratios
d1 —t _ W1
d—t  (d—a)"tl’

i.e.

dy —t
Wy =(d—a) " [ 22", O
1=(d=a) (d—t)

We also need

Lemma 24.20. Let [c,d] C [a,b] C R and v be a probability measure on ([c,d],
P([e,d])) such that

/ xdv =d; € [c,d] (24.42)
[e.d]
is given, n > 1. Then

1)

Wy = sup / (b— )" dy
v as in (24.42) J[c,d]
— <Z(b —o)" *b— d)k> (c—dy)+ (b—c)" (24.43)
k=0
2) It holds

sup / [(z —a)™*" + (b— )" dv = Wy + Wa, (24.44)
v as 1m (24.42) Jc,d]
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where W1 as in (24.41).
Proof. 1) We observe the graph
Go={(z,(b—a)"""): c <z < d},

which is a convex arc above the z-axis. We form the closed convex hull of G5 and
we name it ég, which has as an upper concave envelope the line segment £y from
(e, (b—c)"*1) to (d, (b — d)"*1). Call £5 the line through /5. The line /5 intersects
z-axis at (t*,0), where d < ¢* < b. We need to determine ¢*: The slope of ¢5 is

— o) 1 _ _ \n+1 n
m* = (b ) +C_£Zb d) + — (Z(b_c)nk(b_d)k>

k=0

The equation of line /5 is

y=m*z+ (b—c)"" —m*ec
Hence
mt* 4 (b— )"t —mre=0

and

b— n+1
t*:c—ﬁ.

Next we consider the moment right triangle with vertices (c, (b — ¢)"*1), (c,0),
(t*,0). Clearly (d1,0) is between (¢, 0) and (¢*,0). Consider the vertical line x = dy,
it intersects /5 at Q*. Clearly then

Wy = length((dy,0), Q*),

the line segment of which length we find by the formed two similar right triangles
with vertices {Q*, (dy,0), (t*,0)} and {(c, (b — ¢)"*1), (c,0), (t*,0)}. We have the
equal ratios

" —dy Wa
t*—c  (b—cntt’
ie.
t*—d
W2 = (b — C)n+1 <t*——cl> .
2) Similar to above and clear. (]

We make the useful
Remark 24.21. By Lemmas 24.19, 24.20 we get

A=W+ Wy = <zn:(d —a)" *(c - a)k> (dy — d)

k=0

+ (i(b —o)" k(b — d)’“) (c—dy)+(d—a)"™ + (b —c)" >0, (24.45)

k=0
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n > 1.
We present the important

Theorem 24.22. Let f("~Y) be absolutely continuous on [a,b] and ) € Lo (a,b),
n > 1. Let p be a finite measure of mass m > 0 on ([c,d], P([c,d])), [¢,d] C [a,b] C
R. Furthermore we suppose that

1 xdp =dy € [e,d] (24.46)
M Jie,d)
is given. Then
sup K < w , (24.47)
4 as above n(n + )b —a)
and
K <R.H.S.(24.47), (24.48)
where K is as in (24.28) and X as in (24.45).
Proof. By Proposition 24.15 and Lemmas 24.19 and 24.20. g

‘We make

Remark 24.23. We compare M as in (24.31) and (24.32) and A as in (24.45). We
easily obtain that

A< M. (24.49)

As a result we have that (24.48) is sharper than (24.34) and (24.47) is sharper than
(24.36). That is reasonable since we restricted ourselves to a subclass of M (¢, d) of
measures p by assuming the moment condition (24.46).

We finish chapter with

Remark 24.24. I) When ¢ = a and d = b then d; plays no role in the best
upper bounds we found with the Geometric Moment Theory Method. That is, the
restriction on measures p via the first moment dy has no effect in producing sharper
estimates as it happens when a < ¢ < d < b. More precisely we notice that:

1)

R.H.S.(24.19) = ”f;‘“ (b—a) = R.H.S.(24.9), (24.50)
2) by (24.45) here A = (b — a)"*! and
(n)
R.H.S.(24.47) = %(b —a)™ = R.H.S.(24.35). (24.51)

IT) Further differences of general means over any [c1,d;] and [cg, da] subsets of
[a,b] (even disjoint) with respect to p; and pg, respectively, can be found by the
above results and triangle inequality as a straightforward application, etc.
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Chapter 25

Griiss Type Inequalities Using the
Stieltjes Integral

In this chapter we establish sharp inequalities and close to sharp, for the Chebychev
functional with respect to the Stieltjes integral. We give applications to Probability.
The estimates here are with respect to moduli of continuity of the involved functions.
This treatment relies on [55].

25.1 Motivation

The main inspiration here comes from

Theorem 25.1.(G. Griiss, 1935, [205]) Let f, g integrable functions from [a,b] — R,
such that m < f(z) < M, p < g(x) <o,V x € [a,b], where m, M,p,c € R. Then

[ @ - ot ( / bf(a:)da:) ( / bg(x)dx)

1
The constant 1 is the best, so inequality (25.1) is sharp.

1
< Z
— 4

(M —=m)(o—p).
(25.1)

Other very important motivation comes from [91], p.245 and S. Dragomir ar-
ticles [155], [154], [162]. The main feature here is that Griiss type inequalities are
presented with respect to Stieljes integral and the modulus of continuity.

25.2 Main Results

We mention

Definition 25.2. (see also [317], p.55) Let f : [a,b] — R be a continuous function.
We denote by

wi(f,6) = wf”ﬂ@-f@% 0<d<b-a, (25.2)
x,y€la,b
Iwy*ylgé

the first modulus of continuity of f.

345
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Terms and Assumptions. From now on in this chapter we consider continuous
functions f,g : [a,b] — R, a # b, a is a function of bounded variation from [a, b]
into R, such that a(a) # «(b). We denote by a* the total variation function of a.
Clearly here a*(b) > 0.

We denote by

b
D(f,g) = m / f(2)g(x)do(z)

b b
_m </ f(m)da(x)> </ g(m)da(z)) , (25.3)

this is Chebychev functional for Stieltjes integral.

We derive
Theorem 25.3. It holds
i
P9 < sz | ( [ 15w - s@latw) - (a:>|da*<y>> o’ (2),
(25.4)
and
b b
IDU.9)| < ST /. (/ wi(f. 2 — yhwr(g, o — yda* (y >> dac* (x).
(25.5

Inequalities (25.4) and (25.5) are sharp, in fact attained, when f(z) = g(z) =
id(z) ==z, V¥ € [a,b] and « is increasing (i.e. da* = da).
ii) Let m < f(x) <M, p<g(z) <o,V x€lab]. Then

DU < 5 (sl ) O = m(a ) (25.6)
When « is increasing it holds
ID(f.9)] < 5(M ~m)(o— p). (25.7)

We continue with

Theorem 25.4. Assume f,g be of Lipschitz type of the form wi(f,8) < Li6°,
wl(g,d) < LQ(Sﬁ, 0<pB<1,Li,Ly >0,V >0.

Then

i)

LyLy O LNV x
DU < g e ( / ( [ @=v?aa <y>> do (x)). (25.)
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If « is increasing then again in (25.8) we have da* = da.
Additionally suppose that « is Lipschitz type, i.e. 3 X > 0 such that

la(z) — a(y)] < Az —yl|, V 2,y € [a,b].
Then
i)
L1Lo)2(b — a)?(+P)
(1+6)(1+28)(a(b) — afa)?

ID(f,9)l < 5 (25.9)

Next we have

Theorem 25.5. For 0 < d <b—a it holds

1 e’ .
[D(f9)| Sm [/a </a {T-‘ dox (y)) da (95)] wi(f,d)wi(g,6).

(25.10)
When « s increasing then again da™ = do.

We derive

Theorem 25.6. It holds
i)

o)\’ N N R
ID(f,g)ISQ(a(b _a(a)) w (fa—(b)</ (/ (v—y)%da <y>> da (a:>>
b b 1/2
Xwi (g,a%(b) </a </a (x—y)zda*(y)> da*(x)) ) (25.11)

() \? L SN )
gz(m) w? (fa—(b)</ (/ (z - y)%da <y>> da (a:>> )

(25.12)

We also have

Theorem 25.7. Here « is increasing. Then

i)

1 b b ) 1/2
ID(f,9)| < 2n (fm</ (/ (z—y) da<y>> dam) )
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) b b 1/2
X w1 (g, M (/a (/a (x —y) da(y)) doz(a:)) ) , (25.13)

and

i)
1 b b 1/2
ID(f, )] < 27 (fm< / ( / (z—y) da<y>> dam) ) (25.14)

Proof of Theorems 25.3 - 25.7. Since f, g are continuous functions and « is of
bounded variation from [a,b] — R, by [91], p.245 we have

b b b
K = K(f.9) = (a(b)—a(a)) / f(x)g(x)da<x>—< / f(:v)da(w)> ( / g(x)da<x>>

b b
-3/ ( [ () = o) - g(a:))da(y)) do(e).  (2515)

Hence by (25.15) we derive that

1 b
K| < §/a
/ (/ |f(y z)|lg9(y) ()|da*(y)> do*(x). (25.16)

K(f.g) <+ / (/ F@) - F@)llay <>|do<*(y>>da*<a:>=:p1, (25.17)

proving (25.4).
By m < f(z) <M, p<g(x) <o,all z € [a,b], we obtain

[f (&) = f(y)| < M —m,

b
/ (F(0) — F(@)(g(y) — 9(a))daly)| da* (z)

l9(z) —g(W)| <o —p, Va,y € a,b].
Consequently, we see that
p1 < 5 (M —m)(o — p)(a* ()", (25.15)
ie.
(@ ())*(M —m)(o — p), (25.19)

proving (25.6).
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That is, for « increasing it holds

(8% —ola 2
K(f,9)] < M(M—m)(a—p), (25.20)

proving (25.7).
Let now f = g = id, id(z) := x, V € [a,b] and « increasing, then by (25.17)
we have

b b
|K (id, id)| = K (id,id) = %/ (/ (y — x)zda(y)> do(z)

b [ b
- %/a (/a ly — z|ly — z|da” (y)) da* (), (25.21)

by a*(z) = az) — a(a).
That is proving inequality (25.17) is attained, that is a sharp inequality.
We further derive

b b
m<s ( [ ettt = (oo - yl)da*(?/)) (@), (5.22)

That is,
1/t b
K(fo)l <5 [ ( [ etttz = slanlo.le - y|)da*<y>> da*(x) = pr, (25.23)
proving (25.5).
Since w1 (id,0) = 0, V §: 0 < § < b — a, the last inequality (25.23) is attained

and sharp as (25.17) above.
Let now f, g be Lipschitz type of the form

wl(fad)SLl5ﬂ7 O<ﬂél7

wi(g,0) < Ly6®, Ly, Ly > 0.
Then

L1L2 ’ ’ Jé] B * *
p2 < 5 |z — y|P |z — y|Pda™(y) | da™(x) | . (25.24)
That is,

b b
K (f.0)] < 22 ( / ( / <x—y>2ﬁda*<y>> da*(m>> —ps (25.25)

proving (25.8).
In the case of a : [a,b] — R being Lipschitz, i.e, there exists A > 0 such that

la(z) —aly)] < Az —yl, ¥V z,y € [a,b].
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We have for say x > y that
a*(z) —a(y) = Valy, 2] < Az —y),

ie.
|a*(x) —Oé*(y)| S )\|1'—y|, N x,Y € [avb}v

hence o* is same type of Lipschitz function.
Thus, see (25.25), we derive

2 b b
ps < T2 ( / < / (x—yﬁﬁdy> dsv) (25.26)

- LngAQ (b - a)z(ﬂ+1)
226+ 1)(B+1) (25.27)

Hence it holds
LiL
1Lo " (b— a)2+D), (25.28)

B9 < 3 @s+

proving (25.9).
Next noticing, (0 < 6 <b—a),

p:§/</ (52 e (g,‘s'xT‘y')da*@))da*(x)

(by [317], p.55) (here [-] is the ceiling of number)

< % l/b </b Px . y'Tm*@)) da*(x)] (25.29)
wn(f,8)n(9,6) < 5 [ / b ( / b (1 vl y')2 da*<y>> da*(x)] (25.30)

UJl(f, 5)0)1 (g7 5) =

% l/ab </ab <1+ (2 ;Qy)2 . 2|x5— y|) da (y )> do’* (x )] wi(f,6)wn (g, 5)

b b
+§ (/ (/ |’I—y|da*(y)> do”(x ))]wl(f, d)wi(g, o) (25.31)
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b b 1/2
+§ </ </ (33 - y)2da*(y)> da*(x)) a*(b)] ujl(f, 5)w1(g,5) (2532)

(letting
1/2

* . 1 b b * *
6=0":= o () </a </a (x — y)gda (y)) da ($C)> > 0, (25.33)
here a*(b) > 0,0 < 6* < b—a)
=%K¢®D”+WW@V+2WWWW
wi(f,0%)wi(g,0%) = 2(a* (b)) w1 (f, 5" )wi(g, 6%). (25.34)
That is, we have proved (25.10) and

b b 1/2
K(F,9)] < 20" () (f, - ( / ( [ —y)?da*(y)) da*(x)) )
1 b b 2 * * 1/2
X W1 (g’a*—(b) </a </a (x —y)*da (y)) da (a:)) ) , (25.35)

establishing (25.11).
In particular, we get

[K(f, f)]

) — ala /f Yda(z </ f(z)da(x )
1 b/ b 1/2
< 2(a* (b))% (f,a*(b) (/ (/ (a:—dea*(y)) da*(az>> ) (25.36)

proving (25.12).
In case of a being increasing we obtain, respectively,

[K(f.9)] < 2(a(b) - a(a)?

1 b b , 1/2
w1 (f, o) —ala) </a </a (x—y) da(y)) da(;v)) )
b b 1/2
X1 (g, m ( / ( / (@ — y)%za(y)> da(a;)> ) , (25.37)

proving (25.13), and

b b 1/2
K (f. )] <2(a(b)~a(a) %} (fﬁ( / ( / <x—y>2da<y>)da<x>) )

(25.38)

proving (25.14).
We have established all claims. O
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25.3 Applications

Let (2, A, P) be a probability space, X : Q — [a, b], a.e., be a random variable with
distribution function F'.

Then here
Dx(f.9) / F(@)g(w)dF (z) — ( / b f(:v)dF(rf)) ( / bg(x)dﬂm) ,
(25.39)
Dx(f,9) = E(f(X)g(X)) — E(f(X))E(g(X)). (25.40)
By [91], pp. 245-246,
Dx(f,g) >0
if £, g both are increasing, or both are decreasing over [a, b], while
Dx(f,g) <0

if f is increasing and g is decreasing, or f is decreasing and g is increasing over

[a,b].

We give
Corollary 25.8. It holds

i)

Dx(f.g)] < / ( / 1F) — F@)lla(y) <a:>|dF<y>> dF(z),  (25.41)
and

b b
Dx(ra)l <5 [ ( / wl(f,Ix—yl)wl(g,lx—yl)df’(y)> aF(z).  (25.42)

Inequalities (25.41), (25.42) are sharp.
it) Let m < f(x) <M, p<g(z) <o,V z€lab]. Then

|Dx(f,9) < (M m)(o = p). (25.43)

Proof. By Theorem 25.3. (]

Corollary 25.9. Assume f,g : wi(f,6) < L16%, wi(g,8) < L2865, 0 < B < 1,
Li1,L: >0,V 6>0. Then

i)
b b
|IDx(f,9)] < L12L2 (/a (/a (z — y)%dF(y)) dF(:c)) . (25.44)
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Additionally suppose that F' is such that 3 A > 0 with
|[F(z) = F(y)| < Mz —yl, Y,y € [a,b].
Then

L1L2/\2(b - 0,)2(1+5)
IDx(f.0)l < ST

Proof. By Theorem 25.4.
Corollary 25.10. For 0 < d < b— a it holds

[ (L[5 o)

Proof. By Theorem 25.5.

Dx(f,9) < 5

Corollary 25.11. It holds

i)
b/ b 1/2
Dx(f.9)] < 201 [ 1, ( / ( / (x—y)ZdF(y)> dF(x))
b/ b 1/2
< (97 (/ (/ <x—y>2dF<y>> dF<x>> )
and
i)

[Dx (f, 1)l = |[E(f(X)) = (Bf(X))?| = Var(f(X))

b b 1/2
< 972 (f, ( / ( / (x—y)ZdF(y)> dF(x)) )

Proof. By Theorem 25.7.

wl(f, 5)(4}1 (97 5)

353
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(25.46)

(25.47)

(25.48)

(25.49)
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Chapter 26

Chebyshev-Griuss Type and Difference of
Integral Means
Inequalities Using the Stieltjes Integral

In this chapter we of the establish tight Chebychev-Griiss type and comparison of
integral means inequalities involving the Stieltjes integral. The estimates are with
respect to || - |[p, 1 < p < co. At the end of the chapter we provide applications
to Probability and comparison of means for specific weights. We give also a side
result regarding the integral annihilating property of generalized Peano kernel. This
treatment follows [51].

26.1 Background

The result that inspired the most this chapter follows.

Theorem 26.1. (Chebychev, 1882, [129]) Let f, g : [a,b] — R absolutely continuous
functions. If ', g’ € Loo([a,b]), then

[ @ - ot ( / bf(x)dx) ( / bg(x)dx)‘

1
12

< = 0= a)?[f llsllglloo-

Next we mention another great motivational result.

Theorem 26.2. (G. Griiss, 1935, [205]) Let f, g integrable functions from [a,b] —
R, such that m < f(z) < M, p < g(x) < o, for all x € [a,b], where m, M, p,0 € R.
Then

[ @ - ot ( / bf(a:)da:) ( / bg(x)dx)

Also, we were inspired a lot by the important and interesting article by S.S.
Dragomir [162].
From [32] we use a lot in the proofs the next result.

< Z(M—m)(o—p).

R

355
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Theorem 26.3. Let f : [a,b] — R be differentiable on [a,b]. The derivative
" la,b] = R is integrable on [a,b]. Let g : [a,b] — R be of bounded variation and
such that g(a) # g(b). Let x € [a,b]. We define

g(t) — g(a)
B —gla) ==
P(g(x),9(t)) := —_— (26.1)
g\t)—g
o0 —gla) " TP
Then
b
f(z) = / f(t)dg(t) + / P(yg £ (t)dt. (26.2)

26.2 Main Results

We present the first main result of Chebyshev-Griiss type.

Theorem 26.4. Let f1, fo : [a,b] — R be differentiable on [a,b]. The derivatives
1, 1% : [a,b] — R are integrable on [a,b]. Let g : [a,b] — R be of bounded variation
and such that g(a) # g(b). Here P is as in (20.1).

Denote by

1 b
0= iy | AR

1 b 1 b
_ <m/ﬂ f1(x)d9(x)> (m/a fg(x)dg(x)> (26.3)

where g* is the total variation function of g, i.e. g*(x) = Vya,z], for x € (a,b],
where g*(a) := 0.
1) If f1, f3 € Loo([a, b]), then
1
V[ p———
2[g(b) — g(a)|

</ </ Pl 'dx> (z)> =: M. (26.4)

1
2) Let p,q > 1: —|— — = 1. Suppose f1, f5 € Ly([a,b]). Then

(f1llsoll f2lloe + Nl f2lloo | F1lloc]

=R
LS}

1 / /
= m[||f2||17”f1”oo 1A F2 o]

b
X ( |P(Q(Z)vg(x))llq@dg*(Z)) =: Ma. (26.5)
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When p = q = 2, then

1
o< S — gt

(/ 1P (g z))|2,2dg" (2 )) =: Ms. (26.6)
3) Also we have

1 !/ !/
6] < m[l\fglhl\fll\oo + 1 f1llall f2lloc]

(/ 1P(g )| 0o,z dg ()) =: My, (26.7)

Proof. By Theorem 26.3 we have

1 b b ,
1) = o= / f1(x)dg(x) + / P(g(2), g(2) f1 (x)dz

(1 f2ll20l f1lloo + 1Lf1 1211 f2l ]

and

1 b b ,
£) = s / fola)dg(z) + / P(g(2), g(2)) f(x)dz

all z € [a,b].
Consequently we get

o fQ(Z) b b /
1R = = [ @as@) + £(e) [ PlaG).a@) i@, 265)

and

_ fl(Z) b b /
1R = s [ p@as@) + h(e) [ PlaG).a@) . 269)

all z € [a,b].
Hence by integrating the last two identities we obtain

/abfl(f)fz(f)dg(m) </ fi(z)dg(x )(/ fa(x)dg(x )

b b
4 / f2(2) ( / P(g(z%g(m))f{(x)doc) dg(2) (26.10)

d
/abfl(f)fz(f)dg(m) </ fi(z)dg(x )(/ fa(x)dg(x )
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b b
4 / £i(2) ( / P(g(z%g(oc»ﬁ(x)dx) dg(2). (26.11)

Therefore we find

/a bfl(x)fz(x)dg(x) ( / f1(2)dg( )( / fo()dg(x )
_ / < / P(g da:) dg(2)
- ab fi(2) ( / bP<g<z>,g<m>>f5<x>dx> dg (). (26.12)

So we derive that
b
- i [, H@ @)

1 b 1 b
_ <m/ﬂ f1(x)d9(x)> (m/a fQ(QC)dg(x))
1 b b /
~ 2(9(0) — g(a)) U fi) (/ P (g(z)’g(fﬂ))fz(w)dw> dg(2)
b b
+/ f2(2) </ P(g(Z)yg(r))f{(m)dx> dg(z)]. (26.13)

1) Estimate with respect to || - ||co. We observe that

1 , /
319 gt Ml 3l + 1 flooll o]

(/ </ 1Pl df) ()>, (26.14)

where R.H.S. (26.14) is finite and makes sense. That is proving the claim (26.4).

6] <

1

2) Estimate with respect to | - ||p, p,¢ > 1 such that — + — = 1.
P q

We do have

1

< S @

b
| [Ifélp/ [F1(2NP(9(2), 9(x)llg,2dg™(2)

b
+||f{|\p/ [f2(2)[[[P(9(2), 9(x)llg.2dg™ (2) (26.15)
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b
< m[llﬁﬂpﬂflllw + 1 fllpll f2lloc] </a |P(9(2)7g(90))||q7wd9*(2)> :
(26.16)
where R.H.S. (26.16) is finite and makes sense. That is proving the claim (26.5).
3) Estimate with respect to || - ||1. We see that

] b
0] < A9 =gl l|f§|1/ |f1 ()P (9(2), 9(z))l00,2dg™ (2)
b
+||f{|\1/ |f2(2)|||P(9(Z)»g(fﬁ))Hoo@dg*(Z)} (26.17)
1 ! / b %
< m[”fzﬂlﬂﬁﬂoo + 1l l F2lloo] </a 1P(g(2), 9(x))llo0,2dg (Z)> )

(26.18)
where R.H.S. (26.18) is finite and makes sense. That is proving the claim (26.7).
Justification of the existence of the integrals in R.H.S. of (26.14), (26.16), (26.18).

i) We see that
/ P(g(2), g(2))|dz

=/Z lg(z) — Ida:+/ lg(z) — g(b)|dz =: I (2) + Ix(2). (26.19)

Both integrals I1(z), I2(2) exist as Riemann integrals of bounded variation func-
tions which are bounded functions. Thus I;(z), I2(z) are continuous functions in
z € [a,b], hence I(z) is continuous function in z. Consequently

/(/ [Plg |d”3> (Z):/abf(z)dg*(Z) (26.20)

is an existing Riemann-Stieltjes integral.
1/q
( / (g qu>

ii) We notice that (¢ > 1)
I4(z) = [|P(g(2),9
. 1/q
/ lg(x) — g(a)|?dx —|—/ lg(x |qu1 =: [Il,q(z)—klg,q(z)]l/q. (26.21)

Again both integrals I1 4(2), I2,4(2) exist as Riemann integrals of bounded vari-
ation functions which are bounded functions.

Clearly here by g being a function of bounded variation, |g(x)—g(a)|, |g(z)—g(b)]
are of bounded variation, and |g(z) — g(a)|?, |g(x) — g(b)|? are of bounded variation
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too. Thus I 4(2), I 4(%) are continuous functions in z € [a,b], hence I4(z) is a
continuous function in z. Finally

b
/ 1P(9(2), 9(2)llg.0dg™(2) = / 1,(2)dg" (2) (26.22)

is an existing Riemann-Stieltjes integral.
iii) We observe that

h(2) = |P(9(2), 9()) || co,we[a.b) (26.23)
= max{[|g(z) — 9(a)l|co,c€la,215 19(2) = 9(0)lloo,zelz,} (26.24)
= max{”hl(x)HOO,rG[a,Z]v Hh2($)”00,z€[zb]} =: max{A1(2), A2(2)}, (26.25)
for any z € [a, b].
Here A, is increasing in z and As is decreasing in z. That is, A1, Ao are functions

of bounded variation, hence h(z) is a function of bounded variation.
Consequently

b
/ IP(9(): (@) oo™ (2) = [ Bi:)dg" () (26.26)
is an existing Lebesgue-Stieltjes integral.
The proof of the theorem is now complete. |
We give

Corollary 26.5. (1) All as in the basic assumptions and terms of Theorem 26.4.
If f1, f3 € Loo([a, b]), then
|9| S min{Ml,Mg,M37M4}. (2627)

(2) All as in the basic assumptions of Theorem 26.4 with g being increasing.
Then

1 !/ !/
6] < mmfl”oo”fQ”l + [1f2lloo /111
b
x ( [ maxtg(e) - gla).90) - g(z))dg<z>> . (26.28)
Proof. By Theorem 26.4. (]

Next we present a general comparison of averages main result.

Theorem 26.6. Let f : [a,b] — R be differentiable on [a,b]. The derivative
f": la,b] — R is integrable on [a,b]. Let g1, g2 : [a,b] — R be of bounded variation
and such that gi(a) # g1(b), g2(a) # g2(b). Let x € [a,b]. We define
9i(t) — gi(a)
9i(b) = gi(a)’
P(gi(x), g:(t)) := 0 ) (26.29)
gi(t) — gi(b
I 7 90) <,
9i(b) — gi(a)

a<lt<uw,
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fori=1,2.

Let [c,d] C [a, b].
We define

1 d 1 b
8= M/c f(@)dga () = m/a f(@)dgi(z).  (26.30)

Here g5 is the total variation of ga.
Then
i) If f' € Loo([a,b]), it holds

1 d b . , .
A€ s ( / ( / |P<g1<a:>,gl<t>>|dt> dgg(a:)) 1#loe = Er.

(26.31)
1 1
i1) Let p,q > 1: p + p = 1. Suppose f' € L,([a,b]). Then

1

A< @ =50

d
| / ||P(91(55)7gl(t))||q,t,[a,b]d93($)] I p e =2 Eo.

(26.32)
When p = q = 2, it holds

1 d
|A] < m / ||P(91(5E),91(75))||2,t,[a,b]d95(x)1 ”f/HQ,[a,b] =: F3.
(26.33)
iii) Also we have
1 d
Al < T92(d) — ga(0)] (/ ”P(gl(x)vgl(t))||oo7t,[a7b]dg;(x)> 1111, a,0) =2 Ea.
(26.34)
Proof. We have by Theorem 26.3 that
b
@) = s [ (00
b
—|—/ P(gi(x),g1(8))f'(t)dt, ¥ x € [a,b]. (26.35)

Here [¢,d] C [a,b] and by integrating the last (26.35) we obtain

[ o= (8=289) s

d b
+ / ( / P(gl<x>,gl<t>>f'<t>dt) dgalz). (26.36)
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Thus
1

1 d b
8 @ -0 / f@)ga (@) = oy / S ()dgs (1)

d b
_ m ( / < / P(gi(2), g1 (t)) f’(t)dt) dgg(x)> . (26.37)

Next we estimate A.
1) Estimate with respect to || - ||oo-
By (26.37) we find

1 d b . ,
|A|sm< / (/ |P<gl<x>7gl<t>>|dt> dgg(a:)) 1l (2638)

1 1
2) Estimate with respect to || - ||, here p,¢ > 1: p + p =1.
We have by (26.37) that

[ rd
/ [1P(g1(2), 91 ()l g.t.a.t1d95 (@) | |1 £ pfary-  (26.39)

1
|g2(d) — g2(c)|
When p = ¢ = 2 we derive

Al <

1
A @ %)

3) Estimate with respect to || - ||1.
We observe by (26.37) that

[ .d
/ 1P(91(2), 91 ()t 0105 (2) | 1 F 2o (26.40)

<
~ lg2(d) = ga(c)]

Similarly as in the proof of Theorem 26.4, we establish that

d b
/ ( [ 1P, <t>>|dt> g3 (2) (26.42)

is an existing Riemann-Stieltjes integral. Also

d
1A </ |P(gl(m)agl(t))”oo,m[a,b]dg;(m)) 1/ a0 (26.41)

d
[ 17600100005 (26.43)
is an existing Riemann-Stieltjes integral.
Finally
d
[ 1P@0), 0101005 ) (26.44)

is an existing Lebesgue-Stieltjes integral.
Therefore the upper bounds (26.38), (26.39), (26.40), (26.41) make sense and
exist.
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The proof of the theorem is now complete. ([l
We give

Corollary 26.7. All as in the basic assumptions and terms of Theorem 26.6.
If f' € Loo([a,b]), then

|A| S min{El,Eg,E3,E4}. (2645)

Proof. By Theorem 26.6. U
We also give

Corollary 26.8. All as in the basic assumptions of Theorem 26.6 with g1, go being

increasing. Then

INE (/"nmxgl gﬂ@Ah@)—gﬂ@ﬁwﬂ@>HfWme

(26.46)

(92

Proof. By (26.34). O
We make on Theorem 26.6 the following

Remark 26.9. When [c d] = [a,b] we make the next comments. In that case

* 1
8= 8= gy . 1090~ Gy [ 0

1
~ (92(0) = g2(a)) </ </ Plg1(x), g1(t )f()dt> d92($)>, (26.47)

and the results of Theorem 26.6 can be modified accordingly.
Alternatively, by Theorem 26.3 we have

@) = s /J )dgs (t) /Pm () f/(Hdt, ¥z € [a,b].

(26.48)
Thus
b _oila b
[ s = (20=2D) [ @yisate
‘/Upm mﬁm@mm7 (26.49)
and

1 b 1 b
Gy . f0in 0~ s [ s
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1 /
~ (91(0) — 91(a)) (/ (/ P(g2(2), 92(1)) f (t)dt> dgl(w)>. (26.50)

Finally we derive that

S o= (/ (/ Ploa(a). ot )f'(t)dt)dgl<x>>. (2651

Reasoning as in Theorem 26.6 we have established

Theorem 26.10. Here all as in Theorem 26.6.
Case [c,d] = [a b]. We define

A" = / f(t)dga(t) / f(t)dgi(t) (26.52)
— g2(a —gi(a

Here g7 is the total variation function of gi-

Then

i) If f' € Loo([a,b]), it holds

) 1 b b . o
|A*| < m (/a (/a |P(92(9C)792(75))|dt> dgl(£)> If oo =: Hi.
(26.53)
ii) Let p,q > 1: % + é = 1. Suppose f' € L,([a,b]). Then
1 b ,
|A*| < |g1(b) —g (CL) /a |P(QQ(x)ﬂgQ(t))Hq,t,[a,b]dgT(x)‘| ||f Hp,[a,b] = HZ'
(26.54)

When p = q = 2, it holds

b
/ |P(gz(w),gz(t))llm,[mb]dgi‘(x)] £ 1l2,fa,0) =: Ha.
(26.55)

) 1
A< @)

iii) Also we have

1 b
A*<7/P ), g2(t) |lso.t.1a.01dg] ( "N jas =: Hy.
| |— |g1(b)—g1(a)| ( . ” (92( ) 92( ))” ,t,[a,b] gl( )) Hf Hl,[ ,b] 4
(26.56)
We give
Corollary 26.11. Here all as in Theorem 26.6.
Case [c,d] = [a,b], A* as in (26.52). Then
i) If f' € Loo([a,b]), it holds
|A*| S min{El,Hl}, (2657)

where Ey as in (26.31), Hy as in (26.53).



Chebyshev-Griss Type and Difference of Integral Means Inequalities 365

1 1
ii) Let p,g > 1: — + = = 1. Suppose f' € Ly([a,b]). Then
P q

|A*| < min{ By, Hy)}, (26.58)

where E3 as in (26.32), Hy as in (26.54).
When p = q = 2, it holds

|A*| S IIliIl{Eg, Hg}, (2659)

where B3 as in (26.33), Hs as in (26.55).
ii1) Also we have

|A*| < min{Ey, Hq}, (26.60)
where Eyq as in (26.34), Hy as in (26.56).
Proof. By Theorems 26.6, 26.10. t

We continue with

Remark 26.12. Motivated by Remark 26.9 we expand as follows.
Let here f € C([a,b]), g,91, g2 of bounded variation on [a, b].
We put

(26.61)

x € [a,b].
Similarly are defined P*(g;(z),gi(t)), ¢ = 1,2. Using integration by parts we
observe that

[ 6= gtapar®) = 106 - stan| - [ s0agte
— F@)g(o) - gla)) - [ " F(t)dg(t), (26.62)
and
b b b
/ (9(0) — 9(B)dr(t) = (9(6) — 9 () (1) / F(t)dg(t)
b
— (90) ~ 9N @) - [ F@)dg(e (26.63)

Adding (26.62), (26.63) we get

x b
/ (9(t) — gla))df (t) + / (9(t) — gO)AF(t) = F(2)(g(b) — g(a)) — / F(t)dg(t).
‘ ’ © O (26.64)
That is

b b
/ P*(g(x), g()df(t) = [(2)(g(b) — g(a)) — / £(t)dg(t). (26.65)
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Hence

b b
/ ( / P*(g(x»g(t))df(t)) dg(z)

- ( / b f(:v)dg(m)> (9(8) - 9(a)) - ( / b f(t)dg(t)> (9(8) — 9(a)) = 0, (26.66)
that is proving

/ b ( / b P*(g(ﬂch(t))df(t)) dg(z) = 0. (26.67)

If f € T([a,b]) := {f € C([a,b]) : f'(x) exists and is finite for all but a countable

:Ete Icl)f z in (a,b) and that f' € Ly ([a,b])} or f € AC([a,b]) (absolutely continuous),

b b
/ ( / P*<g<x>,g<t)>f’<t>dt> dg(z) = 0. (26.68)

Additionally if g = id, then

/ ’ < / " Pl f’(t)dt) dz =0, (26.69)

If g = f =id, then
b b
/ (/ P*(x,t)dt) dxr =0, (26.70)

t—a,a<t<cx
P*(x,t) = (26.71)

t—b,x<t<b.

where

Equality (26.70) can be proved directly by plugging in (26.71).
Similarly to (26.65) we have

b b
/ P*(g1(x), g1(t))df () =f($)(91(b)—91(a))—/ f(t)dgu(t), (26.72)

and

b b
/ P*(g2(x), g2(8))df (t) = f(x)(92(b) — g2(a)) —/ f(t)dga(t). (26.73)

Integrating (26.72) with respect to go and (26.73) with respect to g; we have

b b
/ ( / P*<g1<x>,gl<t>>df<t>> dga(x)
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b b
= (/ f(x)d92(95)> (91(b) — g1(a)) — </ f(t)dgl(t)> (92(b) — ga(a)), (26.74)

and
b b
/ (/ P*(gz(ngQ(t))df(t)) dg ()

b b
= (/ f(x)d91($)> (92(b) — ga(a)) — </ f(t)d92(75)> (91(b) — g1(a)). (26.75)

By adding (26.74) and (26.75) we derive the interesting identity

b b
/ ( / P*<g1<x>,gl<t>>df<t>> dg(x)

b b
+ / ( / P*(gg(w%gz(t))df(t)) dgy () = 0. (26.76)

If feT(a,b])or feAC(a,b]), then
/ ( / P*(g1(x), g ¢ <>dt> dg(z)

b [ b
+f ( / P*(gz(x%gz(t))f’(t)dt) dg1(2) =0, (26.77)
Next consider h € L1([a,b]) and define
H(z):= /1 h(t)dt, i.e. H(a) =0. (26.78)

Then by [312], Theorem 9, p.103 and Theorem 13, p.106 we get that H'(x) =
h(z) a.e. in [a,b] and H is an absolutely continuous function. That is H is contin-
uous. Therefore by (26.67) and (26.68) we have

/ ( / P*(g dt) dg(z) = 0. (26.79)

Also by (26.76) and (26.77) we derive

P ([ Fmomos)s
/ </ P (g2(x), g2(t )dt> dgi(x) = 0. (26.80)

From the above we have established the following result
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Theorem 26.13. Consider h € Li([a,b]), and g,g1, 92 of bounded variation on

[a,b]. Put

vV x € [a,b].
Similarly define P*(gi(x),9i(t)), ¢ =1,2. Then

/ (/ P*(g t))h(t )dt) dg(x) =0,

b b
/ ( / P*<g1<m>,gl<t>>h<t>dt> dga(z)
b b
+ / ( / P*<g2<m>,gz<t»h<t>dt> dgy(z) = 0.

and

Clearly, for g1 = go = g identity (26.83) implies identity (26.82).

We hope to explore more the merits of Theorem 26.13 elsewhere.

26.3 Applications

(26.81)

(26.82)

(26.83)

1) Let (£2, A, P) be a probability space, X : 2 — [a, b], a.e., be a random variable
with distribution function F. Let fi, f2 : [a,b] — R be differentiable on [a, b], f7, f3

are integrable on [a,b]. Here P as in (26.1). Denote by

b
Ox(fr fo) = / f1(2) fol@)dF ()

() ()

Ox(f1, f2) = E(f1(X)f2(X)) — E(f1(X))E(f2(X)).
In particular we have
Ox(f1, 1) = E(f{ (X)) = (E(f1(X)))* = Var(f1(X)) > 0.
Then by Theorem 26.4 we derive
Corollary 26.14. It holds
i) If f1, 4 € Loo([a,b]), then

|0x (f1; f2) < 5 [Ilfllloollle\oo + [ f2lloo | f11loc]

That is,

(26.84)

(26.85)

(26.86)
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</ </ e dfﬂ) <>) T,

1
ii) Let p,q > 1: — + = = 1. Suppose f1, f5 € L,([a,b]). Then
p

Q| =

16x (f1, f2)| < SlIL2lpll filloo + [f1llpl f2lloc]

( / |P(F(2), F(@))llg0dF (2 >> .

When p = q = 2, then

10x (f1, f2)| <

N =

U502l Fllso + 1742l ol
(/ |P(F Dll2,odF (2 >> s,

10x (f1, f2)] <

N~

it1) Also we have

2l filloe + 111N 2l o]

( / |P(F |mdF<z>> ..

Corollary 26.15. If f|, f5 € Loo([a,b]), then
0x (f1, f2)] < min{My, Mo, M3, My}

Proof. By Corollary 26.14.
Next we estimate Var(f(X)).

Corollary 26.16. It holds
i) If f' € Loo([a,b]), then

Var(£(X)) < 1 ool ( / ( / IP(F |dm> ()) My

1 1
i1) Let p,q > 1: p + p = 1. Suppose f' € L,([a,b]). Then

b
Var(f(X)) < [[fllsoll £l </ IP(F(Z%F(HJ))IImdF(Z)) = M.

369

(26.87)

(26.88)

(26.89)

(26.90)

(26.91)

(26.92)

(26.93)
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When p = q = 2, then

b
varuxxv><|f|w|f|2</"nfmF%@,ch>

i11) Also we have

b
Var(f(X)) < [[fllsollfllx </ IP(F(Z)vF(w))IloowdF(Z)) = Mj.

Proof. By Corollary 26.14.
Corollary 26.17. If f' € Lo([a,b]), then
Var(f(X)) < min{M7, M3, My, My}

Proof. By Corollary 26.16.

|27wdF(z)> = M.

(26.94)

(26.95)

(26.96)

O

2) Here we apply Theorem 26.6 for g1 (z) = €%, g2(x) = 3%, both continuous and

increasing.
We have dgi(z) = e*dx and dgz(x) = 3% In 3dz.
Also f :[a,b] — R is differentiable and f’ € L1 ([a,b]). Define

et_ea
5 S aest<w,
el —e
P(e”,et) :=
et —eb
o ,x <t<hb,
and
3T 3 a<lt<lzx
3b—3a’ " —
P(3%,3") =
3t_3b
— x <t <h
3b_3a7 —
Let [¢,d] C [a, b].
Set

2 ozy . In3 d - 1 b "
A(e ,3 ) = m‘/c f(iC)?) dx — WA f(x)e dx.
We give

Corollary 26.18. It holds
i) If f' € Loo([a, b)), then

(03|
(=) (37— 3)

|A(e®,37)] <

(26.97)

(26.98)

(26.99)
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(g ) (G - (3e) 1} M3y
(In3)2(1 + In3)
4e*(1+1n3){3° - 3% —3°In3 + 393 + (3° = 3%) + aln3 — 3°%In3 + 3% In 3}

+e’(14+m3){3° -3 —3°In3+3%In3 + (3° - 3Y)bIn3 — 3°In3 + deln3}]}

— F.. (26.100)
1 1
ii) Let p,g > 1: —+ = = 1. Suppose f' € Ly([a,b]). If ¢ ¢ N, then
P q
In3)||f .1a
|A(ea;’3w)| S (n )”f H;D,[ ,b]

(€¥ —e®) (3¢ = 3°)

{/d 3r {eqr( 2F1 [_qa —q, 1- q, ea—z] + (_1)q+1 2F1 [_qa —q, 1-— q, eb—r])
c q

+7CSC(mq)((—1)7e — eta)} 1/ d;v}

=Es. (26.101)
When p = q = 2, it holds

(I 3)[[ £/ 112, a8

|A(e”,3%)] < V2(eb — e9)(34 — 3¢) %

d
{/ 3 <\/—4ea+z + 4ebtr 4 e26(—3 + 2b — 2x) + €29(3 — 2a + 233)) dx}

— ;. (26.102)
When q,n € N —{1,2}, then

(M3l o ]
(e? —e®)(34 — 3°)

{[firen(emar £ Qe (=57)

fom <(b e (1) o (%)) }Un dm} ~Fu (20.109)

|A(e”,37)] <
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iii) Also we have

(In3) -
A(e”,3%)] < =: FE5. 26.104
A3 < o g = B (26.104)
Here .
@, ifIn (e ;’e ) > d
e +eb
D= ¢ Dy, ifln< 5 ) <c (26.105)
et + eb
Ps, ifcgln( 5 ) <d
where 4 b
((Be) = (3e)*)(In3) — (3° — 3%)e”(1 + In 3)
1= In3(1 +1n3) (26.106)
(=(3e)c + (3e))In3 + (3¢ — 3%)e?(1 + 1n 3)
2= In3(1 +1n3) (26.107)
1 a b a b
- a—(In2)(In3)+(In3) In(e*+e”) b—(In2)(In3)+(In 3)(In(e*+e”))
s = i ) e
+((3e)¢ + (3e)4)(In3) — 3%2(1 + In3) — 3%°(1 4+ In 3)]. (26.108)

Proof. By Theorem 26.6 and (26.46). More precisely we have:
i) If f' € Loo([a, b]), then

n d b
IA(e”, 37)] < 173 </ (/ |P(e””,et)|dt> 3%:) . (26.109)

(3¢
1 1 ,
ii) Let p,¢ > 1: — 4+ — = 1. Suppose [’ € L,([a,b]). Then
p q
|A(e 3m)| = (37 [/ ”P e’ e )”q, ab3wdm ”f ”p,[a b]- (26110)
When p = g = 2, it holds
In3
|A(e®,3%)| < B3 / [P(e”, el g.t,[a,)3" d;v] (26.111)
iii) Also we have
|A(e”,3%)] < 3d 3c </ max(e et —e )3””dx> 1 11 ey (26.112)
Integrals are calculated mostly by Mathematica 5.2. ]
We finally give
Corollary 26.19. If f' € Loo([a,b]), then
|A(€w, 3$)| S min{Fl,Eg,Eg,E4,E5}. (26113)

Proof. By Corollary 26.18. t



Chapter 27

An Expansion Formula

In this chapter Taylor like expansion formula is given. Here the Riemann—Stieltjes
integral of a function is expanded into a finite sum form which involves the deriva-
tives of the function evaluated at the right end point of the interval of integra-
tion. The error of the approximation is given in an integral form involving the nth
derivative of the function. Implications and applications of the formula follow. This
treatment relies on [36].

27.1 Results

Here we give the first and main result of the chapter.

Theorem 27.1. Let gy be a Lebesgue integrable and of bounded variation function
on [a,b], a < b. We set

g1(x) = /Igo(t)dty--- (27.1)
gn(x) = /w %go(t)dt, neN, x € [a,b]. (27.2)

Let f be such that £~V is a absolutely continuous function on [a,b]. Then

b n—1
/ fdgo = 3" (=1 P (b)gi(b) — f(a)go(a)

k=0

b
+ (=) / g1 (£) F) () dt. (27.3)
Proof. We apply integration by parts repeatedly (see [91], p. 195):

b b
/ Fdgo = F(B)go(B) — f(a)gola) — / gof'dr,

a

373
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and

b b b
/ gof'dt = / Fdgs = /()1 (b) — f'(@)gr(a) — / o f"dt

b
= (D)o (b) / o f"dt.

Furthermore

b b b
/ Fgrdt = / s = F'(5)g2(8) — " (a)ga(a) — / oot dt

a

b
— 1"(b)galb) / gof"dt.

So far we have obtained

b
/ fdgo = F(B)go(®) — F(@)gola) — I'(B)gn (b)

b
1" (b)ga(b) — / gof"dt.

Similarly we find

b b b
/ gof"dt = / F7dgs = £ (b)gs(b) — / g5 f D dt.
That is,

b
/ Fdgo = F(B)go(b) — F(a)go(a) — F'(B)gr ()
b

+ £"(0)g2(b) — 1" (b)gs(b) + / g5 fDat.

a

The validity of (27.3) is now clear. O
On Theorem 27.1 we have

Corollary 27.2. Additionally suppose that f™) exists and is bounded. Then

fdgo = > (=1)F fF(b)gr(b) + f(a)go(a)

@ k=0

b
/ dn 1 (8 (1)t

b
<1 ]|os / g2 (8. (27.4)

As a continuation of Corollary 27.2 we have

Corollary 27.3. Assuming that gg is bounded we derive

b n—1
[ g = Y- (-0 000 + @)l
a k=0
(b—a)"
ay.

< 1 scllgollo

(27.5)
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Proof. Here we estimate the right-hand side of inequality (27.4).
We observe that
T (w—t)n?
/ Wgo(t)dt

<[ @02 ot

|gn—1(2)] =

(n—2)!
llgolloo ¢ —
S ho9) (x —t)""2dt
[1golloo e
= (no_l)'(a:—a) L
That is
t—a)" !
10 < Nl Sl € [t
Consequently,
b
b—a)”
[ ol < ol 0

A refinement of (27.5) follows in

Corollary 27.4. Here the assumptions are as in Corollary 27.3. We additionally
suppose that

1™ <K, Vn>1,

i.e., f possess infinitely many derivatives and all are uniformly bounded. Then

b n—1
/ Fdgo — 3" (=1 £8) (b)ge(b) + f(a)ga(a)
a k=0
< Kool =2 vz, (27.6)

A consequence of (27.6) comes next.

Corollary 27.5. Same assumptions as in Corollary 27.4. For some 0 <r <1 it
holds that

o@r") = KHgOHooM — 0, asn— +oo. (27.7)
That is
n—1 b
Jim S0 00) = [ fdan + Fla)gola) (27.9)
k=0 a

Proof. Call A:=b—a > 0, we want to prove that % — 0 as n — +oo. Call

A’IL
Tpi=—, n=12....
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Notice that
A

n+l
But there exists ng € N: n > A —1,ie., A<ng+1, that is, r := ﬁ
take ng := [A — 1] + 1, where [-] is the ceiling of the number). Thus

Tn+1 = Tn, n:1,2,....

<1 (in fact

Tno+1 = TG
where
c = Tp, > 0.
Therefore
A 2
Tpgta = ———Tpgtp1 = ———rc < rc
o ng + 2 o ng + 2 ’
ie.,

Tpoto < T2cC.
Likewise we get

Tpots < 1.
And in general we obtain

0 < Tpg+k <rF.e=c¢ otk LeN
where ¢* := 7. That is
0<zn <crN, VYN >ng+1.

Since 7V — 0 as N — 400, we derive that 2y — 0 as N — +oo. That is,
% — 0, as n — +o0. O

Remark 27.6. (On Theorem 27.1) Furthermore we observe that (here f €
C"([a,0]))

b
/fdgo+f(a)go(a)
(27.3) nd k o(k n b n
9137 (1) £ (b)gi(b) + (~1) / Gnr (8) 10 (1)
k=0 a

n—1 b
< SO oclgn®)] + 17oo / g1 (8)]dt.
k=0 a

Set

L = max{|[| flloos | F'llocs - -+ [1£™loc}- (27.9)
Then

b
/ fdgo + f(a)go(a)

n—1 b
SL'{Zlgk(b)H / |gn_1(t>|dt}, neNfixed  (27.10)
k=0 @
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27.2 Applications

(I) Let {ftm}men be a sequence of Borel finite signed measures on [a, b]. Consider
the functions gom(x) := pumla, z], x € [a,b], m € N, which are of bounded variation
and Lebesgue integrable. Clearly (here f € C™[a,b])

b b
/ Fdjim = / Fdgomm + gom(a) - f(a). (27.11)

We would like to study the weak convergence of p,,, to zero, as m — +oo. From
(27.10) and (27.11) we obtain

/ " fdpn

Here we suppose that

n—1 b
<L- {Z |Gk.m (D) +/ |gn_1,m(t)|dt}, vm e N. (27.12)

k=0

Go,m(b) — 0,

and
b
/ |go,m (t)|dt — 0, as m — +oo. (27.13)
Let k € N, then
b k—1
(b—1t)
g = [ Gy om0

by (27.2).
Hence

b )kl
|gk7m(b)| < (/ |90,m(t)|dt> % — 0.

|gk.m(b)] — 0, Vk €N, m — +o0. (27.14)

That is,

Next we have

gn—1,m(x) = /z %gm(b‘)dt.

Thus

T (o n—2
i@l < [ gm0

x—a)" 2 [*
< ﬁ/ |go,m(t)|dt

—a n—2 b
< %/ |go7m(t)|dt‘
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Consequently we obtain

b —a n—1 b
/ |gn71,m(x)|d$ < %/ |go7m(t)|dt — 0,

as m — +oo. That is,

b
/ |[gn—1,m(t)|dt — 0, asm — +o0. (27.15)

Finally from (27.12), (27.13), (27.14) and (27.15) we derive that

b
/ fdum — 0, asm — +o0.

That is, u,, converges weakly to zero as m — +oo0.

The last result was first proved (case of n = 0) in [216] and then in [219].

(IT) Formula (27.3) is expected to have applications to Numerical Integration
and Probability.

(IIT) Let [a,b] = [0,1] and go(t) = t. Let f be such that f(»~1) is a absolutely

zn«%»l

continuous function on [0,1]. Then by Theorem 27.1 we find g¢,(z) = T all
n € N. Furthermore we get
1 n—1 k) n pl
P (=1 /
dt =Y (-1)F " f0) (t)dt. 27.16
R e e e e IO (27.16)

k=0

One can derive other formulas like (27.16) for various basic go’s.



Chapter 28

Integration by Parts on the
Multidimensional Domain

In this chapter various integrations by parts are presented for very general type
multivariate functions over boxes in R™, m > 2. These are given under special and
general boundary conditions, or without these conditions for m = 2,3. Also are
established other related multivariate integral formulae and results. Multivariate
integration by parts is hardly touched in the literature, so this is an attempt to set
the matter into the right perspective. This treatment relies on [34] and is expected
to have applications in Numerical Analysis and Probability.

28.1 Results

We need the following result which by itself has its own merit.

Theorem 28.1. Let f(x1,...,%m) be a Lebesgue integrable function on x™,[a;, b;],
méeN;a; <b;,i=1,2,...,m. Consider

Yy
F(ﬂfl,xg,.- -7x'm—17y) ::/ f(xlvaV' .,$7n_1,t)dt7
m

for all am <y < by, T :=(21,T2,...,Tm_1) € x;i_ll[ai,bi],
Then F(x1,%2,...,%m) is a Lebesgue integrable function on X [a;,bi].

Proof. One can write
y
F@w = [ F(F
Clearly f(7,-) is an integrable function. Let y — %, then Ve > 0, 35 := 6(¢) > 0:

|F(?7y) - F(?7y0)| =

Yy Yo
f( t)dt — f(?,t)dt‘

Yo

f(?,t)dt’ <e, with [y —yo| <4,
Yy

by exercise 6, p. 175, [11]. Therefore F(Z,y) is continuous in y.

379



380 PROBABILISTIC INEQUALITIES

Next we prove that F is a Lebesgue measurable function with respect to .
Because f = f+ — f~, it is enough to establish the above for f(’,t) > 0, for all
(7',t) € x1,[ai, b;]. By Theorem 17.7, p. 131, [11], since f is Lebesgue measurable
there exists a sequence {¢,} of simple functions such that 0 < ¢, (7, t) T f(Z,t)
for all (7',t) € x",[a;,b;]. Indeed here 0 < ¢, (T ,t) < dpy1(T,t) < f(T,1).
These are defined as follows:

For each n let

Al = {(T,t) € xT [ag, bi] s (i — 127" < f(2,t) <i2™"}
for i = 1,2,...,n2" and note that A% N AJ = ¢ if i # j. Since f is Lebesgue
measurable all A! are Lebesgue measurable sets. Here

n2"

o) =) 27— Dy (T,0),
i=1

where x stands for the characteristic function.
Let A C X x Y in general and = € X, then the z-section A, of A is the subset
of Y defined by
Ay ={yeY :(x,y) € A}

Let 8 : X xY — R be a function in general. Then for fixed x € X we define
0(y) :=0(z,y) forall y € Y. Let E C X x Y. Then it holds that xg, = (XE)z,
see p. 266, [312]. Also it holds for A; C X x Y that

<ﬂ Ai>$ = [(A)a-

i€l i€l
Clearly here we have that (¢,)= 1 f-. Furthermore we obtain
(@n)7 (1) * Xiamay) () T F2 (@) - Xfam .y (D)-
Hence by the Monotone convergence theorem we find that

b bm
/ (6n) 2 (D) Xfar, o) (Dt — / P (8)  Xpan ) (1)

m

That is, we have

[ oz~ [ i =),

By linearity we get
n2" n2"

(¢n)= (1) 22 "= 1) (xai )z (t 22_ (i — )X (ai)= (1)

Here (A!)+ are Lebesgue measurable subsets of [am, by, for all @', see Theorem
6.1, p. 135, [235]. In particular we have that

n2™ y
S 2 n(i—1) / Xeat ) (Ot — F(T ),
=1

Am



Integration by Parts on the Multidimensional Domain 381

and

n2™

bm
Z 27" -1 / Xlams](t) - X(ai) (R)dt — F(Z,y).

m

That is,
n2" m

22 "(i—1) / Xlam yln(a) () - dt — F(T,y).

More precisely we find that

n2™

D27 = DM (L) Nlamy]) = F(T,y),

as n — +0o0.
Here A\ is the Lebesgue measure on R. Notice that

(<7 ais b)) X [ams y])= = [am, -
Therefore we have
(A7, 0 [} ais bi] X [am, 9]]) = = (A3)z O [am, y)-

1
Here A% N [x7 [as, bi] X [am,y]] is a Lebesgue measurable set in x™, [a;, b;).
y]

Clearly (A%)% N [am,y] is a Lebesgue measurable subset of [a,,by,]. And by

Theorem 6.4, p. 143, [235], we have that
@) = M ((45)% N [am, y])

is a Lebesgue measurable function defined on x ™" [a;, b;]. Consequently F(,y) is
a Lebesgue measurable function in 7" € x77*[a;, b;] as the limit of Lebesgue mea-
surable functions. Clearly we have established so far that F(7’,y) is a Caratheodory
function. Hence by Theorem 20.15, p. 156, [11], F(Z,y) is a Lebesgue measurable
function jointly in (7', y) on x™[a;, b;].

Next we notice that

P < [

And we see that

an
/ IF(?,y)Id?S/ / \f(Z,t)|dt | dT
X7 ai i) x 7 M ai,bi am

<M< +o00, M >0,

Y

bm
If(?,t)Idtg/ |f(Z,t)|dt.

m m

by f being Lebesgue integrable on x| [a;, b;]. Hence

bm
/ </ \F(Z, y)|d7> dy < M(bm — am) < +00.
a anil[ai,bi]

m i=1

Therefore by Tonelli’s theorem, p. 213, [11] we get that F'(z1,..., %) is a Lebesgue
integrable function on X, [a;, b;]. O
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As a related result we give

Proposition 28.2. Let f(z1,...,2m) be a Lebesque integrable function on
XM [ai,bi], m € Ny a; < b, i=1,2,...,m. Consider
z,
F(zi,2o,...,Tp,...,Ty) 1= flai,@a, ..ty o xy)dE,
ar
for all ap < xp < by, r € {1,...,m}. Then F(x1,x2,...,Zm) is a Lebesgue inte-
grable function on X[ [a;,b;].
Proof. Similar to Theorem 28.1. U

Above Theorem 28.1 and Proposition 28.2 are also valid in a Borel measure
setting.
Next we give the first main result.

Theorem 28.3. Let go be a Lebesgue integrable function on x4 la;,b;], m € N;
a; <bi,1=1,2,....m. We put

G1r(T1, o Ty, ) = /IT 9o(T1, sty Ty )dt, (28.1)
Gl (1, oo Ty, Tyy) 1= /fr Jh—1,7(T1, sty oo, T )dE, (28.2)
k=1,....neN;re{l,....,m} be ﬁxeda Let f € C"~Y(x™[a;,b;]) be such that
ij(xl,...,br,...,xm) =0, forj=0,1,...,n—1. (28.3)
Additionally suppose that:
g;;i{ is absolutely continuous function
(28.4)
with respect to the variable x,, and aia:? is integrable.
Then
/ fgod@ = (—1)”/ gnr(?)anf(_))d?. (28.5)
X7y las bi xilabil Oy

Proof. Here we use integration by parts repeatedly and we find:

by
/ flxe, .. yzey ooy xm)go(T1, ooy Ty e ooy T ) ATy

on
/facl,..., ,...,m)8m;r(x1,...,xr,...,xm)dxr
= flz1,...,bry o Zm) g1 (T, o by T)
—f(xl,...,ar,...,xm)gl,r(xl,...,ar,...,xm)

by
— / G, Ty T) [ (X1, Ty e T ) Ay
a

r

b
—/ G (@1, Ty ) [ (X1, Ty o T ) AT
a

r
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That is,
b
/ flxe, .o ey ooy xm)go(T1, ooy Ty e oo, T ) ATy
ar,

b
= —/ 91T, @y T ) [ (X1, Ty e T ) AT (28.6)

Similarly we have

b,
/ G (@1, Ty Tn) [ (1o Ty e T ) ATy
a

-
b, B

:/ Jo (@1, o Xy T gg’r(xl,...,xr,...,xm)dxr
ar

ox,
= fo. (@1, bry o @) g2 (T, by T)
_fwr(xla" ey Apy . "7x’m)927r(x17'~ sy Qpy.e 7xm)

b,
— / 92 (T, o s Ty oo T [z, (T e oo s Ty oo oy T )Ty
a

.

b,
—/ 92 (Z1, o Ty T faa (T, o Ty T ) AT
a

.

That is, we find that
by
/ fla, .o xey o ) go(T1, - o Ty o Ty ) dTy
ar

by
:(—1)2/ 9o (T1, o Ty oo Tm) frrm, (T, o Ty o T )dae. (28.7)

r

Continuing in the same manner we get

b,
/ fl@r, oo @y ) go (X1, o Ty e Ty ) Ay
ar

[ o f
= (-1) gn,r(a:l,...,a:r,...,xm)a—(xl,...,a:r,...,xm)dxr. (28.8)

ar zy
Here by Proposition 28.2 gy, »(x1, ..., Zn) is Lebesgue integrable. Thus integrating
(28.8) with respect to x1,...,Zp_1,Tr41,...,Tm and using Fubini’s theorem we
establish (28.5). O

Corollary 28.4 (to Theorem 28.3). Additionally suppose that the assumptions
(28.3) and (28.4) are true for each r =1,...,m. Then

(—D)" & N1 S
fgod@ = / (L @07 s
/lel[“'“b” O m ; et " ) (28.9)

ox?

Proof. Clear. O
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Corollary 28.5 (to Corollary 28.4). Additionally assume that ||go|| < +o00. Put

(,max |55 )llgolloc
M= D) . (28.10)

Then

(br - &T)n+l H (bj — U,j) . (28.11)

/ fgod@
><1m:1 [a’i :b'i]

Proof. Notice that

wr( .
gn,r(xl,...,a:r,...,xm):/ -
ar

Thus
(ool < ([ ) Ll
= E L e
That is,
90 (@) < E I oo VE € b

Consequently we obtain

n Ed
/ gn,f’(?)a f(x)d?>
X;’;l[ai bl]

ox?
< 10" f /0 || ol goll / (2, — ay)"dzy - - dap,
nt X i las ]
_ 11957 /9z7 || llgollo 1 T
- (TL+1)' (b’f _a”f) j];[l(b.] _aj)'
G
Finally we have
Z/ gmr(?) ) (n )d? <M Z(br —ay) +1 H (bj —aj;)
r=1 X7 [aq,bi] Ty r=1 j=1
J#T
That is establishing (28.11). O

Some interesting observations follow in

Remark 28.6 (I). Let f, g be Lebesgue integrable functions on X!, [a;, bs], a; < b;,

1=

i = 1,...,m. Let f,g be coordinatewise absolutely continuous functions. Also
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all partial derivatives fy,, g., are suppose to be Lebesgue integrable functions,

i =1,...,m. Furthermore assume that
flxr, . i, xm) = f(x1,.. ., biy ooy m) =0, (28.12)
for all i = 1,...,m, ie., f is zero on the boundary of x!™,[a;,b;]. By applying

integration by parts we obtain

b;
/ 9o, fdri = g(x1, ... by ) f(@1, .o by Tn)

i

—g(z1, ..., a, flxe, .o i, )
/ Jz9dzi = / Jz,gdz;.
That is, we have
b; b;
/ 9x; fdxz = _/ fwigdxi (2813)

foralli=1,...,m
Integrating (28.13) over

la1,bi] %+ X [ag, bg] X -+ X [am, bn;

[@] means this entity is absent, and using Fubini’s theorem, we get

/ 9o, fAT = —/ fu,9d @, (28.14)
X;’;l[ai,bi] X;il[ai,bi]
true for all ¢ = 1,...,m. One consequence is
/ f- <Zgzi> A7 = _/ g (Z f) dr. (28.15)
X7Lylaibi] i=1 TLqlai,bi] i=1

Another consequence: multiply (28.14) by the unit vectors in R™ and add, we

obtain
/ [ (V)dT = — / g (V)T (28.16)
X7 [ai,bi] X7, [ai,bi]

true under the above assumptions, where V here stands for the gradient.

(IT) Next we suppose that all the first order partial derivatives of g exist and they
are coordinatewise absolutely continuous functions. Furthermore we assume that
all the second order partial derivatives of g are Lebesgue integrable on X!, [a;, b;].
Clearly one can see that g is as in (I); see Proposition 28.2, etc. We still take f as
n (I). Here we apply (28.13) for g := g,, to get

by
/ (9, )a; fdrs = — / J: 9z, d;.

And hence by Fubini’s theorem we derive

/ Gao, fAT = — / for0a, T, (28.17)
X7Lqlai,bi X [ai,bi]
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for all i =1,...,m. Consequently we have

/ FAY goye | d7 = _/ 0s, <Z f%,) 4. (28.18)
X7 [ai,bi] i=1 X7Lqlai,bi i=1

Similarly as before we find
/ £V, )i7 = - | o, (VPAT,  (2819)
™ las,bi) XM lai,bi]

forallj=1,...,m
From (28.13) again, if i = j we have

b; b
/ Yoo, fdri = — / fei G, di, (28.20)

i

and consequently it holds

X7y [ai,bi] X7y [ai,bi]

Furthermore by summing up we obtain

/, Llas,bil (Zgz z) Jaz :_/, las,bil (fo gm)

That is, we have established that

/ (VZg)fda = / (Z i ng> dz (28.22)
X7y [ai,bi] ™ lai,bs]

true under the above assumptions, where V? is the Laplacian. If g is harmonic, i.e.,
when V2g = 0 we find that

Z / fr:92,dT = 0. (28.23)
7 lai,bi

(IIT) Next we suppose that all the first order partial derivatives of f exist
and they are coordinatewise absolutely continuous functions. Furthermore we as-
sume that all the second order partial derivatives of f are Lebesgue integrable on
X 1 [ai, b;]. Clearly one can see that f is as in (I), see Proposition 28.2, etc.

Here we take g as in (I) and we suppose that

g1,y @iy Tn) = g(x1, . by o) =0, (28.24)

for all ¢ =1,...,m. Then, by symmetry, we also get that

X7 [ai,bi] X [as,bi]

So finally, under the assumptions (28.12), (28.24) and with f, g having all of their
first order partial derivatives existing and coordinatewise absolutely continuous
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functions, along with their second order single partial derivatives Lebesgue inte-
grable on x[a;, b;] (hence f,g are as in (I)), we have proved that

X7 [ai,bi] X% [ai,bi] 1[ai,bi]
(28.26)
From [36] we need the following

Theorem 28.7. Let gy be a Lebesgue integrable and of bounded variation function
on [a,b], a < b. We call

g1(z) == /w go(t)dt, . ..

gn(x) := /1 =t (t)dt, neN, x€la,b].

n—1y
Let f be such that f"=V is a absolutely continuous function on [a,b]. Then
b n—1
Fdgo = _(=1)"f® (b)gi(b) ~ f(a)go(a)
a k=0
b
+ (-1 / Gna (D)) (). (28.27)

We use also the next result which motivates the following work, it comes from
[91], p. 221.

Theorem 28.8. Let R = {(z,y) | a <z < b, ¢ <y < d}. Suppose that « is
a function of bounded variation on [a,b], B is a function of bounded variation on
[e,d], and f is continuous on R. If (z,y) € R, define

/fxyda /fxydﬂ

Then F' € R(B) on [c,d], G € R(a) on [a,b], and we have

/Fdﬂ /Gda

Here R(), R(«) mean, respectively, that the functions are Riemann—Stieltjes inte-
grable with respect to 8 and . That is, we have true

/(/f;vydﬁ ) /(/fxyda )dﬂ(y). (28.28)

We state and prove

Theorem 28.9. Let gy be a Lebesgue integrable and of bounded variation function
on [a,b], a < b. We set

g1(z) :== /1 go(t)dt,. .. (28.29)

x T — n—1
gn () ::/ %go(t)dt, neN, x € [a,b].
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Let ro be a Lebesgue integrable and of bounded variation function on [c,d], ¢ < d.
We form

ri(y) = / ’ ro(t)dt, ... (28.30)

Yy — s -1
Tn(y) =/ %7‘0(8)(187 neN, ye€led.

Let f : R = [a, b} [c,d] — R be a continuous function. We suppose for k =
0,...,n—1 that fgck " 1)( ,+) s an absolutely continuous function on [c,d] for any

[a,,b]. Also we assume for £ = 0,1,...,n that f;Z’E)(m,y) 18 continuous on R.
Then it holds

/(/fffydgo )dro(y)

= ij( 1)EHE 80 (b, d) gie (b)re(d) + ro(c (Z DFFL R (b, c)g (b))

k=0 ¢=0 k=0
n—1
+ go(a) - [ (=) £, d)W(d)Jrf(%C)TO(C)]
=0
n—1 d
+ > (1) gy (b) (/ a1 () £ (0, y)dy>
k=0 ¢
d
N gnla) [ a0 @)y
n—1 ‘ b
+ 31 () < / gn_1<x>f;z>f><x,d)dx>
=0 a

b
+ (=1)"ro(c) (/ gn1(x)f§")(%0)d$>

d b
—l—/c </a gn1(x)rn1(y)féz7")(x,y)dx> dy. (28.31)

Proof. Here first we apply (28.27) for f(-,y), to find

b n—1
/ P, y)dgo(x) = 3 (~1)F £ (b, y)gi ()
a k=0

b

~ Fa w)go(a) + (~1)" / g (2) £ (2, ),

a
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where fggk) means the kth single partial derivative with respect to . Therefore

/C ' ( / e y)dgo(a:>> dro(y)

n—1

d d
=S (1) - / £9 (b, y)dro(y) — gola) / F(a,y)dro(y)

k=0 ¢

d b
+(—1)"/ </ gn—l(w)fé")(x,y)dx> dro(y) = ®.

Consequently we obtain by (28.27) that

®= ij(—l)kgub){fj(—l)gf;’;@ (b, d)re(d)

£=0

d
— 190 + (1" [ Y 0, y)dy}

n—1 d
- go(a>{2<—1)ff§f><a, d)re(d) = f(a,c)ro(c) + (=1)" / a1 ()57 (a, y)dy}

£=0
©

b
F (e {Z(—l)z ( JCY (x,dmx) ro(d)
b
- ( [ @i c)dx> role)
d b (n)
+(=1)n- / Fac1(¥) ( / gn1<x>f;”><x,y>da:) dy }

Finally (28.31) is established by the use of Theorem 9-37, p. 219, [91] for dif-
ferentiation under the integral sign. Some integrals in (28.31) exist by Theorem
28.8.

|

As a related result on bivariate integration by parts we give
Proposition 28.10. Let g9 and ro be as in Theorem 28.9. Let f : R =

[a,b] x [c,d] — R be a continuous function. We suppose that f(x,-) is a abso-
lutely continuous function on [c,d] for any = € [a,b]. Also we assume that fq, fzy
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are existing and continuous functions on R. Then
/ / f(x,y)dgo(z)dro(y)
f (b, d)go(b)ro(d) — f(b;c)go(b)ro(c) + f(a,c)go(a)ro(c)
d d
- 1@ Dgo(@ro(@d) + 90(@) [ row)fyla.)dy = 50®) [ ro(w)f(bv)dy

b b
— ro(d) (/ go(x)fw(x,d)dx> +7o(c) (/ go(x)fgc(x,c)dx)
d b
+ [ ( / go(m)ro(y)fzy(xay)dﬂf) dy. (28.32)

Proof. Apply (28.31) for n =1, then k = ¢ = 0, etc. |
The next and final result of the chapter deals with integration by parts on R3.

Theorem 28.11. Let g; be Lebesgue integrable and of bounded variation functions

on [ai,bi], a; < by, i = 1,2,3. Let f : K = x3_,[a;,b;] — R be a continuous
2 82 82 83
function. We suppose that fz,, 1 =1,2,3; amazl, amafm, 8138];17 amaz’;ar are all

existing and continuous functions on K. Then

by bo bs
/ flx1, z2, 23)dg1 (x1)dga(z2)dgs(x3)

a as

— g1(a1)g2(a2)gs(as) f(ai, az, az) + g1(b1)g2(az)gs(as) f (b1, az, as)
b

B g2(b2)93(b3)/ 1 91(:81)63]0(%’7;12’[)3)@1

b
1 df (a1, az,b
+ 92(a2)g3(b3)/ gl(ﬂfl)wm1
a 1
b
’ Of (b, w2, b
_ g1(b1)gg(b3)/ 92($2)wdx2
as o
b
’ 8f (a1, x2,b
+ 91(a1)gg(b3)/ 92(552)%@2
as o
b
1 a ’b ’
+ gz(bg)g3(a3)/ gl(fl)f(fo%)dxl

b
1 a 7 7
B 92(a2)93(a3)/ gl(ﬁfl)f(aclaﬁ?%)dw1

al

b 9F (b .
+91(b1)93(a3)/ 92($2)ﬂ+ja3)dx2

a2
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b2 8f(a1)$2)a3)

~ piaga(a) [ gafon) T2 g,

az

0f(b1,b2, x3)

bs
~ 0)gate) [ galon) g

as

b3 8f(a1)b2)$3)

+u()ga(ba) [ galan) T2 g,

as

b3 8f(b1)a2)$3)

Fu0n)galas) [ galan) TS a,

as

8f(a1; az, 333)

b3
~on(angatan) | o) G g

b 2
2 8 9 9
~ ga(as) / / 1 (20)ga() 2L ELT298)

6x28x1

bi s 0% f(x1,ba,
+ ga(ba) / / (1) g3 () 2L T b2 28)
al as

by ba 82
+ 93(53)/ g1(x1)g2(z2)

(95C35x1
f(xlv T2, b3)

dl‘gdﬂil

1 as (95C25$1

b rbs 0% f(x1, a0,
~ galan) / (1) g3 () 2L E102:78)
a

(95C3(95C1

1

b
2 92 f(by, 2,
n gl(bl)/ / g (22)g3(3) Mdmgd@

(95C35x2

b2 bs 8 f(a17x27x3)
- 91 al 92 Z2 93 333 dzrsdxs

(95C3(95C2

by b2 b3 o
/ / / g1(x1)g2(z2)g3(x3) f(ml’xz’xg)dxgdxgdxl.

(95C3 8x2 5%1

Similarly one can get such formulae on X [a;, b;], for any m > 3.
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(28.33)

Proof. Here we apply integration by parts repeatedly, see Theorem 9-6, p. 195,

[91]. Set

b1 ba bs
I:= / / f(xl, o, ﬂig)dgl(xl)dgg(l’g)dgg(xg).
al a as

The existence of I and other integrals in (28.33) follows from Theorem 28.8. We

observe that

b3

as

f(x1, 2, 23)dgs(x3) = f(21,22,03)93(b3) — f(1,72,a3)g3(as3)

b
3 a b) b
- / 93(553) f(:vlaaji? xB)de'

as
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Thus
ba bs
/ < f(z1, a:z,xg)dgs(ﬂf3)> dga(x2)
b2 b2
= g3(b3) f(z1,22,b3)dg2(22) — g3(az) f(x1, 22, a3)dga(x2)

b b
—/ </ 93($3)8J0(I18’7Wd333> dga(z2)

ba
= g3(b3) {f($1,52ab3)92(b2) — f(x1,a2,b3)g2(az) — / 92(582)6”(963’73:22’193)0@2}

ba
— g3(as) {f(xlabzaas)w(bz) — f(x1,a2,a3)g2(az) —/ 92(332)8]0(%’73@@2}

bs T T bs T1,a9,%
- {(/ 93(%)63]0(3’7322’3)0@3) g2(b2) — </ 93(583)6”(18773;3’)61953) g2(az)

b2 b 82f(331 i) xg)
_ DA Sk ek A | d .
/a2 92(72) </a.3 9s(@) 03022 s 962}

Therefore we obtain

b1 bl

I= 93(53){92@2) < f($1,52,53)d91(9€1)> — g2(az) < f($1,a2,b3)d91(9€1)>

ay

by by
([ ) )

b1 b1
- 93(a3){92(b2) f(x1,b2,a3)dg1 (1) — ga2(az) f(x1,a2,a3)dg: (1)

ay ay

be b
92 (b2) < < g3(x3) Jc(mg#{f’m)dm) d91($1)>

b1
— g2(az < < g3(3) xg C;Q’xg)d%) d91($1)>
b2 3 2 , Ta,
[ ([ ([ gt ) ).

ay
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Consequently we get

I= 93(53){92@2) |:f(b1a b2, b3)g1(b1) — f(a1,b2,b3)g1(a1)
by .
—/ gl(xl)Mdﬂfl] —92(a2)[f(bha%bs)gl(bl)

8;101
b
1 0 ,a2,b
—f(a17a2,b3)91(a1)—/ 91(331)%?23%331}

b2 T2,

- [(/ 92(332)8f(b15’7xzb3)d$2> g1(b1)
b2 ai,xr2,

: ( / gz(xz)WdQCQ) (@)

b1 b2 2
- / g1(w1) </ 92(@)%(&2) dxl}}

- 93(a3){92(b2) [f(bh b2, az)g1(b1) — f(a1,b2,a3)g1(a1)

b
! 0 , ba,
a ~/a,1 gl(‘/’rl) f(ivgmf a3)dw1:|

— g2(az2) [f(bh az,az)g1(b1) — f(a1,az2,a3)g1(a1)

b
! a b b
- /a1 gl(xl)if(ma;f a3)dw1}

ba
- (/ 92(332)8f(bla’7;22’a3)d332> g1(b1)

b2 a 9 b
/ gz(xz)if(ala 2 ag)d@ gi(az)
as x2

— /:1 g1(z1) </az2 gﬂxﬂ%d@) dxl} }
o) [( [ 93(963)3]0(@573@%) (o)

b a T
_ </ 93(553)de3> g1(ar)

8333

b b 2
1 3 a ’b ,
- /a1 g1(x1) </a3 93($3)—fé§:;8;1x3)dw3> dxl}

ba a2, T
~ galea) [( / gg<x3>aﬂb37mj’3)dx3> (o)
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bs ai,as,x
—</ 93(583)%:9773;3273)61953) gi(a)

as

by bs 2

bs b
2 3 8 b , ,
[(/ / g2(2)g3(x3) féx13§;2x3)d 3d$2> g1(b1)

ba bs a
</ / 92 X2 93 583) fé;g;;; mg)d$3d$2> gl(al)

bl bg b3 83
—/ g1(x1) (/ / g2(x2)g3(x3) éf;:g;jjg’;f)dx;;dm) d$1:| }

Above we used repeatedly the Dominated Convergence theorem to establish
continuity of integrals, see Theorem 5.8, p. 121, [235]. Also we used repeatedly
Theorem 9-37, p. 219, [91], for differentiation under the integral sign. U
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